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I. Pesromera Ha ObJrapcKm €3uK

[1] P. E. PARVANOV, Weighted Approximation of Functions in L,-norm by Baskakov-
Kantorovich Operator, Analysis Mathematica 46 (2020), 821-842.

B crarusra uzciesaMe anpokcumanusaTa ¢ reryio ot Buja (1+z)%, a € R na dynk-
11 110 OTHOIIeHHe Ha L,-HopMa ¢ Mogudunupan 1o Kanroposud omneparop or tum
na Backaxkos. C momornra Ha moaxoisino geduHupad K-GyHKIMoHAI JT0Ka3BaMe
[paBa TeopeMa 3a TO3U OIEPATOP.

Ba 0 <z < oo urmuan n Toruk BbBEXKIAT

= n+k-—1

vn(f, T) = i::vnk(‘r) (n—1) /n_1 flu)du, v p(z) = ( I )xk(l + )k

k

n—1

Mma MHOXKECTBO Pe3y/ITaTH 3a allPOKCUMAIUU C TErJIo Ha (PYHKIUKA C MOMOIITA Ha
omnepaTopu oT Tull Ha backakos B paBHoMepHa HOpMa. [Ilo ce oTHacs /10 arpokcu-
MallUATE C TErJIO Ha (PYHKIMHM ¢ OlepaTopu oT Tull Ha Kanrtoposud, Hail-modbpure
pesyaTaTH, JOKOJKOTO HHU € M3BeCTHO, ca JokaszaHuu 1pe3 1987 r. or lunman un
Toruk. OCHOBHUAT PE3y/aTAT OT Ta3W CTATUs € IPaBa TeopeMa I10 OTHOIIEHUE Ha
noyxozsr K-dynknuonad.

BapuanTbr 6€3 Terio Ha To3u K-byHKImoHaI (B MaJIKO HO-pasindHa JeduHuIms) e
msnos3Ban ot M. Xaitvan u M. Barnep (2010), 3a 1a ce Jjokayke CHIIHOTO 0OPATHO
HepaBeHCTBO OT Tull A 3a oneparopa Ha Backakos-/lropmatiep. 3a npubimkeHneTo
Ha yukmuu ¢ orneparopa Ha backakos-KanToposuy Toit e uznonssan or 1. ['ajkes
(2016). Pesynrarure TyK ca HO-CHJIHU OT TopecrioMeHaTust pesyiarar ot 1987 (mopu
3a w(x) = 1).



2l

PARVAN E. PARVANOV, VAN GADJEV, Weighted Approximation of Functions

by the Szdsz-Mirakjan-Kantorovich Operator, Results in Mathematics vol:76, issue:
158, 2021.

B crarugra wscienaMe ampokcumanusara ¢ reriao or Buga (1 + x)% o € R mHa
dbynkum o ornomenue Ha L,-HOpMa ¢ Moaudunupan no Kanroposud oneparop
ot Tun Ha Cac-Mupaksu. C momornra Ha moaxoisino gedunupan K-dyHKImoHa
JIOKa3BaMe IIpaBa TeopeMa 3a TO3U OIepaTop.

Kiracuaeckust oneparop na Cac-Mupaksin ce jnedunupa 3a orpanudena (QyHKITUS
f(z) in [0, 00) ¢ dopmyara

) =55 = 37 (1) st w20

k
KBJETO Sy () = e ("]f!) , & Tunman u Toruk (1987) nedbunupar momudukausaTa

o Kanroposuy na S,, 1pe3

k41
n

§n(f,x) = ank(ac)n/e fu)du, x>0.

k=0 n

Tosu oneparop e jo6pe jgedunupan 3a Beska GyHKIW f(r), KOATO € cymMupyema
Ha BCEKH KPaeH 3aTBOpeH noauHTepBas or [0, 00).

Mma MHOrO cTaTuu 3a IpubJMKeHHe ¢ Teryio Ha yHKIUN upes3 S, B PaBHOMEPHA
HopMma. ToBa He e Taka Ipu NpuOINKEHNE ¢ TEIVIO HA (DYHKINK Ype3 MoauduKanum
na Kanroposuu na S,. Hait-no6pure pesysiraru, JTOKOJKOTO HU € M3BECTHO, CA HE-
paBeHCTBa OT ¢J1ab THIl B TepMuHOJIOrHsATa Ha Junnan u Usanos (1993), nokasanu
or Junuman n Toruk (1987).

