Pestomera Ha perieHsupanuTe mybjnKaimm,
IPEJICTABEHN 38 yUacTHe B KOHKYPCa

[23] On the number of spikes of solutions for a singularly perturbed boundary
value problem, NAA’2008, S. Margenov et all (Eds.), LNCS 5434, Springer, 2009, pp. 233-240.
SJR ~ 0.302
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N3yuaBar ce cramuoHapHUTE PEIeHns Ha M3BeCTHOTO ypapHenue Ha Purnep-Kosmoropos-
[Terposcku-ITuckynos (FKPP)

up = Duge + yu(l — u),

KbJIeTo Tny3NOHNS TapaMeThbp e MaIbK - D = €2, a v e Hopmazmsupano ga 6b1e 1. Caen ToBa,
ce pasmyiexk/ia eJiHa CHHIYJISIPHO epTypOupana rpanndHa 3a1a4da (BVP) Bbpxy unrepsaia [0, 1]

€2t +u(l —u) =0,
w(0)=a, u(l)=a, aec(0,1).

Acumnrornunu dhopmyau ca nosydenn 3a ropuara (BVP) npu € — 01, Pemenusra na (BVP)
morar ma mmar "spikes". [lamenm ca oreHku 3a 6post Ha spikes m 3a Opost Ha pelIeHHUSITA Ha

(BVP).

We study the stationary solutions of the famous Fisher - Kolmogorov - Petrovsky - Piscounov
(FKPP) equation
up = Duge + yu(l — u),

where the diffusion parameter is small - D = €2 and 7 is normalized to be 1. Next, we state a
singularly perturbed boundary-value problem (BVP) on the interval [0, 1]

i+ u(l —u) =0,
w(0)=a, u(l)=a, aec(0,1).

Asymptotic formulas, as ¢ — 07 are obtained for the solutions of the above (BVP). The
solutions of the (BVP) can have "spikes". Estimates for the number of spikes and number of
solutions to the (BVP) are given.

[35] Near-Integrability of Low-Dimensional Periodic Klein-Gordon Lattices, Advances
in Mathematical Physics, Volume 2018, Article ID 7023696, 12 pages,
https://doi.org/10.1155/2018 /7023696, IF ~ 0.936, Q3

WN3ygaBar ce 3a HHTErpyeMOCT MePUOINIHUTE BeprKKY Ha Kiaita-l'opabH B HUCKUTE pas-
MepHocTu. /loka3Ba ce, 4ye HepUOJIMIHATA BEPUKKA C JIBE YACTUIU U OLUPEJIE/IeH HEeJIMHEEeH 110-
TeHnuas e HemHTerpyema. Obade, B ciydanTe Ha BEPHKKHU 10 6 4acTUIU, HUE JOKAa3BaMe, 1e
TexuuTe HopMaJHu dopmu na bBbupkxod-I'ycraBcon ca mHTErpyemMu, KOeTO MO3BOJISIBA Jla Ce
npuaoxkn KAM Teopusra B IOBEYeTO CIydam.

The low-dimensional periodic Klein-Gordon lattices are studied for integrability. We prove
that the periodic lattice with two particles and certain nonlinear potential is non integrable.



However, in the cases of up to six particles, we prove that their Birkhoff-Gustavson normal
forms are integrable, which allows us to apply KAM theory in most cases.

[36] Near-Integrability of Periodic Klein-Gordon Lattices, Symmetry 2019, 11, 475,
doi:10.3390 /sym11040475, , IF ~ 2.143, Q2

