Peziomera Ha HaydHHTE IIyOJIMKAIIIN

na zor. 10 Maanen CserocsiaBos CaBos

Pes3tomeTa Ha craTtum, npeAcTaBeHU 3a ydacTue B KOHKYypca:

CJIG,H,B&HII/ITG 14 crarum ca Od)I/IH,I/I&JIHO OpeacTaBeHU 3a yJaCThue B KOHKYpPCa U Ca IPeJCTaBEeHU II'bPBO
Ha 6’bJIFapCKI/I €3UK M CJied TOBa Ha AQHTJINCKHI €3UK.

Ot CTpaHHUIIa 16 3amousar pe3roMeTaTa Ha HY6JII/IKaIlI/II/I, HEBKJIIOYEHHU 3a y4daCTHE€ B TO3U KOHKYPC - OT-
HOBO Ha 6’bJIFapCKI/I €3UK 1 Ha aHIVINNCKHN €3UK.

1. Kolb, M and Savov, M., A characterization of the finiteness of perpetual integrals of Lévy processes,
BERNOULLI, 2020, Volume: 26, Pages: 1453-1472, DOI: 10.3150/19-BEJ1167, Published: JAN 2020,
ISSN: 1350-7265, IF (1.393 - 2018), Quartile: Q2 (43/123 Statistics and Probability, JCR-WoS),
hyperlink

B rasu crarusa ,ILO6I/IBaMe aHaJIUTU4YIeH KpI/ITepI/IfI 3a IIPOBEPKa Ha KpaﬁHOCTTa/CXOﬂI/Il\IOCTTa Ha

I:/Ooof(x—i-fs)ds, x € R,

KkbJeto § = (§5)4>0 € npexozen nporec Ha Jlesn m f > 0 e mim HenpeKbCHATA, JIOKATHO OrPaHIYe-
Ha (YHKINS I JIOKAJHO OrpaHmdeHa Bopenosa ¢yHkims (3a TO3U CiIyuail ce M3MCKBA €IHOMEDHHTE
pasmpe/iesienust Ha & Jia ca abCOJIIOTHO HempeKbcHaTn). Hammmsr pesynrar e obig u obxBaia Ipeixo/Hi
YACTHHU CJIydau, HO BKJIIOYBA moTeHnuannara Mspka U(dx) = fooo P (& € dx), Koero nmocraBsi HIKOU TIpe-
ISTCTBHUS IPeJ IPAKTUIECKOTO IPUJIOXKEHNE B HSIKOU cuTyaruu. MHOIO HHTEPECHO € Jia ce 0TOesIeXKH, Je
MPAKTUIECKH KPUTEPUST ce U3BEXKIa OT JoKazaHaTa penarusTa [ < oo <= E[I] < oo.

Meromoiorusita BK/IIOUBa HaJArparkiaHe Ha TEXHUKH, pa3dpaborenm or Barm 3a cxomnm mpobiemu 3a
Bpaynosoro mBmxkenue. Jliobonuren dakT e, 9e mogo0psIBaHETO Ha TE3W TEXHWKH, & HE BHBEXKIAHETO Ha
HOBH, € Bb3MOXKHO, 3aI[0TO, BLIIPEKN 1Ue IpoIechT Ha JIeBn 3a pazinka or BpayHOBOTO JBUKEHHUE € CaMO
JISICHO-HEIIPEK'bCHAT, KII0U0BM MapKOBCKM MOMEHTH Ca OTJIACHMU M B TAX INPOIeCchT Ha JleBum e modrwm
CUTYPHO HENPEK'bCHAT.

2. Savov, M. and Toaldo, B., Semi-Markov processes, integro-differential equations and anomalous diffusion-
aggregation, ANNALS DE L'INSTITUT HENRI POINCARE, PROBABILITES ET STATISTIQUES, ISSN:
0246-0203, eISSN: 1778-7017, accepted, IF (1.152 - 2018), Quartile: Q2 ( 56/123 Statistics and
Probability, JCR-WoS), hyperlink

Ormte ¢ paborara va A. Aftammaita or 1905 3anouBa MHTE3UBHOTO M3MOJI3BaHe HA BpayHOBOTO JBUXKEHUE
u Apyru audy3un 3a MOJIEUPaHe Ha PA3IUIHE [TPOIECH OT (pU3MKaTa, GHOJIOrUATa, MKOHOMUKATA U JIPYTH.
Bbpso ce yeranossisa obade, de udy3unTe UMAT CBOUTE €CTECTBEHN OIMPAHUIEHUsT I MHOTO ITPOIIECH B CBETA,
OKOJIO HAC TPOSIBABAT IMOBEJEHUE ATUIIMYHO 3a CTAHJAPTHUTE JUQY3UOHHU Ipolecu. HanMeHoBaHHETO
Ha TE3U TPOIECU € GHOMAAHY Judysuu U Te ca boraT Kjac OT MPOIECH, KOUTO MMO3BOJISIBAT HAIPUMED
MHKOPIOPUPAHETO HA TMaMeT U APYru 3aBucuMocT. OT aHAJIUTHYHA TJIETHA TOYKA TMTOBEJIEHUETO HA BCAKA
aHoMaJsHa U y3UsT MOKE J[a Ce OIUINE ¢ MHTErPATHO-TUMEPEHITNAIHO yPaBHEHIE, KOETO MPOU3X0XKJIa 0T
KOHKPETHU €CTECTBEHM 3aKOHU U MPUHIUIN B 3aBUCHMOCT OT pasriaexkjgaHus mporec. OT BEpOSATHOCTHA
IJIe/THA TOYKA aHOMAJHUTE MU Y3 MOTAT Jia ce TPEJICTABAT KaTO CTOXaCTUYIEH MPOIEC, KOWTO Hai-4ecTo
e crapgapTHa audy3ust nan MapKoBCKH MPOIEC ChC CTOXaCTUIHA MPOMsiHA Ha BpeMeTo. U nBara morsea
UMaT CBOUTE €CTECTBEHH IPEUMYIIECTBA M 3aTOBA €JHa OT BaKHUTE 3aJadd € KOHPETHO HWHTErPaJHO-
JudepeHuaHO ypaBHeHHe Ja ce CBbPKEe ¢ OYaKBAHUATA Ha CTOXACTUYEH IPOIEC U 0OPaTHOTO.
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B Tasu crarus pasmiexxgame ypashenus Ha Boarepa, 9unTO sipa JOIyCKAT IPOCTPAHCTBEHA 3aBUCH-
MOCT, T.€.
d t
dt Jo
kbaero G e reneparop nHa nporec Ha Pexbp M u k(-,-) omamka Ha Mspka Ha JleBu na cyGopamHaTop,
KOSITO 3aBHCH U OT IIPOCTPAHCTBOTO, U ISJIOTO CEMEHICTBO OT MEPKH € ACOIMUPAHO C JUTHBEH IIPOIEC O.
Hocrapsitkn L = o~ !, nmoxkazsame 3a mupoK Kiac remepartopn G W aJUTHBHH MPOIECH O, 3aBUCENTH OT
rpaekropunte Ha M, ge q(t,z) = E, [u(M(L(t)))] ca pemenus na (0.1) or ymepen tun (mild solutions).

BbB BrOpaTa 9acT Ha CTaTHATa PA3IVIEXK/1aMe eJHOMEDHA AHOMAJIHA JIQY3Hs OT BAPUPAIL HOPSIBK, T.€.
G = A e oneparopbr Ha Jlamac, a k(s,z) = s~ kngero a : R — (0,1). B tosu emucna X; = B(L(t)),
KbeTo B e BpayHoBo JBurkeHne, a ¢ € KOMIIO3UIUS OT CTabMJIHE CyOODIMHATOPH C MHJIEKC, OIPE/IeIeH
or nosurusTa Ha B upes dyuknuara «. Ypasuenunero ((0.1) npugobusa Buga

de(®)

mq = Agq, Q(Oafﬂ) =Uu

U ce Hapu4a CbINo ApoOHA nudy3ust OT IPOMEHJIUB PEI.

B crarusTa ca JokasaHH pejuna pe3yirard 3a (hbeHOMeHa Ha arperaiysi (IpOIEChT HpeKapBa MHOIO
BpeMe B OKOJIHOCT Ha MHHHMYMa Ha Oé) Ba ACHOTa 1Ie IIpeacTaBHM CaMO €JUH MHOI'O YaCTEH Cﬂyqaﬁ
Ha pesyirarure B crarusaTa. Heka A = {z:a(x) =min{a(y)}} e kpaen nurepsan u 2min{a(y)} <
liminf|; o a(x). Torasa

(0.1) (q(s,2) — q(0,2)) k(t — s,2)ds = Gq(t,2), ¢(0,z) = u(x),

t
1
lim le; lim P(X; € A) =1.

t—00 t t—00

[Mpeasu ue X; = B(L(t)) MoxkeM Jia Cl MECIHM €BOJIIOIUSITa Ha TO3HU MPOIEC KATO JBUKEHHE B IIOPECTa
cpesia/ cpelia ¢ KalaHi, KOUTO 3aIbpyKaT JABIKeIaTa ce YaCTUIA 38 PA3JINIeH IePUOJ] OT BPEMe MPEJIn Jia
s1 0cB0oOOIAT. Taka, ako Hall-CHJTHUTE Kamanu,/ opu (KOJIKOTO MO-MAJIKO € (v, TOJTKOBA MO-CUJICH € KAIaHbT )
JOMUHUPAT OCTAHAJMTE C OIPEJIEIEHO ChOTHOIIEHHE, MPOIECHT e Obje mpeob/iagaBalno HabIIoMaBaH B
TEeXHUSI PETUOH.

TexnukuTe B cTaTusATa BapupaT OT 00IMa Teopust Ha MapKOBCKHATE IPOIECH A0 3aKOHM 38 ITOBTOPHUS
JIOTApPUTHM 3a Ipolecu Ha Jlesu.

3. Dimov, I. and Savov, M., Probabilistic analysis of the single particle Wigner Monte-Carlo method,
MATHEMATICS AND COMPUTERS IN SIMULATION, 2020, Volume: 173, Pages: 32-50, DOI: 10.1016/
j.matcom.2020.01.008, Published: JAN 2020, ISSN: 0378-4754, IF (1.409 - 2018), Quartile: Q2 (87/254
Mathematics, Applied, JCR-WoS), hyperlink

B Tazu cratus pasriexgame ypaBHeHueTo Ha Buraep

(0:2) O (1) OmIV (e )] = V e [, ),

Kbaero © € R? e mosurusita, m e BLIHOBOTO uncio, C' e KOHKpeTHa (bu3mdHa KOHCTaHTA, V € MOIXO-
ST, OTEHIUAJT, KOUTO Ipe3 AMCKpeTHATa KOHBOJIOIUS *,, 33/1aBa IIPOMSHATA HA BbhJIHOBOTO YHCJIO. AKO
osuaunMm ¢ f(xz,m,t) = f(z + Cmt,m,t), To mo xapakrepuctukure x + C'mt ypaBHeHHETO ce mpepaboTBa
J10
(0.3) f=fi+Kf,
KDBJIETO f; KOJUpa HAYAIHHUTE yCIOBHs, a K ¢ sBeH OrpaHHueH JIMHeeH oreparop B L2 (Rd, N, [0,7]),
7 € (0,00].

Axo A(xz,m,t) e xapaKTepUCTUKA HA CUCTEMATa, KOATO MCKame Ja uzuucyium, u A(x,m,t) = A(x +
Cmt, m,t), To ¢ K* cupernarust oneparop ua K e BsipHO, de

Iokassa ce, e g = K*g+ A = (f, A) = (fi, 9). Cbio Taka g uma npeacTaBsie B KOHBOMOIHOHCH PeJy
fi7

9="2 >0 K" A u cneposarenno (f, A) = (fi, g) = anO(IC*"fl, fi).


https://www.sciencedirect.com/science/article/abs/pii/S037847542030015X

Ha cirenpama crbiika geiicrBuero Ha K* ce mpeacTaBst KATO €BOJIONNATA Ha IaCTUIA ChC CAYyIaeH 3HAK,
B'bJIHOBO YHCJIO ¥ JIMHEHHO ABUYKEHUE, KATO T3 HEMHI XapaKTEPUCTUKU Ce IIPOMEHST B CJIyYailHi MOMEHTH
¥ CBIJIACYBAHO C PO, 3aBUCEIO OT TToTeHnuaa V. Taka (IC*”A, fl> MO2Ke J1a Cce IPEeJCTaBU C O9aKBaHe Ha
CIOMeHaTaTa JacTHIa B MOMeHTa T (MOMEHTDHT, KOITO HE MHTepecyBa), CTapTHPaHa C IIBTHOCT f; BHPXY
dazosoro mpocrpanctso (z,m) € R X Z u nperbpiisia TOYHO 7 IPOMEHH JIO T.

