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Èçó÷àâàò ñå ñòàöèîíàðíèòå ðåøåíèÿ íà èçâåñòíîòî óðàâíåíèå íà Ôèøåð-Êîëìîãîðîâ-
Ïåòðîâñêè-Ïèñêóíîâ (FKPP)

ut = Duxx + γu(1− u),

êúäåòî äèôóçèîíèÿ ïàðàìåòúð å ìàëúê -D = ϵ2, à γ å íîðìàëèçèðàíî äà áúäå 1. Ñëåä òîâà,
ñå ðàçãëåæäà åäíà ñèíãóëÿðíî ïåðòóðáèðàíà ãðàíè÷íà çàäà÷à (BVP) âúðõó èíòåðâàëà [0, 1]∣∣∣∣ ϵ2ü+ u(1− u) = 0,

u(0) = a, u(1) = a, a ∈ (0, 1).

Àñèìïòîòè÷íè ôîðìóëè ñà ïîëó÷åíè çà ãîðíàòà (BVP) ïðè ϵ → 0+. Ðåøåíèÿòà íà (BVP)
ìîãàò äà èìàò "spikes". Äàäåíè ñà îöåíêè çà áðîÿ íà spikes è çà áðîÿ íà ðåøåíèÿòà íà
(BVP).

We study the stationary solutions of the famous Fisher - Kolmogorov - Petrovsky - Piscounov
(FKPP) equation

ut = Duxx + γu(1− u),

where the di�usion parameter is small - D = ϵ2 and γ is normalized to be 1. Next, we state a
singularly perturbed boundary-value problem (BVP) on the interval [0, 1]∣∣∣∣ ϵ2ü+ u(1− u) = 0,

u(0) = a, u(1) = a, a ∈ (0, 1).

Asymptotic formulas, as ϵ → 0+ are obtained for the solutions of the above (BVP). The
solutions of the (BVP) can have "spikes". Estimates for the number of spikes and number of
solutions to the (BVP) are given.

[35] Near-Integrability of Low-Dimensional Periodic Klein-Gordon Lattices, Advances
in Mathematical Physics, Volume 2018, Article ID 7023696, 12 pages,

https://doi.org/10.1155/2018/7023696, IF ∼ 0.936, Q3

Èçó÷àâàò ñå çà èíòåãðóåìîñò ïåðèîäè÷íèòå âåðèæêè íà Êëàéí-Ãîðäúí â íèñêèòå ðàç-
ìåðíîñòè. Äîêàçâà ñå, ÷å ïåðèîäè÷íàòà âåðèæêà ñ äâå ÷àñòèöè è îïðåäåëåí íåëèíååí ïî-
òåíöèàë å íåèíòåãðóåìà. Îáà÷å, â ñëó÷àèòå íà âåðèæêè äî 6 ÷àñòèöè, íèå äîêàçâàìå, ÷å
òåõíèòå íîðìàëíè ôîðìè íà Áèðêõîô-Ãóñòàâñîí ñà èíòåãðóåìè, êîåòî ïîçâîëÿâà äà ñå
ïðèëîæè ÊÀÌ òåîðèÿòà â ïîâå÷åòî ñëó÷àè.

The low-dimensional periodic Klein-Gordon lattices are studied for integrability. We prove
that the periodic lattice with two particles and certain nonlinear potential is non integrable.
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However, in the cases of up to six particles, we prove that their Birkho�-Gustavson normal
forms are integrable, which allows us to apply KAM theory in most cases.

[36] Near-Integrability of Periodic Klein-Gordon Lattices, Symmetry 2019, 11, 475,
doi:10.3390/sym11040475, , IF ∼ 2.143, Q2

Â òàçè ñòàòèÿ íèå ðàçãëåæäàìå âåðèæêàòà íà Êëàéí-Ãîðäúí (KG) ñ ïåðèîäè÷íè ãðà-
íè÷íè óñëîâèÿ. Òàçè âåðèæêà å Õàìèëòîíîâà ñèñòåìà ñ N ñòåïåíè íà ñâîáîäà ñúñ ëèíåéíè
"inter-site" ñèëè è íåëèíååí "on-site" ïîòåíöèàë, êîéòî å âçåò â ϕ4 ôîðìà. Ïúðâî, íèå äî-
êàçâàìå, ÷å ðàçãëåæäàíàòà ñèñòåìà å íåèíòåãðóåìà â ñìèñúë íà Ëèóâèë. Äîêàçàòåëñòâîòî
å îñíîâàíî íà òåîðèÿòà íà Ìîðàëåñ-Ðàìèñ è Ñèìî. Ñëåä òîâà íèå ðàçãëåæäàìå ðåçîíàí-
ñíèòå íîðìàëíè ôîðìè íà Áèðêõîô íà KG Õàìèëòîíèàíà, îãðàíè÷åíèäî ðåä 4. Ïîðàäè
èçáîðà íà ïîòåíöèàëà, ïåðèîäè÷íàòà KG âåðèæêà èìà ñúùîòî ìíîæåñòâî îò äèñêðåòíè
ñèìåòðèè êàêòî ïåðèîäè÷íàòà Fermi-Pasta-Ulam (FPU) âåðèæêà. Ñëåä òîâà íèå ïîêàçâàìå,
÷å òàçè íîðìàëíà ôîðìà å èíòåãðóåìà. Çà äà ïîêàæì òîâà, íèå èçïîëçâàìå ðåçóëòàòè íà
B. Rink çà ïåðèîäè÷íàòà Fermi-Pasta-Ulam (FPU) âåðèæêè. Àêî N å íå÷åòíî òàçè èíòåã-
ðóåìà íîðìàëíà ôîðìà å ÊÀÌ íåèçðîäåí Õàìèëòîíèàí. Òîâà ïîêàçâà, ÷å ïî÷òè âñè÷êè
íèñêî åíåðãåòè÷íè äâèæåíèÿ íà ïåðèîäè÷íàòà KG âåðèæêà ñà êâàçè-ïåðèîäè÷íè. Íèå ñú-
ùî òàêà ïîêàçâàìå, ÷å KG âåðèæêàòà ñ ãðàíè÷íè óñëîâèÿ íà Äèðèõëå (ò.å., ñ ôèêñèðàíè
êðàéíè òî÷êè) äîïóñêà èíòåãðóåìà, ÊÀÌ íåèçðäåíà íîðìàëíà ôîðìà îò ðåä 4. Ñëåä òîâà,
ïðèëàãàìå ÊÀÌ òåîðåìàòà êàêòî ïî-ãîðå.