B Ta3u cratus Hue pasriexkaamve Bepukkara Ha Kuaitu-Topaba (KG) ¢ nepuoamyanu rpa-
HUYHE ycsioBudA. Tasm BepuzKKa € XaMuITOHOBa cucteMa ¢ N cTernenu Ha cBOOO/IA C'bC JTUHEHHH
"inter-site" cmaum u mesmmEeen "on-site" morenmmas, KoiTo e B3eT B ¢* dopma. IIbpBo, HEE mMO-
Ka3BaMme, Je pasrviekJaHaTa CHCTeMa € HeHHTerpyeMa B CMHCHJI Ha JluyBui. dokazareacTBoTo
e ocHOBaHO Ha TeopusTa Ha Mopasec-Pamuc u Cumo. Crnen ToBa Hue pasriexkjaaMe pe30HaH-
cuure nopmastan ¢gopmu wHa Bupkxod ma KG Xamuaronmana, orpanmdenuno peq 4. [lopamu
n3bopa Ha TmoTeHnmasa, nepuogndHara KG BepmKKa mMa ChIOTO MHOXKECTBO OT JIUCKDETHH
cuMmerpun KakTo nepuogunanara Fermi-Pasta-Ulam (FPU) Bepukka. Cres ToBa Hue OKa3BaMe,
e Ta3u HOpMaJiHa popMa € HHTerpyeMa. 3a Jla IMOKaxKM TOBA, HUE H3IO0JI3BaMe Pe3yJITaTH Ha
B. Rink 3a nepuogmunara Fermi-Pasta-Ulam (FPU) Bepuxkku. Ako N e HEYeTHO Ta3d HHTEr-
pyema HopMmasHa ¢gopma ¢ KAM nenspomen Xamuaronnat. ToBa mokas3Ba, e HOYTH BCHYKH
HUCKO €HEePreTuYHN ABuKeHns Ha nmepuonnanata KG Bepukka ca kBasu-nepuoandnn. Hue ¢b-
mo Taka mokassame, ye KG Bepukkara ¢ rpanndHu ycaosust Ha dupuxie (1.e., ¢ bukcnpanu
KpailHu ToYKHn) gomycka uaTerpyema, KAM neuspjena nopmasna dopma ot pen 4. Cies ToBa,
npunarame KAM Teopemara KakTo MO-Tope.

In this paper, we study the Klein-Gordon (KG) lattice with periodic boundary conditions.
It is an N degrees of freedom Hamiltonian system with linear inter-site forces and nonlinear
on-site potential, which here is taken to be of the ¢* form. First, we prove that the system in
consideration is non-integrable in Liuville sense. The proof is based on the Morales-Ramis-Simé
theory. Next, we deal with the resonant Birkhoff normal form of the KG Hamiltonian, truncated
to order four. Due to the choice of potential, the periodic KG lattice shares the same set of
discrete symmetries as the periodic Fermi-Pasta-Ulam (FPU) chain. Then we show that the
above normal form is integrable. To do this we use the results of B. Rink on FPU chains. If
N is odd this integrable normal form turns out to be KAM nondegenerate Hamiltonian. This
implies that almost all low-energetic motions of the periodic KG lattice are quasi-periodic. We
also prove that the KG lattice with Dirichlet boundary conditions (that is, with fixed endpoints)
admits an integrable, nondegenerate normal forth order form. Then, the KAM theorem applies
as above.

[37] On the integrability of Hamiltonian 1:2:2 resonance, Nonlinear Dyn (2020)
102:2295-2309, https://doi.org/10.1007/311071-020-06036-0, IF ~ 5.022, Q1

WNsygaBa ce mHTErpyeMocTTa Ha XaMUJITOHOBaTa HopMaJsHa ¢dopma B 1 : 2 : 2 pe3oHAHC.
U3Bectro e, e Ta3zu HopMmasiHa hopMa, OrpaHudeHa Jjio pe 3 e uarerpyema. Orpanndenara ji0
pexn 4 Hopmasiaa GhopMa CbIAbPrKA MHOTO MapaMeTpH. 3a MHOXKECTBO Ha IapaMeTpuTe B OO0
MOJIOYKEHNE, HITe U3CJIe/IBaMe 3a HEMHTEerpyeMOoCT Ta3u HopMaJHa (popMma, orpanudena 1o pes 4,
OCHOBaBallKH ce Ha TeopusTa Ha Mopasec-Pamuc n n3monspaiiku caMo I'bpBUTE BapUAIllMOHHH
ypaBHEHHSA OTHOCHO HSIKOM YACTHH pelnleHusd. HemHTerpyemocrTa mosyueHa dpes ajareOpuaHu
JIOKA3aTe/ICTBA, JaBa JMHAMHUKA, HIIOCTPUPAHA UYPe3 HIKOHW YUCAeHN eKcrepuMenTr. CbIino Taka



€ HaMepeH HeTPpUBHAJEH caydall Ha HHTETPYEeMOCT.

We study the integrability of the Hamiltonian normal form of 1 : 2 : 2 resonance. It is known
that this normal form truncated to order three is integrable. The truncated to order four normal
form contains many parameters. For a generic choice of parameters in the normal form up to
order four we carry on non-integrability analysis, based on the Morales-Ramis theory using only
first variational equations along certain particular solutions. The non-integrability obtained by
algebraic proofs produces dynamics illustrated by some numerical experiments. We also isolate
a nontrivial case of integrability.