[enTa HA Ta3u cTATHA € Ja ce U3CIe/IBa ATPOKCUMauATa Ha PYHKIUN B Ly-nopMaTta
4upe3 oreparopa Ha Cac-Mupaksn-Kantoposud. /lokazBame HepaBeHCTBO OT THIIA
Ha JI>kakcbH 3a TIperikara Ha alpoKCHUMAIUATa ¢ TErI0 U 49pe3 JAedUHUpaHe Ha
noaxondn: K -pyHKIIMOHA JOKA3BaMe npaBa Teopema 3a Hero. [IbpBUAT pe3yTar
IOKa3Ba, Ue CKOPOCTTa Ha CXOIUMOCT Ha S, KbM (YHKIHATA € IOHe N~ ', aKo all-
poKcuMupaHaTa (PYyHKIUS € JOCTATBhIHO IVIajIKa. Pe3yirarnre ca mo-CHIHE OT TTOCO-
YeHus 1o-rope pesyarar or 1987r. (nopu 3a w(z) = 1). MHOTO BazkeH BBIIPOC € Kak
Ja ce Xapakrepusupar K-QyHKIIMOHAIUTE Upe3 MOIXOISIIN MOJIYJIM Ha IJIIKOCT.

JIoKOIKOTO HE € M3BeCTHO, TOii € HaI'bJIHO OTBOPeH Jjiopu 3a w(x) = 1.

I. GADJEV, P. E. PArRvANOV, R. ULUCHEV, Strong converse inequality for

weighted approximation of functions by the Szasz-Mirakjan-Kantorovich operator,
Results in Mathematics 79, article number 149 (2024).



Nzcnenpanu ca npub/imzkenns Ha YHKINN ¢ MOuUKAIAA OT TUITa Ha KanTopoBud
Ha Kjacudeckus oreparop Ha Cac-MupaksH, jpeduHnpana KakTo CIeIBa:

(k+1)/n (nx)k

gn(f, x) = gsn,k(x) n/k/n fu)du, spp(x)=e"" e z € [0,00).

Nma pejuiia pesysraT 3a Npub/InzKeHnst ¢ Tervio (TerJIoBH allpoKCuManum) Ha hyH-
KIMH C OLIEPATOPA Sy, B KOUTO OLEHKATE Ca B PABHOMEDHATA HOPMA BbPXY HHTED-
Basa [0, 00).

I[IpaBara Teopema 3a OIEHKA Ha I'DEIIKaTa Ha IPHOIMAKEHneTo ¢ Terao B Ly[0, 00)-
HOpMa e Jlokaszana oT ['ajukes u [Ibpsanos (2021) 3a Tervio ot Buya w(x) = (1+x)¢,
a € R. Umenno, 3a 1 < p < oo, rpemxara ||w(S,f — f)|l, e ouenena orrope ¢
noaxozs K-dyHkrmonat.

[Henra na mamero m3ciejBane TYK € Jia ObJie TOJIYyYeH pe3yJaTaT OT BUJIa CTPOIO
00paTHO HEPAaBEHCTBO 3a I'peIIKaTa Ha NPHOINKEeHHeTo ¢ Teryio B L,-HOopMma. Oc-
HOBHUSAT PE3YJITAT B Ta3W CTaTUsd € CTPOro OOPATHO HEpPaBeHCTBO OT TUI B, c¢br-
nacHo kiaacudukanuara Ha Jumuan u Vsanos (1993). 3a 1 < p < oo u reryo
w(z) = (1+2)% a € R, e nokazana orernka orrope 3a K-dyHkimonaa, npuioxen
or lakes u [IbpBanos(2021), upe3 JABytwieHeH U3pa3 Ha IpeIlKaTa Ha TPUOIIKe-
HHETO ¢ Teryio B L,~HopMa. CbIo Taka, ca JOKa3aHU TEIJIOBO HEPABEHCTBO OT THIIA
Ha BoponoBckas 1 HAKOM TerJIoBU HEPaBHCTBa OT THIa Ha bBephmiaiin, B L,-HopMa.