In this paper, we study the Klein-Gordon (KG) lattice with periodic boundary conditions.
It is an N degrees of freedom Hamiltonian system with linear inter-site forces and nonlinear
on-site potential, which here is taken to be of the ϕ4 form. First, we prove that the system in
consideration is non-integrable in Liuville sense. The proof is based on the Morales-Ramis-Sim�o
theory. Next, we deal with the resonant Birkho� normal form of the KG Hamiltonian, truncated
to order four. Due to the choice of potential, the periodic KG lattice shares the same set of
discrete symmetries as the periodic Fermi-Pasta-Ulam (FPU) chain. Then we show that the
above normal form is integrable. To do this we use the results of B. Rink on FPU chains. If
N is odd this integrable normal form turns out to be KAM nondegenerate Hamiltonian. This
implies that almost all low-energetic motions of the periodic KG lattice are quasi-periodic. We
also prove that the KG lattice with Dirichlet boundary conditions (that is, with �xed endpoints)
admits an integrable, nondegenerate normal forth order form. Then, the KAM theorem applies
as above.

[37] On the integrability of Hamiltonian 1:2:2 resonance, Nonlinear Dyn (2020)
102:2295�2309, https://doi.org/10.1007/s11071-020-06036-0, IF ∼ 5.022, Q1

Èçó÷àâà ñå èíòåãðóåìîñòòà íà Õàìèëòîíîâàòà íîðìàëíà ôîðìà â 1 : 2 : 2 ðåçîíàíñ.
Èçâåñòíî å, ÷å òàçè íîðìàëíà ôîðìà, îãðàíè÷åíà äî ðåä 3 å èíòåãðóåìà. Îãðàíè÷åíàòà äî
ðåä 4 íîðìàëíà ôîðìà ñúäúðæà ìíîãî ïàðàìåòðè. Çà ìíîæåñòâî íà ïàðàìåòðèòå â îáùî
ïîëîæåíèå, íèå èçñëåäâàìå çà íåèíòåãðóåìîñò òàçè íîðìàëíà ôîðìà, îãðàíè÷åíà äî ðåä 4,
îñíîâàâàéêè ñå íà òåîðèÿòà íà Ìîðàëåñ-Ðàìèñ è èçïîëçâàéêè ñàìî ïúðâèòå âàðèàöèîííè
óðàâíåíèÿ îòíîñíî íÿêîè ÷àñòíè ðåøåíèÿ. Íåèíòåãðóåìîñòòà ïîëó÷åíà ÷ðåç àëãåáðè÷íè
äîêàçàòåëñòâà äàâà äèíàìèêà, èëþñòðèðàíà ÷ðåç íÿêîè ÷èñëåíè åêñïåðèìåíòè. Ñúùî òàêà
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å íàìåðåí íåòðèâèàëåí ñëó÷àé íà èíòåãðóåìîñò.

We study the integrability of the Hamiltonian normal form of 1 : 2 : 2 resonance. It is known
that this normal form truncated to order three is integrable. The truncated to order four normal
form contains many parameters. For a generic choice of parameters in the normal form up to
order four we carry on non-integrability analysis, based on the Morales-Ramis theory using only
�rst variational equations along certain particular solutions. The non-integrability obtained by
algebraic proofs produces dynamics illustrated by some numerical experiments. We also isolate
a nontrivial case of integrability.