B rTasu crarust, B 3aBUCUMOCT OT IIapaMeTpuTe, U3cjeBaMe Opost Ha YJIEHOBETE Ha, KOHBOJIIOIMOHHMSI
pell, KOUTO ca HeOOXOAMMM, 3a Ja ce MoJydn cxomumocT KbM (A, f). AKo T e BpeMeBHAT XOPU30HT Ha
CUMYJIAIUSTA, TO MOKa3BaMe, 4e TEOPETUYIHO He MOraT ja ce npenebpersar 277y wiaeHa. v* 3aBucu or
MacaTa Ha moTeHrmaiga Vo u e decto or mopsurbk 101 koero He Moxke fa Gble KOMIEHCHPAHO OT T,
OOMKHOBEHO OT TIOPsIbKa Ha MUJIN/HAHO CeKyHau. Taka TeopeTHaHO 06sCHABaMe HECTAOMIHOCTTA Ha TO3H
METO/I, KOSITO € Om/ta HabJII0aBaHa [P PEINIA TPAKTUIECKH CUMY/TAINN.

MeroauTte n3no3sBar orenkn Ha Bepu-Eceen ot Teopust Ha BEPOSITHOCTHUTE, MOIXOISINA HHTEPIIPETAIIHST
Ha 4JIeHOBEeTe Ha KOHBOJIOIMOHHUS PEJl U 3aaBaHeTO Ha IPobjieMa B IOAXOAI0 X1I6epTOBO IPOCTPaH-
CTBO.

4. Mutafchiev, L. and Savov,M., On the Mazimal Multiplicity of Block Sizes in a Random Set Partition,
RANDOM STRUCTURES AND ALGORITHMS, 2020, Volume: 56, Pages: 867-891, DOI: 10.1002/rsa.
20891, Published: MAY 2020, e[SSN: 1098-2418, IF (1.008 - 2018), Quartile: Q2 (90/214 Mathemat-
ics, JCR-WoS), hyperlink

Heka [n] = {1,2,--- ,n}. C ¥,, o3HauaBaMe BCHYKH IPEJICTaBIHMS Ha [n] Karo obejnHEHNE Ha Helpe-
CHYAIM Cce IIOJMHOXKeCTBa Ha [n]. BbBexjame paBHOMepHATa BepOsATHOCTHA Msipka P Bbpxy X,. lobpe
M3BECTHO €, Ue IIPH N — 00 OpOAT IOJMHOXKECTBa B THUINYIHO pasjaraHe Ha [n] e ¢ rosemuua W (n),
kbaero W e dyuknusita na Jlambep, 3ajajieHa apes W(n)ew(”) = n. B Ta3m cratug Hue pasriexia-
Me MaKCHMaJIHATa MYyJITHIIHKATHBHOCT Ha THUINYHOTO pas3jiaraHe Ha [n], T.e., ako 0 € X, TO u3ydaBaMe
My (o) = max; f15(J), KbIETO [1(]) € OposT moaMHOXKeCTBa ¢ rosieMuna j B 0. Heka f,, = W(n)—|[W(n)],
kbjero |W(n)| e maif-rossiMoro msto dncsio no-maiako or W(n). Torasa, ako 3a moppeuria (ny)k>1 € Bap-

HO, 4e limk_>oo(27r)_i min{fy,,1— fn,} ./nk/log% ng = u € [0,00], To

M, — R
lim —n e 4 max {21, Zy — u},
k—o0 ‘/Rnk

KBbJIETO /1, Z9 Ca HE3aBUCUMHU CTAHJIAPTHU HOPMAJIHU CJIyIailHd BEJTMIUHU U

o W LW (n)] (n)
o= T

MertomoiorusiTa BK/IIOUBA METOIBT HA CEIJIOTO U IPEICTaBsAHE Ha IOpaKaariaTra PyHKIUS Ha pa3ipe-
nenenusTa Ha M,, ymMHOXKeHU 110 yucjaTta Ha ben By, upe3 6e3kpaiino npoussejienrne Ha (HYHKIIUATE HA
MoMeHTHTe Ha Hesasucumu Iloaconosu ciyuaitnn seqnaunn Vj, j > 1, ¢ napamerpu A; = W(n)/jl. Me-
TOJI'LT HA CEJIOTO CEe MUBIIOJI3BA MIPU OOPBINAHETO Ha Ta3U IMOPaXKJIalia (QyHKIMS, HO ca HeOOXOIUMU JOCTa
[IPENU3HU OIEHKHU Ha, YIACTBAIINATE KOJUIECTBA, KAKTO 3a PA3JIMUYHU PErMOHU Ha KOHTYDA, 110 KONTO ce
06pbIa ¢ hopmysraTa Ha Koru opaxkpamara QyHKIUs, TakKa U 3a OT/IesiHeTo Ha caMo Te3u [loaconoBn
CAyJalHU BEJIUIUHU, YUSITO UH(MOPMAIUS € BaXKHA IIPU TPAHUIHUST IPEXOJ.

5. Loeffen, R., Patie, P. and Savov, M., Extinction Time of Non-Markovian Self-Similar Processes, Per-
sistence, Annihilation of Jumps and the Fréchet Distribution, JOURNAL OF STATISTICAL PHYSICS,
2019, Volume: 175, Pages: 1022-1041, DOI: 10.1007/s10955-019-02279-3, Published: MAR 2019, ISSN:
0022-4715, eISSN: 1572-9613, IF (1.513 - 2018), Quartile: Q2 (23/55 Physical, Mathematics, JCR-
WoS), hyperlink

Korato momennpame eBostionusaTa Ha JaI€H IIPOIEC, IECTO Ce HHTEPECYBaMe OT TOBA KAKBO € CJIYIailHOTO
BpeMe Ha n3vesBaHe Ha nporeca. Heka pazsurnero Ha jajiena cucrema ce 3ajasa upe3 X = (X3),~, Torasa
MOMEHTHT Ha u34esBane ce 3ajgasa ¢ T = inf {¢ > 0: X; < 0}. Kakso moxkem ja kaxkem 3a T7? ITo TPUHIIATT
moBede mHpOpMaIs ce 1006MBa B CJIydauTe, KOraTo IporechT X e MapKOBCKM M 0CODEHO KOTraTo X e
MapxkoBcku ceberomoben mpoiiec, 3ammoro Torasa T ce 3ajaBa ¢ eKCIOHeHIna eH (pyHKIIMOHA Ha IIPOIEC


https://onlinelibrary.wiley.com/doi/10.1002/rsa.20891
https://link.springer.com/article/10.1007/s10955-019-02279-3
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na JleBu. B Tasm cratus pasriexkgame Kjaac OT ceOeroo0HN IPOIECH M TEXHUTE BpEMeHa Ha U3vUe3BaHe.
Tosa e MoxKe 6U €HO OT MAaJIKOTO MU3CJIEIBAHNSA, KOUTO He m3ucKBaT MapKOBCKOTO CBOMCTBO 3a X.

Heka X = (Xt)tzo e cebernomoben MapKOBKH IIporec ¢ MHIEKC Ha cebernomobue a > (0, crapTupaH oT
x > 0 u Heka, HesaBucuMo oT X, x = (X¢);>o € HeHaMassIBaI ceberoobeH MapKOBCKI IIPOIEC ¢ HH-
nekc 8 > 0, craprupan or 0. Heka A\ = inf_{s > 0:xs >t}. ToraBa korcrpyupame X; = X,,,t > 0.
[Tonexke \; e HeHaMaJISIBAIl[ C HUBA HA KOHCTAHTHOCT BbPXY CKOKOBETE HA ), TO TA3U CMSIHA MOXKE JIa Ce
CYNTa KaTo J0OABAHETO Ha KAIlaHM, KOUTO 33 bpyKaT BPEMEHHO IIpoIleca B HajieHa no3uius. Ilokaspame,

qe T 2 XT 4 X1 X T%, kbjgero T = inf {t > 0: X; < 0}. ToBa Hu 103BOJIsIBA /1@ IPECMETHEM TPAHC-
dopmarusita Ha Mesima va T (M) ¢ nomorira Ha Tpancdopmanuure Ha Mesun Ha X1, 7. [Tonexe u x1
u T upes3 Tpauncdopmanuara na Jlammeprn 3a cebemomobnn MapKOBCKM MPOIECH MOTaT /i Ce M3Pa3saT
qgpe3 NOAXOALAITN €KCIIOHCHIINAaJIHI beHKL[I/IOHa.HI/I Ha IIponecu Ha ﬂeBI/I C XapaKTEepUCTUIHU €KCIIOHCHTHU
Vo (2) = =03 (—2)9% (2), ¢g(2), To HEE MOOUBaMe 0bIIa (opMya 3a My upes byHknunTe Ha Beprimaiin-
Fama W, W¢1,W¢g . Tosa, ¢ momorra Ha pesyiararure or Patie, P. and Savov,M. (2018) “Bernstein-
gamma functions and exponential functionals of Lévy processes’, Electronic Journal of Probability, 23,
1-101, IF: 0.994, no3BojisiBa ja ce U3y4n IVIQJIKOCTTa Ha pasipeeeHneTo Ha T, HeroBaTa aCUMIITOTUKA
U Jla ce JaJaT KOHKPETHU IIPUMEpPH, KOraTo paslipejeeHneTo Ha T ce acomuupa ¢ paslpeie/IeHHeTo Ha
Operrre.

6. Zaevski, T.S., Kounchev, O. and Savov, M., Two frameworks for pricing defaultable derivatives,
CHAOS, SOLITONS AND FRACTALS, 2019, Volume: 123, Pages: 309-319, DOI: 10.1016/j.chaos.2019.
04.025, Published: APR 2019, ISSN: 0960-0779, IF (3.064 - 2018), Quartile: Q1 (3/55 Physics,
Mathematical, JCR-WoS), hyperlink

enra Ha Ta3u cTaTHs € JAa Ce MPEJACTABST ABE PA3JIMYHN CXeMU 38 IOJIy9aBaHeTO Ha YacTHU JudepeH-
masiay ypasaenus (/1Y) 3a nenara ua T.Hap. deghoamnu depusamu. B mbpBara cxema rieHaTa Ha aKTHBA
e 3a/1aJIeHa KaTo pellieHne Ha cToxacTuvHo audepenimanto ypasaenne (CY), cipsino B caygaiino Bpeme.
Bropara nscinensa edpexra Ha J00aBSIHETO Ha MIPOIEC ChC CKOKOBE, IIPEIITOoIaraiKu, Y€ BpEMETO 33, CIIHPaHe
€ MOMEHTHT Ha IPUCTHUraHe Ha I'bPBUsl CKOK. Hue m3ciienBaMe cremeHTa Ha 3aryba, KOsSTO IPEICTaB/IsIBA
3arybara Ha aKTHBa IPHU Caydail Ha degoam. VI pu nBeTe cxeMu HEe U3ydaBaMe PA3JIMIHH JOIIYCKAHUS U
3aBHCUMOCTH M€Ky aKTHBa, BpEMETO Ha CIIMPaHe U CTeleHTa Ha 3aryba. PasumckBaMe OTIOETHO CiIydanTe,
KOTaTo IeHaTa Ha aKTUBa Ce 3a7aBa ¢ BpayHoBo jaBurkeHme miau ¢ mporec Ha Jlesu. JlaBame meron 3a
pemmennero Ha YJIY 3a nenara Ha JepuBaTa Upe3 Taka HapedeHaTa degoam-npemus. Karo npumep npu-
Jlarame 3aTBopeHa (opMma Ha dopMysiaTa Ha HeHaTa Kokxo 6oHo.

7. Patie, P., Savov, M. and Zhao, Y., Intertwining, Excursion Theory and Krein Theory of Strings
for Non-self-adjoint Markov Semigroups, ANNALS OF PROBABILITY, 2019, Volume: 47, Pages: 3231—
3277, DOI: 10.1214/19-A0P1338, Published: NOV 2019, ISSN: 0091-1798, eISSN: 2168-894X, IF (2.085-
2018), Quartile: Q1 (23/123 Statistics and Probability, JCR-WoS), hyperlink

IIpes 1966 Kary nmocrasst Bbiipoca: Moxke s j1a ayem dopmara Ha Gapabana? Ha maremarudyeckn e3umk
TOBa O3HAYABA: MOXKE JIM, MOJIYJIO KOHI'DYEHTHOCT, Jia onpeenM () oT coOCTBEHUTEe CTONHOCTH U TEXHUTE
KpaTHOCTHU Ha orneparopa Ha Jlamrac %A Bbpxy 27 OTroBopHbT B OOIIHOCT € OTPUIIATESIEH, HO €/IHa HErOBa

eKBUBaJIeHTHa (POPMYJIUPOBKA UPE3 MPEIIuTaHe Ha MOIYTPYITH PtQj ,t > 0, BbpXy Lz(Qj), j =172
PN = AP,

kbaero A : L2(Qy) > L?(1) e nuneen obGpaTuM onepaTop, MOKa3Ba, e TIPH HAKOM JON'bIHITETHA H3UC-
KBaHUs 3a A KaTo MO3UTHBHOCT, BCBIIHOCT IPEIJINTAHETO Bjede KOHrpyeHTHocTTa Ha 21 u Q9. Tosa
[peIInTaHe e U3CJIEIBAHO U M0-00II0 € TOKAa3aHo, Ye MOJYTPYIU ChC CMECEHU TPAHUYIHE yCaoBus Ha Po-
6un (cmec or dupuxie u doun Hoiiman) e mMoraT ja ce mperurerar.