Karo HeIIoCpeJCcTBaHO CJjeJCTBHE OT IIPpaBOTO HEPaBEHCTBO U O6paTHOTO HEPpaBEH-
CTBO (,ZLOKaSaHO TyK) € II0OJIy9€H TOYHUAT IOPAJIBbK Ha I'pEIlKaTa C TEIJIO B LpropMa

3a mpubKenneTo S, f ~ f B TepmMuHnNTe Ha crnoMmenaTns K-dyHKimonas.

[4] I. GapJEv, P. E. PARvANOV, R. ULUCHEV, Higher order approximation of
functions by modified Goodman-Sharma operators, Constructive Mathematical Analysis
vol:7, issue: 4, 2024, pages:180-195.

[Ipez 1987 r. V. Yen u mesaBucumo T.H.T. I'ynman u A. [llapma npejcraBsar na
koH(pepennuu ¢cboTBeTHO B Kurait u Bbiarapus noBa mojudukaims Ha KJIacUIec-
kure orneparopu Ha Bepumaiin. 3a n € N u dyuxmuu f(z) € C[0, 1] Te BbBEXKIAT
JAHEWHUA ONEPaTop :

Un(f: l’) - Zun,k(f)Pn,k(I)v

K'bJIETO
Py(z) = (7)a* (1 —z)" 7, k=0,...,n,a
f(O)a k - 0,
Ungo(f) = (n=1) [} Puopr () f()dt, k=1,....n—1,
f(l)a k= n,



[5]

Omneparopu OT TO3M BUJI Ca U3CJIEBAHU OT MHOI'O aBTOPH U Ca U3BECTHH OIIE M KATO
"genuine"onmeparopn ot Tun Ha Beprmmaitn-liopmaitep. /la oObpHEM BHUMaHWE, e
Te3! OIlePATOPH BCHITHOCT Ca IPAHIYEH CJIydail Ha ollepaTopH OT Tulla Ha BepHiaiin
¢ rerya Ha fkobu, n3ciensann or Bepernc u Kcro (1991). B ebBMmecTHUTE HEE paboTn
¢ B. ITonos (1994) u K. MBanos (2007) e mokasana Ipsika U CH/IHa 0OpaTia TeopeMa
oT THIl A CHOTBETHO 3a PaBHOMEDHATA allPOKCUMAIHs O6€3 TeIrIo U 3a paBHOMEPHATA,
AIIPOKCHMAITISA C TELIO.

B rasu craruga nscjie/iBaMe oriepaTopu, ,He(bI/IHI/IpaHI/I TaKa

Un(fv l’) = Zun,k<f)ﬁn,k(x)7 LA [07 1]’
k=0

kb1e10 P i(2) = Pog(z) — L DP,y(z), a Df(x) = z(1 — 2) f"(x).

Ana Mapus Axy u ILH. Arpasan (2018) nedunupar dpopMaito cbimre oneparo-
PU,HO ThbPCAT ChIIUATE ﬁnk(x) KaTO JMHeiinn Kombunarmu ua P,_s ;_1(2), P2 k()
u P,_ox1(z) ¢ Koedurment, KOUTO ca KBAPATHIHH IOJHHOMU C HEOIpeesie-
HU KoepuimeHT. 3a TAX HaJIaraT yCJIOBUETO OIepaTOpUTe Ja 3ala3Bar JuHeiHuTe
byHKIMM 1 J1a yIoBJeTBopABaT pejl Ha anpokcumarua O(n=2).

B Tazu pabota e ornenena rpemnikara Ha MpuOINKeHNETO ¢ omneparopure U, B pas-
HOMepHa HOpMa B mHTepBasa [0, 1]. Heka orGesrexkum jiBe M3KIIIOUUTETHO BaKHU
CBOIICTBa Ha TE3U OllepPaTOpPU

