AbBcTpaKkTu

1. A general approach to solving the Dirichlet problem, both for bounded 3D
domains and for their (unbounded) complements, in terms of the fractional
(3D) Poisson equation is presented.

Lauren Schwartz class solutions are sought for tempered distributions.

The solutions found are represented by a formula that contains the volume
Riesz potential and the one-layer potential, the latter depending on the
boundary data.

Infinite regularity of fractional harmonic functions, analogous to the infinite
smoothness of the classical harmonic functions, is also proved in the
respective domain, no matter what the boundary conditions are.

Other properties of the solutions found that are presumably of interest to
mathematical physics are also investigated. In particular, an intrinsic decay
property, valid far from the common boundary, is showed.

1. MNMpepctaBeH e 06w, noaxo 3a pellaBaHe Ha npobnema Ha dupuxne,
KakTo 3a orpaHudeHn 3D obnacTtu, Taka 1 3a TexHuTe (HeorpaHnu4eHu)
AOMbIIHEHMS, MO OTHOLWEHME Ha ApobHoTo (3D) ypaBHeHUe Ha [1oacoH.
TbpcaTt ce peweHuns oT knac JlopaH LWeapy, 3a TemnepupaHmn
pasnpeneneHus.

HamepeHuTe pelleHuns ca npeacraBeHn ¢ opmysa, KOATO CbabpXa
obemMHus noTeHumnan Ha Riesz n egqHOCNOMHUA NoTeHuman, Kato
NOCNEOHUAT 3aBUCK OT rPaHNYHUTE AAHHWN.

BeskpanHaTa rmagkocT Ha APOOHMUTE XapMOHUYHN (PYHKLMK, aHANorMyHa
Ha Bes3kpanHaTta rnagKocCT Ha KflaCu4yecknuTe XapMOHUYHU OYHKLUK, CbLLIO
ce JokasBa B CbOTBeTHaTa 0bnacT, He3aBUCMMO KakBW Ca rpaHUYHNUTE
yCroBUS.

N3cnensat ce v ApyrM CBOMCTBA Ha OTKPUTUTE pa3TBOPU, 3@ KOUTO ce
npegnonara, Ye npeacraBnaBaT MHTepec 3a MatemaTuyeckaTta oumsmka.
[Mo-cneunarnHo, nokasaHo e NPUCHLLO CBONCTBO Ha pasnagaHe, BanngHo
Aaned ot obuwiaTa rpaHuua.eanuaeH ganed ot obwara rpaHuua, e
nokasaHo.

2. In this paper we study the 3D system with Hamiltonian



$SH=\frac{1H{2}(p_r"2+\frac{p_{\theta}"2H{r"2}+p_z"2)+Ar"2+Bz"2+Cz"3+D
M2z+Ez M+Fr2z72+Gr4,$$

describing trapped ionic system in the quadrapole field with a
superposition of rationally symmetric hexapole and octopole fields

for meromorphic integrability. We use the Lyapunov and

Ziglin-Morales-Ruiz-Ramis's classical methods and some new results

from the theory of algebraic numbers for the proofs.

2. B Tasu ctatmsa Hue nsydvasame 3D cuctemarta ¢ XamMunToHMaH
$SH=\frac{1H{2}(p_r"2+\frac{p_{\theta}"2}{r"2}+p_z"2)+Ar"2+Bz"2+Cz"3
+Dr\2z+EzM+Fr2z/2+Gr4,$$

onucealla yroBeHa MOHHa cUcTemMa B KBaAparnosiHOTO nosie ¢ a
Cynepno3nums Ha paunoHanHO CUMETPUYHN XEKCamNOosHU 1 OKTOMOSTHN
nosieta 3a mepomopHa nHterpupyemoct. Hne nsnonssame JisnyHoB u
Knacuyeckute metoamn Ha Ziglin-Morales-Ruiz-Ramis 1 HSIKOM HOBU
pes3yntaTtu 3a gokasartesicreara.

3. In this paper we will explore the 2D system with Hamiltonian
$SH=\frac{1H{2}(p_r"2p_z"2)+Ar"2+Bz"2+Cz"3+Dr"2z+Ez"4+Fr"2z"2+Gr"
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describing trapped ionic system in the quadrapole field with a
superposition of rationally symmetric hexapole and octopole fields

for meromorphic integrability. We use the Lyapunov and
Ziglin-Morales-Ruiz-Ramis's classical methods for the proofs.