B rasu cratus Hue pasriexkjiaMe I0-pa3jiiyeH, HO Bee ImaK cxojeH npobjem. Vimame nasa cuinun Map-
KoBcKku mporieca X,Y B mpoctpaHcTBo Ha Jlyswma E ¢ rpanmana touka b € FE. Pasrmexmame yomTute
HOJIy TPy TN PtTf(:B) =E; [f(Xy),t <Tp] m Q:{f(a:) =E; [f(Y:),t < Tp], kpaero T}, € MOMEHTHT HA JIOCTUTA-
He Ha b. Jlonmyckame Koe Jia e pasimmpenue pe3 Toukara b Ha yOUTUTE MIPOIECH, T.e. KOU Jia € MOJIyTPyIIn


https://www.sciencedirect.com/science/article/abs/pii/S0960077919301365
https://projecteuclid.org/euclid.aop/1571731450
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Pif(x) = B, [f(Xe)] u Quf (z) = By [f(Y:)]. Uckame ma orrosopum ma bipoca: ako P, QT wm P, Q ce
[IPEIIATAT C JIMHEEH 3aTBOPEH U €JIHO-BbPXY-€/IHO ornepaTop A, KAaKBO MOXKEM Jla 3aKJII0UUM 33 TIPUJIerKa-
muTe MapKoBcKu mporecu?

VmaMe cileIHUTE peJIaliyim: PtTA = AQI,W > (), Bieue:

(2) nokasnnuTe Bpemena (spememo npexaparo 6 b) Ha X u'Y B Toukara b CbBIAJAT [0 PA3IIPE/IC/ICHUE.
ITpu masko noseue orpannvenns 3a A, P,A = AQy, VvVt > 0, Biieue:
(1) PfA = AQ], vt > 0;

(2) nokasmuTe Bpemena (spememo npexaparo 6 b) Ha X 'Y B ToukaTa b CHBIAJAT [0 PA3IIPE/IC/ICHNE.

CbIno Taka MoKasBaMme, 4de B ciaydas korato Q e xBasm-mmdysnsi, T0 HEHHOTO CIIEKTpATHO pasiarame
MOZKE JTa Ce TIPEXBBPIIH JI0 CIEKTPAJIHO pasiaraie Ha P!, ako mManme ropecioMeHTaToTo IperuTame.

B crarusita ca u3sjokeHu HAKOJIKO KOHKPETHU MPUMEpPA OTHOCHO 0000IIeHuTe mostyrpynu Ha Jlarep, a
U3I0JI3BAHATA METOJIOJIOTUs BKJIIOYBa 00IiaTa Teopusi Ha MapKoBckuTe riporiecu u byHKIIMOHAJIEH aAHAJIU3.

8. Kolb, M and Savov, M., Conditional survival distributions of Brownian trajectories in a one dimen-
sional Poissonian environment in the critical case, ELECTRONIC JOURNAL OF PROBABILITY, 2017,
Volume: 22, Pages: 1-22, DOI: 10.1214/17-EJP4468, Published: FEB 2017, eISSN: 1083-6489, IF (0.901
- 2017), Quartile: Q3 (69/123 Statistics and Probability, JCR-WoS), hyperlink

Hexa B e Bpaynoso asmxkenue ¢ npudt h > 0 u e gamen nesasucum lloacoHoB ToukoB mporec Ha R ¢
unten3urer V. Torasa Bpaynoso meumxkenue B [loaconoB obJiak OT IpensaTCTBUS € JaJIeHO KaTo B, youTo
pu IbpPBO cpemane Ha Touka oT [loaconoBus Toukos mporec. Heka Ta3u cpera ce ciaydBa B caydaiiHus
momenT 1. ToraBa e m3BecTHO, e

P(T >t)=E [e "]
u C; = maxy<; By — ming<; B,. Heka

e—l/Ct

Qi) == WWt(')

e ycjIoBHaTa Msipka B j1a otiesiee ose j1o0 MmoMenTa t u W, e Buneposara msipka. KoraTo h < v, nmoBejieHuETO
Ha mporeca cupsamo Q; e m06pe m3csenBano npu t — oo. Hue pasriexgave KpuTudHuUsi ciydait v = h.
Anajornuno Ha ciydas h < v mokassame, de cupsmo Q; mporechT ce CXOXKIa KbM TpumepeH Becesos
IIpoIIec, CTAaPTUPAH OT HE3ABUCHUMA CJIyUaiiHa BeJIUYUNHA C IBHO paslipenesnenue. Hero nmosede, 3a Kpaitnara
Touxa By nokaszpame, ue crpsamo Qy, By /v/t ce cxoxia 110 pasipe/esienne K'bM SBHa CIydaiiHa BeJIMIuHa 1 B
TO3U CMUCHJI YCJIOBHUSIT MPOTIEC € roji-0asuctudet. [ocjaeHOTO € MHOTO MHTEPECHO, 3aI0TO B PA3MEPHOCT
[O-TOJIsIMA WM PaBHA Ha 2 TOBEJCHUETO B KPUTHYHUS CIydail ¢ 6aaucTudHo, T.e. cKajupa ce ¢ 1/t.

Meromosnorusita pazunta Ha dpopMmysiata Ha ['mpcaHoB Jia ce cBejie 1o ciydas h = 0, ClieKTpaJiHO IpeJI-
cTaBsiHe HA MPEXOJHUTE BEPOATHOCTH HA BpayHOBOTO JiBM2KeHUE, YOUTO IIPU M3XO/ OT JIBYCTPAHEH WHTEP-
BaJI, KAKTo n cyMupaHne Ha [loacon 3a m3cienBane Ha PA3IMIHU KOJIUIECTBA W THT.

9. Kolb, M. and Savov, M., Transience and recurrence of a Brownian path with limited local time,
ANNALS OF PROBABILITY, 2016, Volume: 44, Pages: 4083-4132, DOI: 10.1214/15-A0P1069, Pub-
lished: NOV 2016, ISSN: 0091-1798, eISSN: 2168-894X, IF (1.940- 2010), Quartile: Q1 (16/110 Sta-
tistics and Probability, JCR-WoS), hyperlink

Heka B; e eqnoMmeprno BpayHoBO JiBUXKEHHUE € JIOKAJIHO BPEME B HyJlaTa

1 t
L; = lim — 1 ds.
t 6% 26/0 |Bs|<e y

B tasu crarus OTroBapsiM€ Ha OTBOPEHU 1'Ip06.J'IeMI/I7 II0CTaB€HU OT BeH,ZL}KaMI/IHI/I u BepeCTI/IKI/I OTHOCHO
CXOAUMOCTTa Ha YCJIOBHHUTE MEPKU

Q () =P (Lo < f(s),5 < t)


https://projecteuclid.org/euclid.ejp/1487127642
https://projecteuclid.org/euclid.aop/1479114271
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7 CBOMCTBaTA Ha TPAHUYHUSI MIPOIIEC B 3aBUCHMOCT OT f, KO TO¥ CHINECTBYBa. AKO
> f(t)

(0.4) I(f) = / 3
1tz

U C HIKOU MUHUMAJHU Jornyckanus 3a f, B Benjamini, I and Berestycki, N. (2011)”An integral test for the

transience of a Brownian path with limited local time”, Ann. Inst. H. Poincaré Probab. Statist. Volume
47, Number 2, 539-558, e nokazano, 4e (Q;),~, IPEKOMIAKTHA 1 BCAKA BbH3MOXKHA I'DAHHIA OTTOBAPH Ha

dt < oo

npexoJieH ciydaeH nporec (He nocemiasa 0 Ge3kpailHO jiajied BbB BpeMeTo). B Tasu pabora jokasBame,
qe Q = limy_,oo Q; ¥ rparnuHUAT Hponec e npexojen. Hemo nosede, 10 ciydaeH MoMeHT or Bpeme C,
CBHBIAJIAII C TIOCJETHOTO TIOCEIEHNe B HyJIaTa, TPAHUIHUAT IpoIlec e BpayHoBoO IBUKeHME ¢ U3NCKBAHETO
{Ls < f(s),s < C} u cnex momenra C cienBame TpuMmepeH becesioB mporiec cbe cirydaeH 3HaK £, usbpan
¢ BeposiTHOCT 1/2.

Koraro I(f) = oo, sux (0.4), u ¢ monwbinuTennn, HO ecTecTBeHH orpaHuteHus 3a f, JOKa3BaMe, de
Q = limy—s00 Q4 ¥ rpaHUYHEAT TPOIEC € Bb3BpaTeH. ToBa OTroBapst Ha €JIMH OTBOPEH IIPOOJIEM.

Benpkamuun n Bepectnkn 3abesisi3BaT HECTPOro, e KOIaTo IPAHUYHUAT HPOIEC € Bb3BPaTeH, TO He
camo Q(L; < f(t)) = 1, Ho m limy_y0o Q(L(t) < w(t)f(t)) = 1 3a makon lim;_,oo w(t) = 0. Tosu denomen
€ HapedIeH eNMPOnUYHO 0MOABCKEANE, 3AIO0TO YCIOBUETO 3aBPbIIAHETO B HyJIaTa Ja He € M0-4eCcTo OT f
M3UCKBa MIPOIECHT JIa HE Ce 3aBPbINa II0-9€CTO OT fw WM JIOKAJIHOTO BpeMe B HyJaTa TpsOBa Jia oCTaHe
Jlasied ot JjionycruMaTa rpanuia f. B Tasu crarus Hue onmcBaMe M3IEI0 338 KOM (DYHKIMN W € BAPHO, Ue
limy 00 Q(L(t) < w(t)f(t)) = 1. ToBa e mocra no-rouno or xunoresara Ha Benmkamunun n Bepecruku,
KOUTO YUy/JBallo J00pe yaydBaT KOJKO Obp30 w TpsbBa Ja ce CXOXkKJa K'bM HyJa, 33 Ja € U3IbJIHEHO
limy o0 Q(L(t) < w(t) £ (1)) = 1.

Merozonorusita ce 6a3upa Ha OOGUKHOBEHO JAuU(DEPEHIMATHO YPABHEHHE U IPUHIMIA HA €JIMHUSA TOJISIM
CKOK B CMHCBJI, de 3a na yaoBiaersopu { Ly < f(s),s < t}, To mporechbT ¢ JOMHHAPAIA BEPOSTHOCT TPAOBA
Jla TIPaBH €/IHa BCE HO-bJINa eKCKYP3Hst OTBbJL HyJIaTa.

10. Savov, M. and Wang, S., Fluctuation limits of a locally regulated population and generalized Langevin
equations, INFINITE DIMENSIONAL ANALYSIS, QUANTUM PROBABILITY AND RELATED TOPICS,
2015, Volume: 18, Pages: 23 pages, DOI: 10.1142/S0219025715500095, Published: JUN 2015, ISSN:
0219-0257, eISSN: 1793-6306, IF (0.682 - 2015), Quartile: Q3 (78/123 Statistics and Probability,
JCR-WoS), hyperlink

B rasu craTusi ce pasriiexkia Ipolec Ha IOMyJIalusl ¢ parkJaHe, yMupaHe, MyTtarnus (Hajudue Ha (de-

1(0)
J

HOTHII) U KOHKypeHIus. Haii-o0mio jomyckame, de nmMaMe HadaaHa KOHMUrypays vy = » 10 X;(0) BN

TOYKOBA MSIPKA BbPXY KOMIIAKTHOTO MHOMkKecTBO X C R?, Koero ormcsa denoTuia Ha momynamnusTa. Bemd-
KM KOMIIOHEHTH Ha €BOJIIOIUsATA Ha Ta3W cucTeMa (paXkJaHe, CMbPT, KOHKYDEHIHsI, MyTaIls) MOraT Ja

(0)

I, .
3aBUCAT OT KOHKpeTHUsT heHOTHI. AKO Vy/n = % > jll ) X;(0) C€ CXOXK/la K'bM KpaiiHa MAPKa BbPXY X c

BTOPU MOMEHT, TO IPU OOINU YCJAOBHUS 3a MeXaHHU3Ma Ha €BOJIOIHS € M3BECTHO, 9e vy /n = %Z][-’;(lo Vs X;(t)
ce cxox/JIa KbM Kpaitna msapka X (t) Bbpxy X. B Tasu crartusi ¢ HIKOM PECTPUKTUBHU M3UCKBAHUS JTOKA3-
Bame, ue V)" := \/n (%I/t — Xt) ce cxoxkna B eMuchs Ha [IIBapry (MepkuTe ca pasnpejiesieHue B T€OPHsITa,
na [lIBapm) kbM pasnpejesenue B npocrpancTsoro Ha [[IBapi. ['panunara e perenue Ha 0606I1IEHO ypaB-
nenue Ha JlamkeBaH. Taka J00mXMe IEHTpaIHA IPAHUYHA TEOPEMA 3a T€3U OOCKTH.

Meromonorusita BKIouBa pasriexganero Ha (Y, ¢) 3a Besika TectoBa OYHKIWS ¢ U JOKA3aTEICTBOTO,
de limy, 00 (Y], ¢) = (Y3, @) € BAPHO B CMUCHJI HA KPAHOMEDHHUTE PA3IIPEJICICHHS.