lN)lenf = (NJnlN)f u ﬁkf — ﬁka = —m lN)UkHlN)f 3a JIOCTATBHIHO IVIQJIKU (PYH-
k. OCHOBHUTE Pe3y/ITaTh ca IpaBa TeopeMa M CUJHa oOpaTHa TeopeMa OT THUII
B B Tepmunosiorusta Ha Jurinuan u Usanos (1993) 1o oTHOIIEHNE Ha MOJXOJISIIIL
K-dynknuonan. /Isere TeopeMu japaT IbjHa XapaKTePUCTHKa Ha PaBHOMEpHATa
anpokcnmvarus ||U, f — f|| upes K-dbyukimonana. [pempioxkenusT or aBropure ore-
paTop e JIMHeeH, HO He e rojioxKuTe/eH. Toit obade nma IPeUMCTBOTO Ha MO-BUCOK
OPSIIbK Ha allpOKCUMAaIldsi B cpaBHeHue ¢ BapuaHTa Ha ['yaman-IIlapma Ha orme-
paropute Ha Bepnmmaiin. BebimnocT cxemarta 3a Jloka3BaHe Ha 0OpaTHU TEOPEMU OT
cusieH Tui, npejoxkena or durrman u Vanos (1993) 3a JiuHeHHN MOJI0KUTETHI

oriepaTopu, pabOTH M B TO3M CJIydail 3a HEIOJIOKUTEICH OIIEPaTOP.

I. GADJEV, P. E. PARVANOV, R. ULUCHEV, On a new modification of Baskakov
operators with higher order of approximation, Mathematics 13 (2025), issue 1,
article number 64.

B macrosimara pabora e mscienBana mojudukanud or tuna Ha [ymaman-IIlapma
Ha ollepaTopa Ha backakoB 3a npub/mKaBaHe Ha HEPEKbCHATH (PYHKIHUH BbPXY
[0, 00). Heka

kE—1
P, i(z) = (n—i—k )azk(l —i—x)_"_k, kE=0,1,...,

4
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ca 6aszucHuTe (DYHKIUN Ha KJaacudyecKusd orepaTop Ha backakos. Pasriiexkaame ore-
paropa, geduHIPaH C

Va(f.2) = - van(f) Pas(z),  x €[0,00),

vno(f) = £(0), Unk(f) =(n+1) /OOO Poiok—1(t)f(t)dt, keN,

K'bJIETO HOBUTE Oa3ucHu (HPYHKIIUU UMaT BHA

Pos(x) = Pop() — %Epn,k(x), Df(w) = a(1 +2)f" ().

VscrensamMe Tperkata Ha npubsuxenuero V,f A f, u3MepeHa B paBHOMEpHA-
Ta HOpMa 3a mHTepBasa [0,00). OCHOBHHUTE DE3y/ITaTH, HOJIYyYEHN B CTATUATA, Ca
mpaBa TeopeMa M CTPOro OOpaTHO HEpaBeHCTBO 110 OTHOIIeHME Ha moaxomdany K-
dbynkmuonan. Tesn gBe Teopemm JaBaT I'bJIHa XapaKTepU3alud Ha Tpermkata Ha
npubsmzkenne B pasHoMepHara HopMa ||V, f — f|| upes BbBegenus K-dynkunonait.
OneparopbT, IpeIIozKeH OT aBTOPUTE € JIMHEeEeH, HO He € IOJIOXKATEIeH. 1ol ocu-
rypsiBa [I0-BUCOK HOPSIbK Ha HPHUO/IMIKEHNE, B CpaBHEHHUE ¢ aHAJIOIMYEH OlIepaTop,
BbBeJieH 1 uscseasan or Punra (2005). [Ipunoxkenn ca pe3ysraTu OT YUCICHU €K-
CIICpUMEHTH.

I. GApJEv, P. E. PAarvaANOV, R. ULUCHEV, Higher Order Approximation
of Continuous Functions by a Modified Meyer-Koenig and Zeller-Type Operator,
Results in Mathematics, (2026), vol:81, article number:149.

Oneparopbr Ha Maitep-Kvorux u Ieep (MKZ oneparop) e BbBesen mpes 1960.
Jleko moudunupanngr Bapuant Ha Yuau u [[lapma (1964) na MKZ oneparop
nedbunupan 3a dyuknus f € Cl0,1),n e Nuz € [0,1) e:

MMEZ)(f 2y = i f(l{;—i—Ln)Pn’k(a:)’ P, (z) = (n ;L— k) a¥(1 — )"t
k=0

Toruk (1983) moka3Ba npaBu U 06PATHU TEOPEMU 3a TO3U OLEPATOD.