3. B Ta3u ctatuna we mnacnegsame 2D cuctemara ¢ XaMUnToOHMaH
$$H=\frac{1H{2}(p_r"2p_z"2)+Ar"2+Bz"2+Cz"3+Dr"2z+Ez"4+Fr"2z"2+Gr"
43 $

ornucaalla yroBeHa MOHHa cucTemMa B KBaparosiHOTO nosie ¢ a
Cynepnosnumst Ha paunoHanHoO CUMETPUYHM XEKCANOHN N OKTOMOSTHU
noneta

3a MepomMopdHa nHTerpupyemoct. Hne nsnonssame JlanyHos u
Knacuyeckute metoam Ha Ziglin-Morales-Ruiz-Ramis 3a gokasaTtencreara.

4. In this paper we explore the two dimensional system describing trapped
ionic system in the quadrapole field with a superposition of rationally
symmetric hexapole and octopole fields for meromorphic integra- bility. We
use the Lyapunov’s and Ziglin-Morales-Ramis classical methods for the
proofs.



4. B Tasn ctatva HMe nacrnensamMe Byu3MepHarta cuctema, onuceawla
yfioBEHa NOHHA CcUCTEMa B KBa4PanosiHOTO Nosie CbC Cynepno3muust Ha
pauMoHaIHO CUMETPUYHU XEeKCanoJ1HMU U OKTOMOJIHK noreTa 3a
MepOMOpHa NHTErPUPYEMOCT. 3a A0Ka3aTe/IcTBATa M3MNoi3Bame
Kaacmyeckmte metoam Ha JlanyHos v 3urnnH-Mopanec-Pamuc.

5. We study the integrability of the geodesic equations of the Chazy-
Curzon space-time. It was established that for the

equilibrium pointp_ o =pz=z=0and, p_0in (1; 2), there are only periodic
solutions, the Hamiltonian system, describing geodesic

motion of Chazy-Curzon space-time has no additional analytic first integral.
Our approach is based on the following: if the system

has a family of periodic solutions around an equilibrium and if the period
function is infinitely branched then the system has no

additional analytical first integral.

5. lacnepBame nHTerpmpyemocTTa Ha reofie3anyHuTe ypaBHEHUS Ha
NPOCTPaHCTBO-BpeMeTO Ha LLla3n-Kbp3oH. YcTaHoBEHO €, Ye 3a Ha
paBHOBeCHa Touka p_ o0=pz=z=0unp_0B (1; 2), nma camo nepnoan4Hu
peLleHns, cuctemaTa Ha XaMuniToH, onvcBealla reogesnyecka
ABWKEHNETO Ha npocTpaHCcTBO-BpemeTo Ha Chazy-Curzon HAMa
AONbIHUTENEH aHanUTUYeH NbpBKU MHTerpan. HawuaTt nogxopn ce
OCHOBaBa Ha CrnefHOTO: ako cuctemara

MMa CEMENCTBO OT NepuoaNYHUN peLLleHns OKOMo paBHOBECKE U aKo
dyHKUMATa Ha nepuoda e 6e3kpalHO pasKroHeHa, Torasa cuctemaTta
HAMa

AONBbIAHUTENEH aHaNUTUYEH NMbPBU MHTErpan.

6. In this paper it is shown that the Hamiltonian system with Dyson potential
Is analytically non-integrable and formally non-integrable. The approach is
based on the following: if the system has a family of periodic solutions
around an equilibrium and if the period function is infinitely branched, then
the system has no additional analytic _rst integral. We prove formal non-
integrability using Ziglin Moralez-Ruiz-Ramis theory.



6. B Ta3u ctatua e nokasaHo, 4e XaMnunToHOBa CUCTEMA C NOTEeHLUKMan Ha
[anCcbH e aHanNUTUYHO HenHTerpupyem n oopmMmasiHo HEUHTErpupyem.
MogxoabT e

Bb3 OCHOBA Ha CNneaHOTO: ako cMctemMarta MMa CEMENCTBO OT NEPUOANYHMU
peLLUEHNs OKOSTO paBHOBECHE N ako OYHKUMATA Ha nepuoda e 6eskpanHo
pasKnoHeHa, ToraBa cuctemaTa HAMa LOMbIIHUTENEH NbPBU aHaNUTUYEH
nHTerpan. [lokazsame oopmasnHa HEUHTErPUPYEMOCT, U3MON3BaNKN
TeopusaTa Ha 3urnvH -Mopanec-Jlync- Pamuc.