11. Aurzada, F., Kramm, T., and Savov, M., First passage times of Lévy processes over a one-sided
moving boundary, MARKOV PROCESSES AND RELATED FIELDS, 2015, Volume: 21, Pages: 1024—
2953, Published: MAR 2015, ISSN: 1024-2953, IF (0.484 - 2015), Quartile: Q4 (100/123 Statistics
and Probability, JCR-WoS), hyperlink

Heka X e exnomepen mporec Ha JleBu. B Ta3zm crarusa mnsyvuaBame acHMITOTAKATA HA KOJHIECTBA OT
BUJIQ
P(X; <14 f(),0<t<T),


https://www.worldscientific.com/doi/10.1142/S0219025715500095
http://math-mprf.org/journal/articles/id1355/
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K'bJICTO Ce HAJIAraT HIKOU €CTECTBEHN orpanndeHus 3a MonoronHara dyuknus f, f(0) < 1. [To-trouno, ako
3HaeM, Ue cblmecTyBa 0 > 0, Taka de

(0.5) P(X,<1,0<t<T)=T"0%t0
HUe WCcKaMe J1a pa3bepeM 3a Kou f CbINO € BIPHO, 4e
P(X, <14 f(t),0<t<T)=T"90),

KosimuecTBOTO § ce Hapuva €KCIIOHEHTa Ha OleJIsABaHe, 3alloTO NPecMATa CKOPOCTTa Ha HaMaJlsBaHe Ha
BEPOSATHOCTTA Jla OCTAHeM TIOJL JIaJleHn KpUuBK Korato 1 — oo.
00 2
Koraro || f']|ec < 00, [ (f'(s))” ds < oo, f' mamanssama n X uMa [OHe OTPHIATE/IHI CKOKOBE JIOKa3-

Bame, [e (0.5 Boxu mo
P(X; <1— f(t),0<t<T)=7T"0%W)

Yacren ciyuaii e f(t) =t7,v < %, KOETO TO00psiBa HAKOU MIPEIXOIHN PEe3YITATH, UBNCKBAIINA YCIOBUETO
na Kpamep 3a npusiexarus mnporec Ha Jleu.
Korato || f/]|sc < 00, [ (f (s))*ds < 0o n X nma gBycTpanHn cKOKoBe joKassame, we (0.5) Boau 10

P(X, <14 f(t),0<t<T)=T"W),

Taka koraro e BapHO ycjaosuero Ha Cruriep 3a X ¢ p < %, ce 3Hae, 9e ACUMIITOTUYIHATA PEJIAINsT € BAPHA
za f(t) =t7,v < p. Hue ycuisame pesymirara jio 7 < %
MeTosoorusita U3M0JI3Ba CMsAHA Ha MspKaTa Ha aJIUTHBHE NPOIECH M MHOTO TE€XKKA UTEPATUBHA IIPO-
neypa ¢ mes rpanunara 1+ f(¢) ga ce cBesie 10 TpUBMATHATA TPAHUIA 33/I3JIeHA OT KOHCTaHTaTa 1.
Tasu pabora Beye MMa OJMOOPEHNS OT aBTOPU Karo Baxres, leHNCOB U Jpyru, BUXK HAIPUMED 38 CJIy-
vaiino Gsyxknaene Denisov, D. and Wachtel, V. (2016) " Ezact asymptotics for the instant of crossing a
curve boundary by an asymptotically stable random walk”, Probab. Theory Appl., 60 No.3, 481-500

12. Kolb, M. and Savov, M., Exponential ergodicity of killed Lévy processes in a finite interval,
ELECTRONIC COMMUNICATIONS IN PROBABILITY, 2014, Volume: 14, Pages: 1-9, DOI: 10.1214/
ECP.v19-3006, Published: MAY 2014, eISSN: 1083-589X, IF IF (0.619 - 2014), Quartile: Q3 (89/122
Statistics and Probability, JCR-WoS), hyperlink

Heka X e exnomepen nporec ua Jlesn u T, = inf {t > 0: X; ¢ (0,a)},a > 0. Pasrexxname mosyrpy-
nara Ha mporeca Ha Jlesu, your npu namyckanero na (0,a), T.e. P(x + Xy € -, T, > t) nim eKBUBaJICHTHO
P.f(z) = E[f(x + X¢)11,>¢] Bbpxy BanaxoBoTo HpOCTPAHCTBO HA BCUYKH OIDAHUYEHU HEIPEKbCHATH
dyuknnn Ha (0, a) ¢ yeaosuero f(a) = f(0) = 0. IIpu oTHOCHTEIHO MUHUMAJIHNA N3UCKBAHUS BBPXY IPO-
neca na Jlesu X, mokaspame, 1e P, ca KOMIIAKTHU OllepaTopu Bbpxy ToBa Bamaxoso mnpocrpancTso. Biia-
rojlapeHue Ha TOBa M 00IIaTa TeOpHs Ha HEPa3IOKUMUTE, HOZUTHBHU ITOJIYyTPYIH IIOKAa3BaMe, de 34 BCIKO
t > 0, P; mma Haii-rosisMa cobCTBEeHa CTOHHOCT ¢ KpaTHocT 1 oT Buma e Pt p; > 0, u mosoxuTesHa cob-
creena dynkius W, taka ye P,W = e P1'W. Hemo noseue P f = e PLW (f, W) (1 + O(e’t(Re(pQ)’pl))),
kbaero W(z) = W(a — z) e kocobersenara dyukiuus ua P, Re(py) > p1 e peanHaTa 4acT Ha BTOpaTa
cobersena crofinocr u (f,g) = [¢ f(x)g(x)dz.

Tasu GestezkKa e CbIECTBEHO 110/100peHne Ha j100pe u3BecTHara crarus Bertoin, J. (1997) ” Exponential
decay and ergodicity of completely asymmetric Lévy processes in a finite interval”, Ann. Appl. Probab.
Volume 7, Number 1 (1997), 156-169, kosiTo pasriex/ia caMo Ipoliec Ha JIeBu ¢ OTpUIATeIHUI CKOKOBE 1
pasgmTa Ha Jajed 1mo-odIara, HoO ChOTBETHO ITO-PeCTpUKTUBHA Teopust Ha Meitn n Tywnu.

13. Aurzada, F., Doering, L. and Savov, M., Small time Chung-type LIL for Lévy processes, BERNOULLI,
2013, Volume: 19, Pages: 115-136, DOI: 10.3150/11-BEJ395, Published: JAN 2013, ISSN: 1350-7265, IF
(1.296 - 2013), Quartile: Q2 (34/119 Statistics and Probability, JCR-WoS), hyperlink

Heka X e mponec na Jlesu. B Tosu Tpyn Hue naenrudunupame kiac or dynkoun by, A € RT, kouro ce

U3YNCJIABAT C IIOMOITTa caMo Ha MspkaTa Ha Jlesu Il ma mpomeca X
(cnygasaT o2 > 0, T.e. mponechT Ha JleBn e cymaTa Ha BpayHOBO JBHIKEHHE ILTIOC CKOKOBE, € KJIACHYecKN)


https://projecteuclid.org/euclid.ecp/1465316733
https://projecteuclid.org/euclid.bj/1358531743
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TakuBa, 9e 30 < A\ < Ay < 00, Taka ue

. SUDg<y X o
liminf —="" < 1 < liminf —=""
t—0 by, (t) t—0 by, (t)
Tosu Tun 3akoHu ce Hapudar "3akoHM Ha UBHI 3a MOBTOpPHUs JiorapuTbM'". 3a ToJIsIM KJIac OT IPOIECH
Ha JleBu mamupame 0 < A1 < A < Xy < 00

Supg<y Xs

lim inf =1.

t—0 b)\(t)
Texuukure ce Gazupar Ha pesyiararu B crarusata Aurzada, F. and Dereich, S. (2009). Small deviations of
general Lévy processes. Ann. Probab., 37, 2066—2092., HO 10 XapaKTepa CH Ca KJIACUIECKH U U3I0I3BAT
OITEHKU Ha MAJKHUTE JeBUaInu, momobpenn jgemn Ha bopen-Kanrenn u ap.

Pesynararure ca 1mo-mobpu OT ¢bIIECTBYBAIUTE, Thil KATO YCIOBUSITA 38 OIpeIesIsTHeTO Ha by ca aHaJu-
TUYHH, T.€. Ce IIPECMsITAT ¢ HoMoITa Ha 11, 1okaro npexojuuTe 3aBucaT oT u3pasa lim inf; o P (X; > 0) =
p € (0,1), xoiito He Gemre JiecHO Ja ce mpoepu ¢ nomorra Ha II 110 BpeMeTo Ha M3rOTBSIHETO HA Ta3u
1y OJIMKAIIHS.

14. Kolb, M., Savov, M. and Wiibcker, A., (Non-) Ergodicity of a Degenerate Diffusion Modeling
the Fiber Lay Down Process, SIAM JOURNAL ON MATHEMATICAL ANALYSIS, 2013, Volume: 45,
Pages: 1-13, DOI: 10.1137/120870724, Published: JAN 2013, ISSN: 0036-1410, eISSN: 1095-7154, IF
(1.396 - 2013), Quartile: Q1 (44/251, JCR-WoS), hyperlink

Taszu paspaboTka pasriexjia 3ajada 0T HHAYCTPHUATA, KOSTO [IOCTaBs ONTUMU3AIUOHHY 11pobJiemu. [Ipu
[IPOU3BOJICTBOTO Ha (DUITPU U MATEPHUAJIN 38 U30JIAIMS YeCTO Ce U3I0JI3Ba CJICIHUAT MOJX0: B TypOyJIeH-
TeH Bb3/IYIIEH MOTOK OT BHCOUYMHA Ce M3IYCKAT BJIAKHA OT TOJIMMEpH (HEIo/JIeyKalll Ha ThKaHe), KOUTO
aJiaT BbPXY CTAIMOHAPHA WJIM JBUKEINA Ce IIOBbPXHOCT, KATO Ce yCYKBAT M 00pa3yBaT HeperyJsipHa Mpe-
»ka. EcrecTBeHUTE BBHIPOCH Ca CBBP3AHU C TOBA JAJU JI0OUTATAa MpEXKa Ie € JOCTaThIHO (hUHHA, 3a Ja
dunTpupa wim uzosaupa jodpe. JcHo e, de Ta3u HEPEryJIAPHOCT BOIY JO [O-TOJIAM PAa3XO0Jl Ha MATEPHUAJI 3a
1o-UHHA MpeXKa CIPAMO OOMKHOBEHATA MPEXKa, HO IIPOCTOTATA HA METOJIOJIOTUITA U IIO-TOJIeMus Habop
OT MaTepuaJii, KOUTO MoIaT Ja ce MU3II0J3BaT, KOMIIEHCUPaT IleHaTa.

[IporechT HA IHPBO NPUOIMKEHNE Ce MOJIEJIENPA UPE3 YPABHEHUSITA:

d& = 1(ay)dt +verdt; doy = odBy — V(&) - TL(Oét)dt,

kbjero 7(a) = (cos(w),sin(a)). Vmame, ue £ e KpuBara BbPXY KOHBeipa, KOSTO ONUCBA BJIIAKHOTO, U
¥ CKOPOCTTa Ha MOBbpxHOCTTA. B e BpayHoBOo nBukenwue, onucpaiio TypOyJIeHTHUsST Bb3AyIIeH ToToK. B
craTusiTa U3cJeaBaMe passindHu cBoiicrBa Ha Mapkosckus nporec (€, «) u pobuBame 06U yCJIOBHS 3a
HEroBaTa TeOMETPUYIHa, eproAudHocT. T rapaHTupa, Ue MpOoIechT Ie Ce Ce 3aBpPbhIa OKOJIO MEHTbpa Ha
KOODJIMHATHATA cucTeMa (KOHBelpa) U Taka Iie ce HOJIydH J00po HacjarBaHe Ha BJIAKHATA M ChOTBETHO
100D bUITHp/U30aIMOHEH MaTepuas. MeTojure, KOUTO MoJI3BaMe Ca KJIACUIECKH U PA3IUTAT OCHOBHO
Ha HAMUPAHeTO Ha TOYHa (pyHKIws Ha JIsamyHOB.

Summaries of papers included in the competition:

1. Kolb, M and Savov, M., A characterization of the finiteness of perpetual integrals of Lévy processes,
BERNOULLI, 2020, Volume: 26, Pages: 1453-1472, DOI: 10.3150/19-BEJ1167, Published: JAN 2020,
ISSN: 1350-7265, IF (1.393 - 2018), Quartile: Q2 (43/123 Statistics and Probability, JCR-WoS),
hyperlink

In this paper we derive an analytic criterion for checking the finiteness/convergence of

I:/Ooof(x+§s)ds, z €R,

where { = (&) ,5 is a transient Lévy process and f > 0 is either a continuous locally bounded function or
a locally bounded Borel function (in this case the one-dimensional distributions of £ need to be absolutely
continuous). Our results is general and encompasses previous studies but it involves the potential measure


https://epubs.siam.org/doi/10.1137/120870724
https://projecteuclid.org/euclid.bj/1580461586
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U(dx) = fooo P (&5 € dx) which presents some difficulties to practical application in all cases. It is worth
mentioning that the criterion stems from the relation I < co <= E [I] < oo which we prove in the paper.