Morusupanu oT nHTErpupaHeTo Ha nojnHomuTe Ha Beprimaita ot lepuennk (1981),
HeAKOM aBTOpu Mojuduimpar oneparopa MKZ, 3a 1a anpokcuMupaT HHTErPUPYEeMU
o Jleber dyukimn Bbpxy (0, 1). [To-kbero Xaiimvan (2003) u A6es, I'yora u Vsan
(2004) ca obejuHsABAT Te3U BapuaHTh oT TuIa Ha {iopmaiiep Bbe dhamuinsg or MKZ
oIepaTopH.

IIpe3 2012, B cbBMecTHa pabota ¢ K. MIBaHoB BbBeIoXME CjleiHATA MOIUQUKAITIS
no ['yaman-Ilapma na MKZ oneparop (MKZ-GS omneparop) 3an € Nu z € [0,1)
KaTo:

M, (f,z) = Z U, o (f) P (1), un o (f) = f(0), uni(f) = n/ Pn,k—l(t)(l_t>_2f<t> dt,
k=0 0

5



Kbjeto f(x) e muarerpyema no Jleber dbyukius B (0, 1) ¢ kpaitna rpanuna f(0) npu
x — 0. Jokazaxme mpasa u obpaTHa TeopeMa OT CHJIEH TUI A 3a Tpemkara Ha
TerJIoBaTa alpPOKCUMAIAA C TO3H OLepaTop.

2

Heka oznaunm ¢ p(x) = x(1—2)° TeryoBara OyHKINS, KOSITO € €CTECTBEHO CBbP3aHa

¢ BropaTa IpousBoiHa Ha oneparopure or tuit MKZ u Df(z) := o(z)f" ().

MKZ-GS oneparopbr KoMOuHupa 3adesiexKuTeTHuTe cBoiicTBa KakTo Ha MKZ orre-
paropa, Taka u Ha HeroBaTa Mmomaudukarus 1o Jlepuenuk. Taka, MKZ-GS omnepa-
TOPBT MMEZD sanasea mumeiinmre GYHKIINT 1 € TOIXOJAIN 3a PaBHOMEPHA all-
pokcumanus. Hermo noseue, M, taka kakro MKZ-Durrmeyer oneparopa KoMyTu-
pa B cmucbin M, Myf = MpM,f, taka n ¢ qudepennmannus oneparop D, T.e.
M,Df = DM,f.

Aky u Arpasas (2019) u Txxabap u Xacan (2024) uscsienBar ceMeiicTBa OT onepa-
TOPU CHOTBETHO OT Thlla Ha Bepumaita-/llopmaitep n or Tuna Ha BackakoB, KbeTo
basucHuTe (PyHKINN B JIe(PUHUITUATE Ca 3aMEHEHHU ¢ IMHEHTH KOMOUHAIIMHY OT Oa31c-
HUTe (DYHKIIUU OT IIO-HNACKA CTEIEH ¢ KOe(PUIINEHTH, KOUTO Ca IOJNHOMHI OT IOXO-
nama crered. IIpeanyerBoTo e momy4aBaneTo Ha HO-I00BD PeJl Ha alPOKCHMAIIA
OT KJIACHYeCcKHuTe onepaTtopu. Mnedra 3a KOHCTpyHpaHe Ha JIMHEHHN OINepaTopu OT
II0-BUCOK D€/l Ha allpOKCUMallid He e HoBa. 1'd e peasinsupana U 4pe3 IpUIaraHeTo
Ha KBa3UMHTEPIIOJAHTHU OllepaTopH OoT THlla Ha Jlopmaiiep.

C orie1 HA TOPEM3JIOKEHOTO B Ta3U BbBEXKJAME U U3CJIeIBAME CJIe/IHATa MOIUpU-
kanus Ha MKZ-GS oneparopa, nedunupana 3a x € [0,1) upes:

Mo(f,2) = 3 wns(F)Pur(®), Pur(e) = Par(e) — %D’Pn,k(x).