[38] Non-integrability of a three-dimensional generalized Henon-Heiles system,
Eur. Phys. J. Plus (2021) 136:1039, https://doi.org/10.1140/epjp/s13360-021-02044-0, IF ∼
3.4, Q1

Â åäíà ñêîðîøíà ðàáîòà Fakkousy è äð. ïîêàçâàò, ÷å 3D ñèñòåìàòà íà Õåíîí-Õåéëñ ñ
Õàìèëòîíèàí H = 1

2
(p21 + p22 + p23) +

1
2
(Aq21 +Cq22 +Bq23) + (αq21 + γq22)q3 +

β
3
q33 å èíòåãðóåìà

â ñìèñúë íà Ëèóâèë, êîãàòî α = γ, α
β

= 1, A = B = C; èëè α = γ, α
β

= 1
6
, A = C, B-

arbitrary; èëè α = γ, α
β
= 1

16
, A = C, A

B
= 1

16
( è ðàçáèðà ñå, ïðè α = γ = 0, â êîéòî ñëó÷àé

ïðîìåíëèâèòå ñå ðàçäåëÿò). Èçâåñòíî å, ÷å âòîðèÿò ñëó÷àé îñòàâà èíòåãðóåì çà A,C,B
ïðîèçâîëíè. Èçïîëçâàéêè òåîðèÿòà íà Ìîðàëåñ - Ðàìèñ íèå ïîêàçâàìå, ÷å íÿìà äðóãè
ñëó÷àè íà èíòåãðóåìîñò çà òàçè ñèñòåìà.

In recent paper Fakkousy et al. show that the 3D H�enon-Heiles system with Hamiltonian
H = 1

2
(p21+p22+p23)+

1
2
(Aq21+Cq22+Bq23)+(αq21+γq22)q3+

β
3
q33 is integrable in sense of Liouville

when α = γ, α
β
= 1, A = B = C; or α = γ, α

β
= 1

6
, A = C, B-arbitrary; or α = γ, α

β
= 1

16
, A =

C, A
B

= 1
16

(and of course, when α = γ = 0, in which case the Hamiltonian is separable). It
is known that the second case remains integrable for A,C,B arbitrary. Using Morales-Ramis
theory, we prove that there are no other cases of integrability for this system.

[39] On the integrability of twofold 1 : 2 Hamiltonian resonance, Discrete and
Continuous Dynamical Systems - Series B, Vol. 28, No. 8, August 2023, pp. 4442-4456,

doi:10.3934/dcdsb.2023023, IF ∼ 1.2, Q2

Â åäíà ñêîðîøíà ðàáîòà Mazrooei-Sebdani è äð. èçó÷àâàò åäèí ñïåöèôè÷åí ñëó÷àé íà
1 : 2 : 1 : 2 Õàìèëòîíîâàòà íîðìàëíà ôîðìà, îãðàíè÷åíà äî ðåä 3. Òå íàìèðàò íÿêîë-
êî ñëó÷àÿ íà èíòåãðóåìîñò. Ãëàâíàòà öåë íà òàçè ðàáîòà å äà ñå íàìåðÿò äðóãè ñëó÷àè
íà èíòåãðóåìîñò. Ïúðâî, íèå íàìèðàìå îùå íîâè ñëó÷àè íà èíòåãðóåìîñò, ðàçãëåæäàéêè
èçâåñòíèòå ðåçóëòàòè îòíîñíî èíòåãðóåìîñòòà íà 1 : 2 : 2 è 1 : 1 : 2 ðåçîíàíñè. Ñëåä òîâà íèå
îïðîñòÿâàìå òàçè ñïåöèôè÷íà íîðìàëíà ôîðìà, äîêàçâàìå òåîðåìà çà íåèíòåãðóåìîñò è
èçîëèðàìå äâà íåòðèâèàëíè ñëó÷àÿ íà èíòåãðóåìîñò. Òåçè ðåçóëòàòè, ìîãàò äà áúäàò ïðè-
ëîæåíè, íàïðèìåð ïðè èçó÷àâàíåòî íà íîðìàëíèòå ôîðìè íà äâîéêà ñâúðçàíè åëàñòè÷íè
ìàõàëà, èëè äâîéêà ñâúðçàíè äâîéíè ìàõàëà, è äâåòå â 1 : 2 ðåçîíàíñ. Îò äðóãà ñòðàíà,
îïðåäåëåíî å îò èíòåðåñ äà ñå èçñëåäâàò ëîêàëíèòå è ãëîáàëíè ñâîéñòâà íà ãåîìåòðèÿòà è
äèíàìèêàòà íà âñè÷êè èíòåãðóåìè ñëó÷àè, íàìåðåíè òóê.

In a recent paper Mazrooei-Sebdani et al study a particular case of 1 : 2 : 1 : 2 Hamiltonian
normal form, truncated to order 3. They �nd several cases of integrability. The main purpose
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of this work is to �nd other integrable cases. First, we obtain some integrable cases considering
the known results about integrability the normal forms of 1 : 2 : 2 and 1 : 1 : 2 resonances.
Then, we simplify this particular normal form, prove a non-integrability theorem and isolate
a couple of non-trivial cases of integrability. These results can be applied, for example, in the
study of normal forms of coupled elastic pendulums or coupled double pendulums, both in 1 :
2 resonance. On the other hand, it is de�nitely worth exploring the local and global properties
of the geometry and the dynamics of all integrable cases, found here.
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