The methodology includes a non-trivial generalization of the techniques developed by Batty for similar
problems related to the Brownian motion. Since in contrast to the Brownian motion the Lévy process is
only right-continuous it is quite rare that the improvement of these techniques and not the development
of new ones is sufficient for our results but the explanation lies in the fact that key stopping times are
announceable and at them the Lévy process is almost surely continuous.

2. Savov, M. and Toaldo, B., Semi-Markov processes, integro-differential equations and anomalous diffusion-
aggregation, ANNALS DE I’ INSTITUT HENRIPOINCARE, PROBABILITES ET STATISTIQUES, ISSN:
0246-0203, eISSN: 1778-7017, accepted, IF (1.152 - 2018), Quartile: Q2 ( 56/123 Statistics and
Probability, JCR-WoS), hyperlink

Starting with the work of Einstein in 1905 the Brownian motion and other diffusions are widely used
in the modelling of different processes in physics, biology, economics, etc. However, it quickly becomes
apparent that diffusions have their natural limitations and many real world processes exhibit behaviour
atypical for standard diffusions. These processes are usually called anomalous diffusions and form a rich
class which allows for the incorporation of memory and other dependencies. From analytical standpoint the
behaviour of each anomalous diffusion can be described via an integro-differential equation which stems
from particular laws of nature and modelling principles. From probabilistic standpoint the anomalous
diffusions can be represented as a stochastic process, which most often is of the type of standard diffusion
or Markov processes with random time change. Both viewpoints have their natural advantages and thus one
of the main tasks is a particular integro-differential equation of interest to be linked with the expectations
of a stochastic process and vice versa.

In this paper we consider Volterra equations, whose kernels are space dependent, that is

d t

(0.6) il

(q(s,2) = q(0,2)) k(t — s,2)ds = Gq(t,2), ¢(0,z) = u(z),

where G is the generator of a Feller process M and k is the tail of a Lévy measure which may be space
dependent and the whole family of such measures is associated to an additive process o. Setting L = 07!,
we prove for a large class of generators G and additive processes that depend on the paths of M that
q(t,z) = E, [u(M(L(t)))] are the mild solutions to (0.1)).

In the second part of the paper we consider the one-dimensional anomalous diffusion of variable order
that is: G = A is the Laplacian and k(s,z) = s~ where a : R + (0,1). In this case X; = B(L(t))
where B is a Brownian motion and o is a collection of stable subordinators with index depending on the
position of B via a. Equation takes the form

de=)

m(] =Aq, q(0,2)=u.

In this paper we have proved a number of results concerning the aggregation phenomenon (the process
spends a lot of time about the region where « attains its minimum). For clarity we will present a special
case of the results in this work. Let A = {x : a(z) = min {a(y)}} be a finite interval and 2min {a(y)} <
lim sup|4| o0 (). Then

t
i 01X P(X;€A) =1
t—o0 t—o00
Since X; = B(L(t)) we can think of the evolution of this process as a motion in porous milieux/milieux
with traps which withhold the particle for different time intervals before releasing it. Thus, if the strongest
traps/pores (the smaller v the stronger the trap) sufficiently dominate the others the process will mostly
linger in the vicinity of these traps.

The methods of the paper range from general theory of Markov processes to laws of iterated logarithms

for Lévy processes.


https://imstat.org/journals-and-publications/annales-de-linstitut-henri-poincare/annales-de-linstitut-henri-poincare-accepted-papers/
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3. Dimov, 1. and Savov, M., Probabilistic analysis of the single particle Wigner Monte-Carlo method,
MATHEMATICS AND COMPUTERS IN SIMULATION, 2020, Volume: 173, Pages: 32-50, DOI: 10.1016/
j.matcom.2020.01.008, Published: JAN 2020, ISSN: 0378-4754, IF (1.409 - 2018), Quartile: Q2 (87/254
Mathematics, Applied, JCR-WoS), hyperlink

In this paper we consider the Wigner equation

of
(0.7) E(x’m’t) + CmtVy(z,m,t)f =V %, f(x,m,t),
where z € R? is the position, m is the wave number, C is a particular physical constant, V is a suitable
potential which via the discrete convolution *,, describes the change in the wave number should it occur.
If we denote by f(z,m,t) = f(x + Cmt,m,t) then along the characteristics  + C'mt the equation is
reformulated as

(0.8) f=fi+Kf,

where f; encodes the initial conditions and K is an explicit bounded linear operator in the Hilbert space
L? (R%,N, [0, 7]),7 € (0, 00].

If A(z,m,t) is an observable of the system that we wish to compute and A(x, m,t) = A(z + Cmt, m,t)
then with IC* being the adjoint operator of K it is true that
We prove that g = K*g+ A = (f,A) = (fi,g). Also g has the representation in convolution series
9 =250 KA and therefore (f, A) = (fi,g) = 3,50 (K™ A, fi).

At the next step we study the action of X* which is shown to be equivalent to the evolution of a particle
with random sign, random wave number and linear motion whose characteristics change at random times
and in accordance with a kernel depending on the potential V. Henceforth, (K*"A, fi) can be represented
by an expectation of the particle at time 7 (the moment we are interested in) initiated from random
position and wave number according to f; and having undergone n changes up to 7.

In this paper depending on the parameters we investigate the number of terms in the convolution series
one needs so that a good approximation of (A, f) is achieved. If 7 is the time horizon of the simulation
we show that theoretically we cannot discard 277+* number of terms. v* depends on the mass of the
potential V' and is frequently of order 10" which cannot be compensated by 7 that is usually of the
order of mili/nano seconds. Thus, we theoretically explain the instability of this method which had been
observed in simulations.

Our methods employ the Berry-Esseen bounds from probability theory, suitable interpretation of the
terms of the convolution series and the right embedding of the problem in the correct Hilbert space.

4. Mutafchiev, L. and Savov,M., On the Maximal Multiplicity of Block Sizes in a Random Set Partition,
RANDOM STRUCTURES AND ALGORITHMS, 2020, Volume: 56, Pages: 867-891, DOI: 10.1002/rsa.
20891, Published: MAY 2020, e[SSN: 1098-2418, IF (1.008 - 2018), Quartile: Q2 (90/214 Mathematics,
JCR-WoS), hyperlink

Let [n] = {1,2,--- ,n}. We denote by X, all the representations of [n] as unions of non-intersecting
subsets of [n]. We introduce the uniform probability measure P in 3,,. It is well-known that as n — oo the
number of the subsets in the typical decomposition of [n]is of size W (n) where W is the Lamber function
given by W(n)ew(”) = n. In this paper we consider the maximal multiplicity of the typical decomposition
of [n] that is if 0 € ¥, we study M, (o) := max; is(j) where p,(j) is the number of subsets with j
elements in 0. Let f, = W(n) — |W(n)|, where |W(n)| is the largest integer smaller than W (n). Then
if over a subsequence (n)g>1, it holds that limk_>oo(27r)7% min { fn,, 1 — fn, } v7r/ logg ng = u € [0,00]
then

Mnk - Rnk d

lim =max {21, 22 — u},

k—o0 A /Rnk


https://www.sciencedirect.com/science/article/abs/pii/S037847542030015X
https://onlinelibrary.wiley.com/doi/10.1002/rsa.20891
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where 77, Z5 are independent standard normal random variables and

WV (n)

B = ")t

The methodology we employ includes the saddle point method and a representation of the generating
function of the distribution of M,, multiplied by Bell’s numbers B,, via an infinite product of moment
generating functions of independent Poisson random variables V;,j > 1 with parameters \; = W7(n)/j!.
The saddle point method is utilized when the generating function is inverted and one needs very precise
estimates of the quantities involved both for different regions of the contour along which the generating
function is inverted using the Cauchy formula and for the discovering those Poisson random variables that
play a role in the limit.

5. Loeffen, R., Patie, P. and Savov, M., Extinction Time of Non-Markovian Self-Similar Processes,
Persistence, Annihilation of Jumps and the Fréchet Distribution, JOURNAL OF STATISTICAL PHYSICS,
2019, Volume: 175, Pages: 1022-1041, DOI: 10.1007/s10955-019-02279-3, Published: MAR 2019, ISSN:
0022-4715, eISSN: 1572-9613, IF (1.513 - 2018), Quartile: Q2 (23/55 Physical, Mathematics, JCR-
WoS), hyperlink

When we model the evolution of a given process we are often interested in what the extinction time of
the process is. Let the development of a system be given by X = (X;),~, then the extinction time is given
by T = inf {t > 0: X; < 0}. What can we say about T? In principle more information can be obtained
when the process X is Markov and especially when X is a self-similar Markov process since then T can
be expressed in terms of an exponential functional of Lévy process. In this paper we consider a class of
non-Markovian stochastic processes and their extinction times. This is one of the very few papers that do
not impose the Markov property for X.

Let X = (X¢),>o be a self-similar Markov process with an index of self-similarity o > 0, started
from 2 > 0 and let independently from X, y = (Xt);>0 be a non-decreasing self-similar Markov process
with an index of self-similarity 8 > 0, started from 0. Set A\; = inf {s > 0: x5 > t}. Then we construct
Xy = X,,,t > 0. Since ) is non-decreasing with a period of constancies depending on the jumps of x
then this time change can be thought of as the addition of traps to the system which hold the process

fixed for some units of time. We prove that T 4 XT 4 X1 X T%, where T' = inf {t > 0: X; < 0}. This
allows us to evaluate the Mellin transform of T (Mr) via the Mellin transforms of x1,7. Since x; and
T via the Lamperti representation can be linked to suitable exponential functionals of Lévy processes
with characteristic exponents W, (z) = —¢%(—2)¢%(2), ¢g(2z) we find a general form for My in terms
of the Bernstein-Gamma functions W, Wqﬁ, Wge . This with an application of Patie, P. and Savov,M.
(2018) “Bernstein-gamma functions and exponential functionals of Lévy processes’, Electronic Journal of
Probability, 23, 1-101, IF: 0.994 allows the study of the smoothness of the law of T, its asymptotics and
to present particular examples when T is associated to the Frechet distribution.

6. Zaevski, T.S., Kounchev, O. and Savov, M., Two frameworks for pricing defaultable derivatives,
CHAOS, SOLITONS AND FRACTALS, 2019, Volume: 123, Pages: 309-319, DOI: 10.1016/j.chaos.2019.
04.025, Published: APR 2019, ISSN: 0960-0779, IF (3.064 - 2018), Quartile: Q1 (3/55 Physics,
Mathematical, JCR-WoS), hyperlink

The purpose of this paper is to present two essentially different schemes for deriving the partial
differential equations (PDE) for the price of the so-called defaultable derivatives. In the first one the
asset price is represented as a solution to a stochastic differential equation (SDE), stopped at stochastic
time. The second one explores the idea of adding a jump process assuming that the stopping time is the
moment of its first jump. We investigate also the role of the loss rate which represents the loss of the
asset at the default moment. In both cases we examine various assumptions and dependencies between
the underlying asset, the stopping time and the loss rate. We separately examine the cases when the
underlying asset price is driven by a Brownian motion or by a Lévy process. We give a method to solve
the PDEs for the derivative prices by the use of the so-called default premium. As an example we derive


https://link.springer.com/article/10.1007/s10955-019-02279-3
https://www.sciencedirect.com/science/article/abs/pii/S0960077919301365

12

a closed form formula for the price of a contingent convertible bond.

7. Patie, P., Savov, M. and Zhao, Y., Intertwining, Excursion Theory and Krein Theory of Strings for
Non-self-adjoint Markov Semigroups, ANNALS OF PROBABILITY, 2019, Volume: 47, Pages: 3231-3277,
DOI: 10.1214/19-A0OP1338, Published: NOV 2019, ISSN: 0091-1798, eISSN: 2168-894X, IF (2.085- 2018),
Quartile: Q1 (23/123 Statistics and Probability, JCR-WoS), hyperlink

In 1966 Kac asks the unexpected question: Can we hear the shape of the drum? Mathematically, it
means: is it possible, modulo to congruency, to uniquely determine €2 from the eigenvalues with their
multiplicity of the Laplace operator %A on 2?7 The answer to this question is in general negative but one

of its equivalent formulations via intertwining of semigroups Ptﬂj ,t >0, on L*(),7 =1,2,

PMA = AP,
where A : L2(Q2) — L%(Qy) is linear invertible operator shows that under some additional assumptions
for A such as positivity, 21 and €23 must be congruent. The intertwining has been studied from a more
general standpoint and it has been shown that semigroups with Robin boundary conditions (mixture of
Dirichlet and von Neumann) cannot intertwine.

In this paper we consider somewhat different yet related problem. We have two strong Markov processes
X,Y in a Lusin space F with a boundary point b € E. We consider the killed semigroups PtT flz) =
E; [f(Xy),t < T3] and QIf(:E) = E,[f(Y:),t < T}) where T} is the moment of hitting b. We allow for
whichever extension of the killed semigroups across b and Q:f(x) = E; [f(Yz)]. We wish to answer the
question: if PT, Q' or P, Q intertwine with linear closed and injective operator A what can we establish
for the associated Markov processes?