Nzcnensame rpemkaTta Ha TPUOJIUZKEHUETO C M, 5 pasroMepHa HopMa B [0, 1). Oc-
HOBHUTE PE3Y/ITATH Ca JUPEKTHa TeopeMa U CUJIHA OOpaTHa TeopeMa IO OTHOIIIe-
Hue Ha noiaxoian K-dynxnmonan. JIpere TeopeMu jaBaT I'bJIHA XapaKTEePUCTH-
Ka Ha paBHOMEpHaTa rperika Ha anpokcumarus ||[M,f — f|| B Tepmunnre Ha K-
dbynkimronaa. B xona Ha J0Ka3aTeCcTBOTO Ha U3KIIOUYUTEIHO ChIECTBEHOTO Hepa-
BEHCTBO OT Tull Ha Bepnmaitn M, ce Hamara jia ce JOKaxKe 0J00HO HEPABEHCTEO
¢ rersio w(z) = (1 + x)~! 3a oneparopsr V,, or [5]. Oneparopbr e uneen, Ho He e
nosioxkuTesieH. Toit obade ce oryindaBa ¢ MO-J00bD Pej HA AlPOKCUMAIUS B CPaB-
nenne ¢ Bapuanta 1o ['yiaman-IIlapma na oreparopa ot Tuma Ha Maitep-Kbonux n
enep, nscnensan ot B cratugaTa ¢ K. Banos npes 2012 r.

I1. Pe3romera Ha aHIimiicku e3uK



1]

P. E. PARVANOV, Weighted Approximation of Functions in L,-norm by Baskakov-
Kantorovich Operator, Analysis Mathematica 46 (2020), 821-842.

We investigate the weighted approximation of functions in L,-norm by Kantorovich
modifications of the classical Baskakov operator, with weights of type (1 + x)%,
a € R. By defining an appropriate K-functional we prove direct inequalities for
them.

For 0 < x < oo Ditzian and Totik introduced

= n+k—1

W) =Y @ -0 [ s )= (" e

k=0 n—1

There are many results for weighted approximation of functions by Baskakov operators
in uniform norm.

Regarding the weighted approximation of functions by Kantorovich type operators,
the best results, to our knowledge, is the theorem proved in 1987 by Ditzian and
Totik. The main results of this paper is a direct inequality in terms of an approppriate
K-functional.

The unweighted variant of this K-functional (in a slightly different definition) was
used by M. Heilmann and M.Wagner (2010) in order to prove the strong converse
inequality of type A for the Baskakov-Durrmeyer operator. For the approximation
of functions by Baskakov-Kantorovich operator it was used by I.Gadjev (2016). The
results are stronger then the result mentioned above (even for w(x) = 1).

PARVAN E. PARVANOV, IVAN GADJEV, Weighted Approximation of Functions
by the Szdsz-Mirakjan-Kantorovich Operator, Results in Mathematics vol:76, issue:
158, 2021.

We investigate the weighted approximation of functions in L,-norm by Kantorovich
modifications of the classical Szasz-Mirakjan operator, with weights of type (14x)%,
a € R. By defining an appropriate K-functional we prove direct inequality for them.

The classical Szdsz-Mirakjan operator is defined for bounded functions f(z) in [0, c0)
by the formula

)= 5u5:) = 37 (1) st w20

_ —naz (no)k
where s, ;(z) =e m”k—,)

and Ditzian and Totik(1987) defined the Kantorovich modification of S, by

k41
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This operator is well-defined for every function f(z), which is summable on any
finite closed subinterval of [0, co).

There are many papers about weighted approximation of functions by 5, in uniform
norm. That is not the case about weighted approximation of functions by Kantorovich
modifications of .S,,. The best results, to our knowledge, are inequalities of weak type
in terminology of Ditzian and Ivanov (1993) proved by Ditzian and Totik(1987).

The goal in this paper is to investigate the approximation of functions in the L,-norm
by the Szasz-Mirakjan-Kantorovich operator. We prove Jackson-type inequality for
the weighted error of approximation and by defining an appropriate K-functional
we prove direct inequality for it.

The first one shows that the rate of convergence of §n is at least n~! if the approximated
function is smooth enough.The results are stronger then the result mentioned above
(even for w(z) = 1). Very important question is how to characterize the K-functionals
by appropriate moduli of smoothness. To our knowledge it is completely open even
for w(z) = 1.

[. GADJEV, P. E. PARvANOV, R. ULUCHEV, Strong converse inequality for
weighted approximation of functions by the Szdsz-Mirakjan-Kantorovich operator,
Results in Mathematics 79, article number 149 (2024).

We investigate the approximation of functions by Kantorovich-type modification of
the classical Szasz-Mirakjan operator, defined as follows:

(k+1)/n (n{L‘)k

Safon) = Nsnaloln [ S, suatr) = we00)

There are numerous results on weighted approximation of functions using the operator
Sy, with estimates in the uniform norm on [0, c0).