[38] Non-integrability of a three-dimensional generalized Henon-Heiles system,
Eur. Phys. J. Plus (2021) 136:1039, https://doi.org/10.1140/epjp/s13360-021-02044-0, IF ~
3.4, Q1

B enna ckoporrna pabora Fakkousy m jnp. mokassar, ue 3D cucremara na Xenoun-Xeftic ¢
_ 17,2 2 2 1 2 2 2 2 2 8.3
Xavmronnan H = 3(pi + p3 + p3) + 5(Agi + O3 + Bg3) + (agi +7¢3)gs + 5¢3 e unrerpyema
B cMHUCDHJI Ha JIuyBums, Korato o = ’y,% =1,A=B=C; wm a = ”y,% = %,A = C, B-
: . _ a _ 1 _ A _ 1 _ _ . .
arbitrary; mwim o = v, 3= 16 A=C,% = 15 (1 pasbupa ce, npu a = 7 = 0, B KOHTO cryqait
HPOMEHJIMBUTE ce pasjesdr). V3secTHo e, de BropusT ciydail ocraBa unrerpyem 3a A, C, B
npoussosinu. V3nonssaiiku teopuara na Mopasiec - Pamuc nue nokaszsame, de HAMA JAPYTH

cJiydand Ha MHTErPYEMOCT 3a Ta3W CUCTEMA.

In recent paper Fakkousy et al. show that the 3D Hénon-Heiles system with Hamiltonian
H = 1p}+pi+p3)+2(A@ +Cq + Bg3) + (ag? +743)g3 + 23 is integrable in sense of Liouville
when o :7,% =1, A=B=Cor « :7,% = %,A = C, B-arbitrary; or « :’y,% = %,A =
C’,% = % (and of course, when o« = 4 = 0, in which case the Hamiltonian is separable). It
is known that the second case remains integrable for A, C, B arbitrary. Using Morales-Ramis

theory, we prove that there are no other cases of integrability for this system.

[39] On the integrability of twofold 1 : 2 Hamiltonian resonance, Discrete and
Continuous Dynamical Systems - Series B, Vol. 28, No. 8, August 2023, pp. 4442-4456,
d0i:10.3934 /dedsb.2023023, TF ~ 1.2, Q2

B exnna ckoporraa pabora Mazrooei-Sebdani u ap. n3ydasar efaun cuenupuder caydail Ha
1:2:1:2 Xamumironopara HopMajHa dopma, orpanudena Jjio pej 3. Te HaMupar HAKOJI-
KO cIydasd Ha WHTerpyeMocT. luraBHaTa 1es Ha Ta3u paboTa e j1a ce HaMepdaT JAPYTH CIydan
Ha mHTerpyeMocT. lIbpBo, HHe HaMHpaMme ollle HOBU CJIydYal Ha WHTEIPYEMOCT, pa3lviek alKn
HU3BECTHUTE PEe3Y/ITATH OTHOCHO HHTerpyeMoctTa Ha 1:2:2m 1 : 1 : 2 pesonancu. Cien ToBa HHe
ompocrdBame Tas3u crenuduyuna HopMasaHa ¢GpopMma, JoKazBaMme TeopeMa 3a HEMHTErPyeMOCT U
30/ MpaMe JIBa HeTPUBUAJHU CJIydas HA WHTEerpyeMocT. Te3u pesyararu, Morar jaa ObjiaT npu-
JIOZKEeHU, HAIpUMep IPHU H3y4YaBaHeTO Ha HOpMAaJIHUTe (pOPMU HA JBOMKA CBbP3aHHU €JaCTHIHH
MaxaJia, WM JIBOWKA CBbP3aHU JBOIHU MaxaJja, n jBeTe B 1 : 2 pe3onanc. OT Apyra cTpaHa,
OTIpeJIeJIEHO € OT WHTepec Ja ce M3CJeIBAT JOKAJTHUTE U TJIOOATHH CBOMCTBA HA T€OMETPUATA U
JIMTHAMMKATA HA BCUYKU MHTEIDYEMU CJIydau, HAMEDEHU TYK.

In a recent paper Mazrooei-Sebdani et al study a particular case of 1 : 2 : 1 : 2 Hamiltonian
normal form, truncated to order 3. They find several cases of integrability. The main purpose



of this work is to find other integrable cases. First, we obtain some integrable cases considering
the known results about integrability the normal forms of 1 : 2 : 2 and 1 : 1 : 2 resonances.
Then, we simplify this particular normal form, prove a non-integrability theorem and isolate
a couple of non-trivial cases of integrability. These results can be applied, for example, in the
study of normal forms of coupled elastic pendulums or coupled double pendulums, both in 1 :
2 resonance. On the other hand, it is definitely worth exploring the local and global properties
of the geometry and the dynamics of all integrable cases, found here.
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