We have the following relations: PtTA = AQ;r ,Vt > 0, implies:

(1) PA = AQy, vVt > 0;

(2) the local times (the time spend at b) of X and Y at b coincide in law.
Under some additional assumptions on A, P,A = AQy,Vt > 0 implies:

(1) P/A = AQ], vt > 0;

(2) the local times (the time spend at b) of X and Y at b coincide in law.
We also show that in the case when QT is quasi-diffusion its spectral expansion can be transferred to the
one of P provided we have the aforementioned intertwining.

In the paper we provede several examples related to the generalized Laguerre semigroups and the
methodology we employ invokes the general theory of Markov processes and functional analysis.

8. Kolb, M and Savov, M., Conditional survival distributions of Brownian trajectories in a one dimensional
Poissonian environment in the critical case, ELECTRONIC JOURNAL OF PROBABILITY, 2017, Volume:
22, Pages: 1-22, DOI: 10.1214/17-EJP4468, Published: FEB 2017, eISSN: 1083-6489, IF (0.901 - 2017),
Quartile: Q3 (69/123 Statistics and Probability, JCR-WoS), hyperlink

Let B be a Brownian motion with drift »~ > 0 and let us have a Poisson point process on R with intensity
v. Then a Brownian motion in a Poissonian cloud of obstacles is given by B killed upon the first hit of a
point from the Poisson process. Let the killing time be denoted by T'. Then it is known that

P(T >t)=E [e "]

and Cy = maxs<; By — ming< Bs.

Set
e—l/Ct

Qi) = WWt(‘)

the conditional measure of B to survive up to time ¢ where W, is the Wiener measure. When h < v
the behaviour of the processes under Q; is well studied as t — co. We consider the critical case v = h.
Analogously, to the case h < v we show that under Q; the process converges to a Bessel three process
mixed with explicit and independent of it random variable. Moreover, for the endpoint process By, we
establish that under Q;, B;/+/t converges in distribution to explicit random variable and in this sense the


https://projecteuclid.org/euclid.aop/1571731450
https://projecteuclid.org/euclid.ejp/1487127642
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process is sub-ballistic. The latter is very interesting, because in dimension larger or equal than 2, the
behaviour in the critical case is ballistic, i.e. it scales with 1/¢.

The methodology utilizes Girsanov’s transform to reduce the case to h = 0, spectral representations
of the transition probabilities of the Brownian motion killed upon exit from two-sided interval, Poisson
summation for subtle analysis of different quantities, etc.

9. Kolb, M. and Savov, M., Transience and recurrence of a Brownian path with limited local time,
ANNALS OF PROBABILITY, 2016, Volume: 44, Pages: 4083-4132, DOI: 10.1214/15-A0OP1069, Published:
NOV 2016, ISSN: 0091-1798, eISSN: 2168-894X, IF (1.940- 2010), Quartile: Q1 (16/110 Statistics and
Probability, JCR-WoS), hyperlink

Let B; be a one-dimensional Brownian motion with local time at zero

1 t
Lt = lim 2/ 1|BS|§6dS'
0

e—0 2€

In this paper we give answers to open questions left unsolved by Benjamini and Berestycki regarding the
convergence of the conditional measures

Q () =P (s < f(s),5 < t)
and the properties of the limit process depending on f, provided that it exists. If

0.9) =g < o

1 t2

and with some minimal conditions on f, in Benjamini, I and Berestycki, N. (2011)”An integral test for the
transience of a Brownian path with limited local time”, Ann. Inst. H. Poincaré Probab. Statist. Volume
47, Number 2, 539-558, it is shown that (Q¢),~ is tight and each possible limit corresponds to a transient
process (does not visit 0 infinitely often far off in time). In this paper we prove that Q = lim; o, Q; and
that the limit process is transient. Moreover, the process up to a random time C is basically the Browian
motion conditioned on {Ls; < f(s),s < C} and after the moment of final return to zero, that is C, we splice
a three dimensional Bessel process with a random sign + chosen with probability 1/2.

When I(f) = oo, see , and with some further, but natural restrictions for f, we prove that Q =
lim; o Q¢ and that the limit process is recurrent. This answers a particular conjecture.

Benjamini and Berestycki non-rigorously observe that whenever the limit process is recurrent then not
only Q(L: < f(t)) = 1 but lims—,oc Q(L(¢) < w(t)f(t)) = 1 for some lim;_,o w(t) = 0. This phenomenon
is called entropic repulsion because the condition on the local time to be bounded by f in fact necessitates
that the local time is bounded by fw or the local time has to stay away from the allowed upper bound
for its growth f. In this paper we fully describe the functions w for which it is true that lim;_,. Q(L(t) <
w(t)f(t)) = 1. This goes deeper than the conjecture by Benjamini and Berestycki who guess the possible
rate of decay of w so that lim; oo Q(L(t) < w(t)f(t)) = 1.

The methodology is based on an ordinary differential equation and the one large jump principle, that is:
to satisfy {Ls < f(s),s <t} the process with dominating probability has to make one longer and longer
excursion away from zero.

10. Savov, M. and Wang, S., Fluctuation limits of a locally regulated population and generalized Langevin
equations, INFINITE DIMENSIONAL ANALYSIS, QUANTUM PROBABILITY AND RELATED TOPICS,
2015, Volume: 18, Pages: 23 pages, DOI: 10.1142/S0219025715500095, Published: JUN 2015, ISSN: 0219-
0257, eISSN: 1793-6306, IF (0.682 - 2015), Quartile: Q3 (78/123 Statistics and Probability, JCR-
WoS), hyperlink

This paper considers a population process with birth, death, mutation (phenotype availability) and

competition. In general, we assume we have the initial configuration vy = E;Q ) X;(0) or the point mass

on the compact set X C R? which encodes the phenotype of the inviduals. All characteristics of the
evolution of the system (birth, death, mutation and competition) may depend on the particular phenotype.

Ifvg/n = % Z;’;(lo )5 X;(0) converges to a finite measure on X’ with finite second moment, then under general


https://projecteuclid.org/euclid.aop/1479114271
https://www.worldscientific.com/doi/10.1142/S0219025715500095
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assumptions for the mechanism of evolution it is well-known that v, /n = %Z]ﬁ(lo ) X, (t) converges to a
finite measure X (¢) on X. In this paper under some more restrictive conditions we prove that Y;* :=
Vn (%ut — Xt) converges in the sense of Schwarz (measures are distributions in the Schwarz theory) to
the a Schwarz distribution. The limit is a solution to a general Langevin equation. In this sense we have
obtained a central limit theorem for these objects.

The methodology includes the study of (¥}, ¢) for each test function ¢ and the proof that lim,, . (Y}, ¢)
(Y%, ¢) holds in the sense of finite dimensional distributions.

11. Aurzada, F., Kramm, T., and Savov, M., First passage times of Lévy processes over a one-sided
moving boundary, MARKOV PROCESSES AND RELATED FIELDS, 2015, Volume: 21, Pages: 1024—
2953, Published: MAR 2015, ISSN: 1024-2953, IF (0.484 - 2015), Quartile: Q4 (100/123 Statistics
and Probability, JCR-WoS), hyperlink

Let X be a one-dimensional Lévy process. In this paper we study the asymptotic of the quantities of
the type
PX: <1£f(1),0<t<T),
where some natural restrictions are imposed on the non-decreasing function f, f(0) < 1. In more detail if
we know of the existence of § > 0, such that

(0.10) P(X; <1,0<t<T) =T+
we wish to establish for which f it is also true that
P(X, <14 f(t),0<t<T)=T"9),

The quantity ¢§ is called the survival exponent, since it evaluates the speed of decay of the probability to
stay below given curves when T — oo.

When || f'||co < 00, [°(f'(s))?ds < oo, f is decreasing and X has at least negative jumps we show

that yields to

P(X, <1— f(t),0<t<T)=T"0%0W)
In particular, when f(t) =t7,v < %, we improve upon previous results, which require the validity of the
Cramer’s condition for the underlying Lévy process.

When || /]| < 00, [{° (f'(s))*ds < 0o and X possesses two-sided jumps we establish that leads

to

P(X; <1+ f(t),0<t<T)=7T"0%0W)
Thus, when the Spitzer’s condition for X is valid with p < % the asymptotic relation is known for
f(t) =17,y < p. We strengthen the result to v < %

The methodology includes a change of measure of additive processes and a very technical iterative
procedure in order to reduce the boundary 1+ f(¢) to case when the boundary is simply 1.

This work has already been improved by a number of researchers such as Wachtel, Denisov and others,
see e.g. for random walks Denisov, D. and Wachtel, V. (2016) ” Ezact asymptotics for the instant of crossing
a curve boundary by an asymptotically stable random walk”, Probab. Theory Appl., 60 No.3, 481-500, IF:
0.52.

12. Kolb, M. and Savov, M., Exponential ergodicity of killed Lévy processes in a finite interval,
ELECTRONIC COMMUNICATIONS IN PROBABILITY, 2014, Volume: 14, Pages: 1-9, DOI: 10.1214/
ECP.v19-3006, Published: MAY 2014, eISSN: 1083-589X, IF IF (0.619 - 2014), Quartile: Q3 (89/122
Statistics and Probability, JCR-WoS), hyperlink

Let X be a one-dimensional Lévy process and T, = inf {t > 0: X; ¢ (0,a)},a > 0. Take the semigroup
of the Lévy process killed upon exit from (0,a), i.e. P(x + X; € -,T, > t) or equivalently P;f(z) =
E[f(x 4+ Xt)11,5¢] on the Banach space of all bounded, continuous functions on (0,a) with boundary
conditions f(a) = f(0) = 0. Under minimal assumptions on the Lévy process X, we prove that P, are
compact operators on the aforementioned Banach space. Thanks to the latter and the general theory
of irreducible, positive semi-groups we show that for each t > 0, P, has a largest simple eigenvalue of


http://math-mprf.org/journal/articles/id1355/
https://projecteuclid.org/euclid.ecp/1465316733

15

the form e=”1* p; > 0, and a positive eigenfunction W, such that AW = e PIYW . Moreover, P, f =
e PEW(f,W) (1 + o(e —t(Re(p2)—p r1))), where W (x ) W(a — ) is the co-eigenfunctions of P, Re(p2) > p1
is the real part of the second eigenvalue and (f, g) fo x)dx.

This short note is a significant improvement of the Well known paper Bertoin, J. (1997) ” Exponential
decay and ergodicity of completely asymmetric Lévy processes in a finite interval”, Ann. Appl. Probab.
Volume 7, Number 1 (1997), 156-169, which tackles only spectrally negative Lévy processes and employs
the far more general, but much more restrictive theory of Meyn and Tweedie.

13. Aurzada, F., Doering, L. and Savov, M., Small time Chung-type LIL for Lévy processes, BERNOULLI,
2013, Volume: 19, Pages: 115-136, DOI: 10.3150/11-BEJ395, Published: JAN 2013, ISSN: 1350-7265, IF
(1.296 - 2013), Quartile: Q2 (34/119 Statistics and Probability, JCR-WoS), hyperlink

Let X be a Lévy process. In this paper we have identified a class of functions by, A € R™ which can be
computed solely via the Lévy measure IT of the process X (the case when ¢ > 0, that is the Lévy process
is a sum of a Brownian motion and a jump process, is classical) such that 30 < A\; < Ay < oo, for which

it holds true that X,

su

liminfpsi <1<liminf ——=—"-.
t—0 by, (t) t—0 by, (t)

Results of this type (liminf) are called Chung type of the law of the iterated logarithm.

For a large class of Lévy processes we determine 0 < A\; < A < Ay < oo such that

SUps< Xs

lim inf =1.

t—0 b)\(t)
The main techniques are based on the work Aurzada, F. and Dereich, S. (2009). Small deviations of
general Lévy processes. Ann. Probab., 37, 2066-2092. but in principle the methods are classical and use
small deviation estimates, improved versions of the Borel-Cantelli lemma and others.

The results of this paper are better than previous ones since the conditions for the existence of by
are analytical, that is they are computed with the help of II, whereas previous conditions involve the
probabilistic limit liminf; o P (X; > 0) = p € (0,1) which could not be easily verified by the input data
IT at the time of this publication.

14. Kolb, M., Savov, M. and Wiibcker, A., (Non-) Ergodicity of a Degenerate Diffusion Modeling the
Fiber Lay Down Process, SIAM JOURNAL ON MATHEMATICAL ANALYSIS, 2013, Volume: 45, Pages:
1-13, DOI: 10.1137/120870724, Published: JAN 2013, ISSN: 0036-1410, eISSN: 1095-7154, IF (1.396 -
2013), Quartile: Q1 (44/251, JCR-WoS), hyperlink

This paper stems from an industrial problem which presents a couple of interesting questions. The
production of filters and insulation materials is often done by the following process: in a turbulent air
flow at some height fibers of some polymers (not suitable for weaving) are released, those fibers land on
stationary or moving surface whilst interweaving between each other and forming a irregular net. The
question which naturally arises is whether the produced net is fine enough so that it serves the purpose
of insulation or filtering. It is clear that the irregularity of these nets leads to the increase of the input
material compared to regular nets, but this is compensated by the simplicity of the industrial process and
the fact that wider range of materials can be utilized.