A direct theorem on the weighted error of approximation in the L,[0, co)-norm, was
proved by Gadjev and Parvanov (2021), for the weight w(z) = (1 + )%, a € R.
Namely, Hw(gn f=F)llp, for 1 < p < oo, was estimated from above by an appropriate
K-functional.

The objective of our study here is to obtain a converse result for the weighted error
of approximation in the L, norm. The main result in this paper represents a strong
converse inequality of type B according to the classification of Ditzian and Ivanov
(1993). For 1 < p < oo and weight w(z) = (1 + 2)%, a € R, we prove an upper
estimate for the K-functional applied by Gadjev and Parvanov (2021) by a two-term
expression of the weighted error of approximation in the L, norm. Also, a weighted
Voronovskaya-type and a few weighted Bernstein-type L,-inequalities are proved.

An immediate corollary of the direct inequality and the converse inequality obtained
here gives the sharp order for the weighted L,[0, co)-approximation S, f ~ f in terms
of the above mentioned K-functional.



[4] I. GapJsev, P. E. PARvANOV, R. ULUCHEV, Higher order approximation of

functions by modified Goodman-Sharma operators, Constructive Mathematical Analysis
vol:7, issue: 4, 2024, pages:180-195.

In 1987, W. Chen and idenpendently T. N.T. Goodman and A. Sharma presented at
conferences in China and Bulgaria, respectively a new modification of the classical
Bernstein operators. For n € N and functions f(z) € C[0,1] they introduce the
linear operator :

Un(f,z) = Z Un ko (f) Poi (),

where
Po(z) = ()ak (1 — )" *, k=0,...,n. and
f(0), k=0,
Uno(f) = (n—1) [} Puap () f(8)dt, k=1,...,n—1,
f(1)7 k=mn,

Operators of this kind were investigated by many authors and are generally known
as genuine Bernstein-Durrmeyer operators. Note that this operators are actually a
limit case of Bernstein type operators with Jacobi weights studied by Berens and
Xu (1991). A direct and strong inverse theorem of type A was proved for unweighted
uniform approximation and for weighted uniform approximation, respectively, in our
joint works with B. Popov (1994) and K. Ivanov in (2007). In this paper we explore
the operators explicitly defined by

ﬁn(fv l’) = Zun,k(f)ﬁn,k(x)7 YIS [07 1]’
k=0

where ﬁnk(x) = Poi(z) — %ﬁPnk(x) and Ef(x) =x(1—x)f"(z).

Ana Maria Acu, P.N. Agrawal (2018) define the same P, (z) as a linear combination
of Po_gp-1(x), Po_ok(x) and P,_s,41(x) with coeficients which are polynomials
of degree 2 with undefined coefficients, imposing the condition that the operator
preserves linear functions and satisfies the approximation order O(n=?2).

We study the approximation error of the proposed operator ﬁn in uniform norm on
[0, 1]. The two most important properties of this operator are

Eﬁnf = ﬁnﬁf and ﬁkf— ﬁkﬂf = —m 5Uk+1l5f if the approximated function
is smooth enough. Our main results are a direct theorem and strong converse
theorem of type B in terminology of Ditzian and Ivanov (1993) with respect to a
related K-functional. Both theorems give complete characterization of the uniform

approximation error || U, f—f|l in means of the K-functional. The operator suggested



(6]

by the authors is linear but not a positive one. However, it has the advantage of
a higher order of approximation compared to the Goodman-Sharma variant of the
Bernstein operators. In fact, the scheme for proving inverse theorems of strong type
proposed by Ditzyan and Ivanov (1993) for linear positive operators also works in
this case for a non-positive operator.

I. GADJEV, P. E. PARVANOV, R. ULUCHEV, On a new modification of Baskakov
operators with higher order of approximation, Mathematics 13 (2025), issue 1,
article number 64.