7. In this paper we study the equation

$$

wN(A)}=5w" (W2 -w) +5wW)*2-w"5 + (\lambda z +

\alpha)w + \gamma,

$$

which is one of the higher-order Painlev\'e equations (i.e.

eqguations in the polynomial class having the Painlev\'e property).

Like the classical Painlev\'e equations, this equation admits a Hamiltonian
formulation,

B\"{a}cklund transformations and families of rational and special functions.
We prove that this equation considered as a Hamiltonian system with
parameters

$\gamma/\lambda = 3 k, \gamma/lambda = 3 k - 1, k \in \mathbb{Z}$, is
not integrable in Liouville

sense by means of rational first integrals. To do that we use Ziglin -
Morales-Ruiz - Ramis approach.

Then we study the integrability of the second and the third members of the
$S\mathrm{P}_{\mathrm{lI}}$-hierarchy. Again as in the previous case it
turns out that the

normal variational equations are particular cases of the generalized
confluent hypergeometric

equations whose differential Galois groups are non-commutative and
hence, obstructions to integrability.

7. B Tasu cratus nsyyaBame ypaBHEHMETO

$$
wM(4)} =5w" (W2 -w') +5w (W)*2 - w5 + (\lambda z +



\alpha)w + \gamma,

$$

KOEeTO e eHO OT ypaBHeHusiTa Ha [enHneBe OT No-BUCOK pea (T.e.
ypaBHEHMS B NONIMHOMHUS Knac, MMaLlmn CBOMCTBOTO Ha [lenHnese).
[MogobHo Ha knacnvecknTe ypaBHeHUs Ha NenHneB, ToBa ypaBHEHNE
aonycka xaMuntoHoBa oOpMySiMpoBKa,

B\"{a}cklund TpaHcdopmaunmn n cemencrTea oT paumoHarHn 1 cneumantu
YHKLUNN.

[lokasBame, Yye TOBa ypaBHEHME ce pasrnexaa KaTo XxaMUToHoBa
cuctema c napameTpu

$\gammallambda = 3 k, \gamma/\lambda = 3 k - 1, k \in \mathbb{Z}$, He e
NHTErpnpyemo B JInyBMNOB CMUCHI Ype3 pauuoHanHu MbpBu UHTErpanmw.
3a [Ja HanpaBuM TOBa, HMe nsnosn3same noaxoa Ziglin - Morales-Ruiz -
Ramis.

Cnep ToBa n3yyaBame VHTErpMpyemMocTTa Ha BTOPUSA U TPETUS YIEeH Ha
$\mathrm{P} {\mathrm{lI}}$-nepapxmsa. OTHOBO KaKkTO B NpeauLLIHNS
cny4an ce okasBa, Ye HopMasiHUTe BapyaLuVOHHN YPaBHEHUS Ca YaCTHU
cny4yam Ha oboOLLeHaTa KOHpTyeHTHa XMNepreoMeTpuUYHN ypaBHEHUS,
YUUTO andbepeHUmanHn rpynn Ha Fanoa ca HEKOMYTaTUBHU U
cnegoBaTenHo NPensTCTBUS Npen NHTerpMpyemocTTa.

8.We study the integrability of a Hamiltonian system describing the
stationary solutions in Bose—Fermi mixtures in one dimensional optical
lattices. We prove that the system is integrable in the Liouville sense only
when it is separable in three generic cases.The proof is based on the
differential Galois approach and the Ziglin—-Morales—Ramis method.

8. NscnepBame nHTEerpupyemocTTa Ha xaMUIITOHOBa cUCTeMa, onucealla
cTauMoHapHUTe pelleHnd B cMmecn Ha bose-Pepmu B eJHOMEPHN ONTUYHU
peweTkn. [lokazBame, Ye cuctemaTa € NHTerpypyema B CMUcCbhIa Ha
JlnyBun camo koraTto e pasgenuma B Tpu obuwim cnyyas. [lokasaTencrsoTo
Ce OCHOBaBa Ha andepeHumanHua nogxo Ha [[anoa n metoga Ha
3urnui—Mopanec—Pamuc.