The industrial process is described by the equation:

d& = 1(ay)dt +verdt; doy = odBy — V(&) - TL(at)dt,

where 7(a)) = (cos(a), sin(a)). We have that £ is the curve that the fiber attains on the surface and v is the
speed of the conveyor. B is a Brownian motion describing the turbulent air flow. In the paper we study the
properties of the Markov process (£, «) and we obtain general conditions for its geometric ergodicity. The
latter guarantees that the process will return about the center of the coordinate system (conveyor) which
will result in a good overlapping of the fiber and thereby in the formation of a good filter or insulation
material. The methods are classical and revolve around the identification of a suitable Lyapunov function.


https://projecteuclid.org/euclid.bj/1358531743
https://epubs.siam.org/doi/10.1137/120870724
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PesiomeTra Ha craTtum, HeNpeACTaBeHU 3a y4dacTue B KOHKYypca:

1. Savov, M., Curve crossing for the reflected Lévy process at zero and infinity, ELECTRONIC JOUR-
NAL OF PROBABILITY, 2008, Volume: 13, Pages: 157-172, DOI: 10.1214/EJP.v13-483, Published:
JAN 2008, eISSN: 1083-6489, IF( 1.131 - 2008), Quartile: Q2 (36/92 Statistics and Probability,
JCR-WoS), hyperlink

3a exHomepeH mporiec Ha Jlesu (Xt)t20 ¢ orpasen mponec Ry = supgc,<; Xs — Xt ce pasriexxyar
BpPEMeBUTE MOMEHTH Ha IIpecHyYaHe Ha TPAeKTOpUsiTa Ha Ry Ha MOJMHOMHU KpUBH, T.€. T4(r) = inf{t > 0:
Ry > r(t+1)"}, £ > 0. OCHOBHUAT pe3y/ITar Ilacu, de

1/k

Te(r) <occas. <= E[X{]/" =00, k>1

X
Te(r) < o0 a.s. <= E [Xl_}l/ﬁ = 00, WA lim inf = = oo,k < 1,
t—oo th

kbaero X; = max{—Xj,0}. Kakro ce Bmka, Heobxogumure u gocrarsanu yciaosust (HY) saBucar or
noBejileHneTo Ha X ¥ ce OTHACAT 3a JaJjied Mo-CJOXKHUS npobsieM, Kacaer T, (). CbIno Taka, KpuTepum,
3aBHCEIIN CAMO OT CJydaifHara BeJnduHa X1, ca HaMEPEHU 3a

E [T;(E [X?] r)} < oo,r>0uE[r(r) <oo,r>0.
2

ISOHI/I‘IGCTBOTO lim sup,_,q % = ay, € [0,00] e mpecmeTHATO 33 BCHUKH Iporeck Ha Jlesu. I[Ipumommusve,

ge II_(-) = [°_ TI(dx). Koraro nporecsr na Jlesn e ¢ Kpaiiia Bapuarusi, a, 3asucu or jgpudra d > 0
1y ,
u gamn [ 11 (2%)dx € [0,00] e kpaiino uncio mmm we. Korato mpomechr ma Jlen e ¢ meorpammdena
15 ) ,

BApHALIUSL, TO Gy 3aBHCH OT ToBa gamu [, II_ (2) dz € [0,00] e KpaiiHo 4uCIIO W He i OT KpaifHOCTTa Ha
liminf; g %

B nepuoga 2004-2008 mmarlie gocTa 3acu/ieH MHTEpPeC KbM TOBa Kak Ipoliecu Ha JIeBu m oTpaseHuTe

nponecu Ha JleBu , R;, npecuuar KpuBu. Pe3ynTarhbT € ocHOBEH, 0cOOeHO B YacTTa cu, Korato t — 0, Tbit
KaTo B TO3U CJydail mporechT Ha JIeBu He MOXKe 1a ce MPUOIUKHI ChbC CIydaiiHo OJryK1aecHe.

2. Savov, M. Small time two-sided LIL behaviour for Levy processes at zero, PROBABILITY THEORY
AND RELATED FIELDS, 2009, Volume: 144, Pages: 79-98, DOI: 10.1007/s00440-008-0142-1, Published:
Mar 2008, ISSN: 0178-8051, eISSN: 1432-2064, IF(1.373 - 2009), Quartile: Q2 (29/100 Statistics and
Probability, JCR-WoS), hyperlink

3a majen mnporec Ha JleBu X ¢ OCHOBHM ITapaMeTpu (02, ~,11), o? - Bpaynos Koedunuest, v - ApudT n
IT - o—kpaiinaTa MsipKa, OIIICBaIla CKOKOBeTe Ha tporeca, u dynknus b : [0, 1] — R ¢ Hsikou ecrecrsenu,
HO cjabu OrpaHWYeHNsT OCHOBHUSIT PE3yJITaT Ha CTATHUsTA € ceMeiicTBO or mHTerpasuu kpurepun I(a) :=
I(a;b,0,7,I),a > 0, 3a KOUTO € BSAPHO, Ue

) | Xe| . T
fimsup (=11 = inf{e: (0) < o0} € [0.0] <= /0 TI(b(t))dt < oo

. X T

lim sup 12X = 00, AKO / II(b(t))dt = oo.
t—0 b(t) 0

To3u pesyiaraT UMa JBe OCHOBHE IIPEIUMCTBA: TOH € OOl 1 ce Ipujara KbM OIPOMEH KJac OT (byHKI[HH

bu I(a) 3aBucu camo ot (02,7, I1). Taka dyHIaAMEHTAIHEAT BEPOATHOCTEH IPOOIEM 33 M3UHCICHIETO Ha

lim sup,_, % € [0, 00| ce cBexkma o aHaIMTHYHATA 33/a4a Ja ce npecmerHe [(a) n fol TI(b(t))dt. Taxa

3a J1aJieHa, JeTepMUHUCTHYHA (DYHKIM b MOYXKEM J1a YCTAHOBUM JIUPEKTHO Kak X pacTe CIpsMo b.

Hero nopete, nsnosBaitku

- [ Xe| . , '
limsup (=4 = inf{a: (a) < oo} € [0.oc] <= /0 TI(b(£))dt < oo
[ X

, HIE MOYKeM J1a KoHcTpyupame dyHkimsTa b (t), raka de limsup,_, b = 1. ToBa craBa upe3 u3bop Ha

b(t), raxka we inf{a : I(a) < co} = 1. 3a cbxkaseHne ToBa He € BAJIMJIHO 3a BCEKH Iporec X, Thbil KaTo


https://www.projecteuclid.org/euclid.ejp/1464819080
https://link.springer.com/article/10.1007%2Fs00440-008-0142-1
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1+ . X
nonsikora. [, IL(b*(t))dt = oo. Hammuparero B siBen Buj Ha b*, Taka e limsup, ,, IL—&‘) = 1, e Bce ome
oTBOpeH 1pobJsiem, Makap de cbirecTByBar HJ/IY 3a HEfiHOTO CbhIlleCcTBYBaHE.

3. Doney, R., Maller, R. and Savov, M., Renewal theorems and stability for the reflected process,
STOCHASTIC PROCESSES AND THEIR APPLICATIONS, 2009, Volume: 119, Pages: 1270-1297,
DOI: 10.1016/j.spa.2008.06.009, Published: APR 2009, ISSN: 0304-4149, IF(1.543 - 2009), Quartile: Q2
(26/100 Statistics and Probability, JCR-WoS), hyperlink

Heka S, = X1 + -+ Xy, n > 1, e cayuqaiino Giyxkaaene cbe croika X u R, = maxg<,{Sk} — Sp €
orpasenusit nporec. Heka 7(r) = min{n > 1 : R, > r},r > 0, € rbpBUAT MOMEHT Ha [IPEMHHABAHE HA/T
HuBO 1 > 0 Ha mporeca R,.

Koraro E [X] < 0,E[|X]] < oo nm E[X] = 0,E [X?] < 0o nokassame, 1e

E R,
T L1
r—00 T
B mbpBus cayuait gonbiaanresnto lim, o E[7(r)] /r = —1/E [X] u BbB BrOpHS
_Elr()] _ 1
A e TR

Coio Taka ce pasuCKBaT U JIPYyTH CHTyalun, Koraro Hsikoe or yciosusaTta E[X] < 0,E[|X|] < oo umm
E[X]=0,E [X?] < oo e HapyImeHo.

OsnavyaBaiiku e_q (1) = P(ST[_a,b](r) < O) ;a > 0,0 > 0, xpaero T_qp)(r) = min{n > 1: S, ¢

[—ar,br]} ¢ ycaoBuero e_q o(Ar) < e_q (), VA > 1, ce gobusa pesymrara, e

A = limsup ) € [max{1,c}, 1+ ¢,
7—00 r

Kbaero ¢ > 0 moxke Ja ce npecMeTHe sBHO. OT 0cobeH mHTepec e ciydadaT, Korato ¢ = () mim ¢ = 0o, Tbil

KaTO ToraBa A MOZKe Jla ce IIpeCcMeTHE TOYHO CbOTBETHO 1 nJjm o<Q. ()CHOBHI/IS[T7 HO MOZKe 6I/I HEIpeo10/IMM

HEJIOCTATBK € U3UCKBAHETO €_gqq(AT) <X e_qq(r), YA > 1, Te. 30 < C1(A) < C2(\) < oo, rakusa 4e

Ci(N)e—q,a(r) < e_ga(Ar) < C2(N)e—q,q(r) 3a JOCTATBIHO TOIEMHE 7.

TeopeMuTe OT TO3U TPY/L He ca KJIacHuecKu. Pe3yaTaTi OTHOCHO MO3UIUATA Ha CJIydaiiHOTO GJIyzK1aeHe,
cjiefl KaTo mpemuie HuBo 1 > 0, T.e. mosejgenuero Ha St(y, T'(r) = min{n > 1: S, > r}, ca usecrnu.
Te zaBucaT or dbyHIaMEHTAJIHATE CBONCTBA Ha CIy4ailHOTO GJIyzKIacHe - He3aBUCHMU U CTAIlMOHAPHU Ha-
pacrBanus. B ciaydast ¢ R, Te3u cBoiicTBa ca HapyIIEHH U METOJIMTE ca JOCTa II0-CJ0KHU. ToBa Hajaara u
UBUCKBAHETO €_g (A1) X e_qq(r), VA > 1. B onbiHeHue e yTouHuM, 4e npobiieMu CBbP3aHU C IIPECMsi-

TAaHETO Ha €_gq ¢ (T) Ca €JHH OT Hal-CJIO?KHUTE B Teopusd Ha CJIy‘iafIHI/ITe Pa3xXoaKu 1 3aTOBa IIO-HaATaATb41€H

Re(ry

KauecTBeH HaNPe/IbK 110 u3uucjiennero na A = limsup, ., —,

n3JIezKJ1a HEB'b3MOZKCH.

4. Doney, R. and Savov, M., The asymptotic behaviour of densities related to the supremum of a stable
process, ANNALS OF PROBABILITY, 2010, Volume: 38, Pages: 316-326, DOI: doi:10.1214/09-A0P479,
Published: JAN 2010, ISSN: 0091-1798, eISSN: 2168-894X, IF(1.470- 2010), Quartile: Q2 (28/110
Statistics and Probability, JCR-WoS), hyperlink

Heka X e ycroituus npouec Ha Jlesu ¢ ungekc a € (0,2) u S1 = supy«; Xs. Ako f(z) =P (S; € dx) /dz,x >
0, TO OCHOBEH 1 TPYJIEH BBIPOC € Jia ce OIPEJIeTH aCHMIITOTHIHOTO nosejenue na f(x),r — 0, 1 — oo.
Bnae ce nosegienuero Ha P (S1 > z) ~ Aa"ta™% 2z — oo u P(S; < z) ~ Bz, kpaero p = P (X7 > 0)
e KoeduIenTa Ha HO3UTUBHOCT. Te3u pe3ysnraTu ca KIacHuIecKH NPHUIOKeHUs! Ha TayGepoBUTe T€OPEMH.
[Tpoussomuara f(x) e MHOrO O-Tpy/HA 3a u3ydasaHe. 3nos3Baiiku Teopust Ha eKCKypsuure (excursion
theory) Ha 1porneca U3BbH MUHUMyMa U MaKCUMyMa, HHE JI00MXMe ypasHeHwus, npejcrassamu f(z) upes
OCHOBHH KOJIMYECTBA OT TEOPUs HA EKCKYDP3UUTE U OTTAM - ACHMTOTHKATA.