A Goodman-Sharma-type modification of the Baskakov operator is presented for
approximation of bounded and continuous functions on [0, co). Let

k-1
R“@):<n+k )ﬁu+x>"ﬂ k=0,1,...,

be the basis functions of the classical Baskakov operator. The operator under consideration

is defined by

vn(fv l‘) = Zvn,k(f>ﬁn,k(x)v T [07 OO>7

k=0

vno(f) = £(0), Une(f)=(n+1) /OOO Poior—1(t)f(t)dt, keN,

where the basis functions are of the form

.&mmzﬁﬂﬂ—%ﬁﬂﬂﬂ, Df(z) = z(1+z)f"(z).

We study the approximation error of the proposed operator I7n in uniform norm
on [0, 00). Our main results are a direct theorem and strong converse theorem with
respect to a related K-functional. Both theorems give complete characterization
of the uniform approximation error ||V, f — f|| in means of the K-functional. The
operator suggested by the authors is linear but not a positive one. However, it
has the advantage of a higher order of approximation compared to the Goodman-
Sharma variant of the Baskakov operator defined and investigated by Finta (2005).
The results of computational simulations are given.

I. GAapJEv, P. E. PArvaANOV, R. ULUCHEV, Higher Order Approximation
of Continuous Functions by a Modified Meyer-Koenig and Zeller-Type Operator,
Results in Mathematics, (2026), vol:81, article number:149.
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The Meyer-Konig and Zeller operator (MKZ operator) was introduced in 1960. A
minor modification by Cheney and Sharma (1964) has led to the following definition
of the MKZ operator for functions f € C[0,1), n € N and = € [0,1):

MT[LMKZ](.ﬂ z) = Zf<k+Ln)P”k(x)’ P y(z) = (n Z k‘) xk(l — )"
k=0

Totik (1983) proved direct and converse results for this operator.

Motivated by the integration of Bernstein polynomials by Derriennic (1981), some
authors have modified the MKZ operator to approximate Lebesgue integrable functions
on (0,1). Later Heilmann (2003) and Abel, Gupta and Ivan (2004) merged these
Durrmeyer-type variants into the family of operators.

In 2012, in cowork with K. Ivanov we investigated the uniform weighted approximation
error of the Goodman-Sharma type modification of MKZ operator (MKZ-GS operator)
defined for n € N and x € [0,1) by

My(f,2) = Y () Pag(@), o (F) = f(0), uni(f) = 71/0 Poge-1()(1=t)72f (1) dt,

where f(x) is a Lebesgue integrable function on (0,1) with a finite limit f(0) as
x — 0.

Let us denote by

p(r) = 2(1—z)’
the weight function which is naturally associated with the second order derivative
of the MKZ-type operators and D f(x) := p(z)f"(z).

The MKZ-GS operator combines nice properties both of the MKZ operator and
of its Durrmeyer-type modifications. Thus, the MKZ-GS operator MMEZ) recovers
the linear functions and is suitable for uniform approximation. Moreover, M,, just
like the MKZ-Durrmeyer operator commutes in the sense M,M;f = MM, f, as
well as it commutes with the differential operator D, i.e. M,,Df = DM, f.

Recently Acu and Agrawal (2019) and Jabbar and Hassan (2024) studied operator
families of Bernstein-Durrmeyer type and of Baskakov-type, respectively, where basis
functions in the definitions are replaced by linear combinations of basis functions of
lower degree with coefficients being polynomials of appropriate degree. The advantage
is obtaining a better order of approximation than the classical operators. The idea
of constructing linear operators of higher order of approximation is not new. It
was also implemented through the application of quasi-interpolants Durrmeyer type
operators.

In view of the above the authors of the current paper prompted to explore the
following modification of the MKZ-GS operator, defined for = € [0,1) by

Mn(f? J]) = Zun,k(f)ﬁn,k(x)7 Pn,k(x) = Pn,k(x) - %Epn,k(x) (1)
k=0
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We study the approximation error of the proposed operator Mn in uniform norm
on [0,1). Our main results are a direct theorem and strong converse theorem with
respect to a related K-functional. Both theorems give complete characterization of
the uniform approximation error ||[M,, f — f|| in means of the K-functional. In the
course of proving the important Bernstein-type inequality for the operator ]\A/fn, a
similar inequality with weight w(z) = (1 + x)~! for the operator V,, of [5] was
proved. The operator is linear but not a positive one. However it benefits a better
order of approximation compared to the Goodman-Sharma variant of Meyer-Konig
and Zeller type operator investigated by Ivanov and Parvanov in 2012.
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