Tasu pabora 3a momenta 2008-2010 Gemte B 0cHOBaTa Ha HOPEHIA OT M3CJICIBAHNS HA MAKCUMyMa Ha
obrst poriec Ha JIeBu u mo-3a,uba604ueHn pa3paboTKy BbpXy S1 3a ycroitunsu nporecu Ha Jlesu. Bposit
Ha [[UTATUTE € aTeCTaT 3a TOBA.


https://www.sciencedirect.com/science/article/pii/S0304414908001063
https://projecteuclid.org/euclid.aop/1264434000
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TpsabBa na ce orbeseky, e U3MOI3BANKY IbIOOK KOMILIEKCeH anasm3, Kysuenos (2011), Bk mo-aoy,
yCrsiBa Jia j00Ke acCHMITOTHYIHO pa3BuTHe B pej Ha f(x) m J0pH 3a Kjac OT ImapaMeTpu « - Ja jobue
passurue B pej Ha f(z). Hammar BeposgTHOCTEH METON JlaBa [O-OTPAHMYEHN PE3YJITATH, HO € JOCTa I0-
o6m. Tosa ce Bk a ot pazpadborkute Ha [Ilomon (2013) u [lomon nu Maneukn (2013+), konto o6obmaBaT
U M3I0JI3BAT HAIlaTa METOJI0JIOrus 3a o601y nporecu na Jlesu, koraro GpakTbT, Y€ MHOTO KOJUYECTBA Ca
HEsIBHU HE TI03BOJISBA U3IOJI3BAHETO HA KOMIIJIEKCEH AHAJINS.

Twit kaTo S MOXKe J1a ce TPEICTABU KAaTO sIBHA TpaHchOpMaIins Ha KOHKPETEH eKCITOHEHITNATECH PyHK-
[MOHAJI Ha IIporiecu Ha JIeBu u 1peiBu pa3BUTHETO Ha 00IIATa TEOPHUs HA €KCIIOHEHIUAJIHUTE (DYHKINO-
HaJIH, [TpOo0JIEMUTe, CBbP3aHu ¢ S1, Beue ca IPOCTO YaCTeH CIydail Ha Ta3W TeOPHsl, KOSITO B HAli-II'bJIHUSI
cu Buj e paspaborena B [laru u CaBoB, BUXK I0-J0JTY.

Bubauozpagpuyura cnpasra:

(1) Kuznetsov, A. (2011) “On extrema of stable processes’, Ann. Probab. 39, No.3, 1027-1060, IF:
1.79

(2) Chaumont, L. (2013) “On the law of the supremum of Lévy processes’, Ann. Probab. 41, No.3A,
1191--1217, IF: 1.79

(3) Chaumont , L. and Malecki, J. (2013) “ The asymptotic behavior of the density of the supremum of
Lévy processes’, arXiv preprint arXiv:1310.1587

(4) Patie, P. and Savov,M. (2018) “Bernstein-gamma functions and exponential functionals of Lévy
processes’, Electronic Journal of Probability, 23, 1-101, IF: 0.901

5. Doney, R. and Savov, M., Right inverses of Lévy processes, ANNALS OF PROBABILITY, 2010,
Volume: 38, Pages: 1390-1400, DOI: 10.1214/09-AOP515, Published: JUL 2010, ISSN: 0091-1798,
eISSN: 2168-894X, IF (1.470- 2010), Quartile: Q2 (28/110 Statistics and Probability, JCR-
WoS), hyperlink

Heka X; e nponec Ha JleBu. B Tazm crarusi Hue xapakTepu3upame BCUYKHU Ipoliecu Ha JIeBU, KOUTO
pUTEKABAT JACHO-HEIIPEK'bCHAT IPOIIEC, T.€. 3a JajieH X CblnecTyBa HapacTsall nporec Ha Jlesu (Ky)z>0,
raka 4e X, = x none 3a ¢ € [0,¢], Kbjgero ¢ > 0 m.c. . [Ipobiembr 3a CbIECTBYBaHETO Ce CBBLP3Ba
JUPEKTHO C TMOoTeHIuaJHaTa Teopus Ha Mapkosckurte mporecu u HJLY 3a HeroBoTo cbIllecTByBaHE ca
nagenn BbB Bunkes (2002). Tonemusit Hemocrarsbk Ha Tesu HIIY e, ge Te 3aBucAT 0T KOJIMIECTBA, KOUTO
ca MPaKTUIECKH HEM3YUC/IUMU IIPHU 333/ IeHN OCHOBHU XapaKTepUCTHKU Ha X, T.e. (02,7,1_[). B namara
cTaTus HOe JOKa3BaMe, H3I0JI3BaiiKe Teopus Ha (IyKTyaIl[MuTe Ha IporecuTe Ha Jlesn, e Korato o2 = ()

.CU2

(f(;v fyl ﬁ_(s)dsdy)

2

1
A(Kz)e>0 < / 511(dx) < oo,
0

kbgaero 1I_(z) = I({—oc0,—z}),z > 0. B cayuas, xoraro o° > 0 ce 3nae, ue 3K,. Taka npobiaembr
3a CIIECTBYBAHETO HA JIFICHO-HEIPEK'bCHAT TIPOIIEC Ce CBEXKJIA JI0 U3UUCJIEHUETO HA KOHKPETEH UHTErPAJ,
zasucen camo ot 1.

Bubauoepapuuna cnpaska:
(1) Winkel, M. (2002) “Right inverses of non-symmetric Lévy processes’, Ann. Prob., 30, 382-415

6. Doering, L. and Savov, M., An application of renewal theorems to exponential moments of local
times, ELECTRONIC COMMUNICATIONS IN PROBABILITY, 2010, Volume: 38, Pages: 263-269,
DOTI: 10.1214/ECP.v15-1558, Published: JUN 2010, e[SSN: 1083-589X, IF (0.559 - 2010), Quartile: Q4
(88/110 Statistics and Probability, JCR-WoS), hyperlink

Tasu kpaTka cTaTus W3M0A3BA CTAHJIAPTHHU DPE3YJITATH, 33 Jia HOJ00PU ACUMITOTHIHH DPE3yJITaTH 3a
TpaHchopManusTa Ha Jlamiac Ha BpeMeTo Ha MpecTo B JajieHa TOUKa Ha JAajeH MapkoBcku mporec. AKo


https://www.jstor.org/stable/20744121?seq=1#metadata_info_tab_contents
https://projecteuclid.org/euclid.ecp/1465243967#info
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; . o . %
L} e akyMy/IMpaHOTO IIOCEIeHNe Ha CbCTOSIHUE ¢, 3aIll0YBalIKN OT ¢, TO HHe pasrexjgaMe [E [eWLt] zay >0

7
U TOKa3BaMe, Y€ B 3aBHCHMOCT OT 7Y aCHMIITOTHKaTa Ha K [e'th} mpu t — 00 MOXKe JIa ce IPeCMeTHE C

IIOMOIITa Ha BEPOSITHOCTUTE Ha IPEXOJ Ps(i,7), T.e. BEPOSTHOCTUTE Jla CTpAaTUpaMe OT i U ja ObjIeM B i
cJie[l S €JUHUII OT BPEME.

Pezynrarure mmocTpupar cujiata Ha TEOPUs HA BbH3CTAHOBSIBAHETO 33 JOKA3BAHETO HA HOBU WM I1O-
J06psiBaHETO Ha M3BecTHU pesysraru. OCHOBHATA 1€/ Ha MyOJUKAIIUASITA € TMOMYIIPU3NPAHETO HA TEOPHUst
Ha Bb3CTAHOBABAHETO 3a OIPOCTBAHE HA JOKA3aTEJICTBATA Ha PEJIUIA TPODIeMU, KOUTO WHAYTE U3IOJI3BAT
CIIEKTPAJIHA TEOPUSI.

7. Bertoin, J. and Savov, M., Some applications of duality for Lévy processes in a half-line,
BULLETIN OF THE LONDON MATHEMATICAL SOCIETY, 2010, Volume: 43, Pages: 97-111, DOI:
10.1112/blms/bdq084, Published: OCT 2010, eISSN: 1469-2120 , IF (0.63 - 2010), Quartile: Q2
(122/279 Mathematics, JCR-WoS), hyperlink

Heka & e mporec va JleBu ¢ oo > E[£] > 0 (mutoc ecrecTBEHO TEXHIYECKO OTpaHUYICHUE, KOETO HAMA
Jla BbBexIame 3a sichora). Heka T, = inf{t > 0: & > z},z > 0. 3nae ce, ue

lim (§Tz — T, T — €TZ—> i (O,U),

T—>00
kbjero O, U ce Hapuyar cboTBeTHO "hadsuwasawo nuso na npemunasane” (overshoot) u "omcmosrue
npedu npemunasane” (undershoot). Heka cbio QT () o3nmauaBa KoHcepBaTuBHUsI MapKoBCKu mporec (T.e.
¢ 6eskpaen ":xupor"), KoiiTo onmcsa nporeca Ha Jlesu &, craprupan or z > 0 ¢ ycjaoBHUe Jia IIpUeMa CaMo
nostokuTesiHn croiinocru (conditioned to stay positive), Buxk Beproan (1996) 3a 1s1710cTHA €KCIO3UIUS Ha
TeopusATa Ha TpolecuTe Ha Jlesu.
C o3HavueHUsATa MMO-TOPE HEKA O3HAYUM TIPOIEca

[ &+0 t>0
TE ) t<o0

kbaero &,&7,(0,U) ca HesaBHCHME KONHUs Ha BEJWYHHHATE W HPOIECHTE BbBEJEHH Ho-rope. ToecT mpm
sagagenn (O, U) craprupame HaIsicHO OOMKHOBEH Mporiec Ha JIeBu u mpusensive 3a OTPUIATETHA BpEMeHa
t mporeca —{L(U ). B Hamara craTust Hue uscieBame cBoiicrBara Ha mpoieca 1. Ilpornechr uma ciepHure
3a0eeKUTETHI CBOMCTBA:

w
I: ako T} e OTHOBO MOMEHTBT Ha HPEXOA HaJ T Ha 1), TO (NT,+¢)icr = (T + Mt)cps T-€. BpeMeBaTa
TPAHCJIAIMS ¢ KOJUIecTBO 1), € eKBUBAICHTHA Ha IPOCTPAHCTBEHATA TPAHCIAIHAS C KOJIHMIECTBO &;

II: n, 4 lim, oo (ﬁf_Tx - a;) ,t € R, T.e. e ciabarta rpaHuia Ha TPAEKTOPUUTE Ha II'bPBOHATAJHUS
mportec Ha JleBu, TpaHc/IMpaH BbB BpEMETO B MOMEHTA Ha IIPEMUHABAHE HA HUBO T U B ITOCJIEICTBUE
HUBOTO C€ yCTPEMsIBa K'bM OE3KPaiHOCT;

III: npenxomauuTe CBOMCTBa MO3BOJIABAT (DYHIAMEHTATHOTO IIPEACTABsSIHE HA IOJOKUTEIHUTE cebe-
nogobun MapkoBcku mporiecu, 3amnouBaiiu oT () KaTo cMsaHA Ha BPpeMeTO W TpaHchOpMalus Ha
n. Heka X} e cebenonoben mosnoxkureseH MapKoBcku mpormec, T.e. 3a Besko ¢ > 0,z > 0 nmame

d
(XF%) im0 = (X3

tc*"‘) >0 32 Hekoe a > 0. Torasa umame 3a0e/I€2KUTETHOTO IIPECTABIHE

Xt0 = et
KbJETO T € HOAXOSINA CMSIHA Ha BPEMETO.

[TocsegHOTO CBOMCTBO € OT 0CODEHO 3HAUEHME, T'hil KATO JaBa I'bJIHOTA HA TaKa HAPEUEHUTE [IPEICTABSIHUS
na Jlammepru Ha noJsioxkuTesHUTE cebernonobun MapkoBcku mporecu, craptupariu ot x > 0. Tozm
pesyarar gaBa u ciaydas x = 0.

B MoMeHTa ca HAJIUYHU PeJIUIlA CTATUU, KOUTO Ce 3aHUMAaBaT C IIpeCTaBaHuATa Ha Jlammepru na peaJ-
HO3HAYHU ceberooban MapKOBCKH MIPOIECH Ha MHOT'O TPOMEHJIMBU. B Te3u citydan JINTICBa IPeICTaBAHETO
UM B H3umcTeHa dhopMa, KakpaTo e Xy = e,


https://londmathsoc.onlinelibrary.wiley.com/doi/abs/10.1112/blms/bdq084
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Bubauoepapuuna cnpaskra:

(1) Bertoin, J. (1996) Lévy Processes. Cambridge University Press.

(2) Larbi Alili, L., Chaumont, L., Graczyk, P. and Zak, T. (2017) “Inversion, duality and Doob h-
transforms for self-similar Markov processes”, ELECTRONIC JOURNAL OF PROBABILITY,
22, No. 22, 18 pages, IF:0.901

8. Savov, M., Small time one-sided LIL behaviour for Lévy processes at zero, JOURNAL OF THEO-
RETICAL PROBABILITY, 2010, Volume: 23, Pages: 209-236, DOI: 10.1007/s10959-008-0202-6, Pub-
lished: MAR 2010, ISSN: 0894-9840, eISSN: 1572-9230, IF (0.600 - 2010), Quartile: Q3 (81/110
Statistics and Probability), hyperlink

EcrecrBenoro npojbikenne Ha npobiaemure B Savov, M. (2009) “Small time two-sided LIL behavior for
Levy processes at zero”, Probab. Theory and Related Fields 144, No.1-2, 79-98, IF: 1.39 e na ce usciensa
KOJITIECTBOTO

. Xy
L(b) =1 — € [0,
()= s i € 0

WIK C IPYIU JAYyMH JIa U3ydaBaMe eOHOCMPaHHUA 3AKOH 34 MOSMOPHUSL A02GPUMBM 38 Ipolecu Ha JleBu
X. B Tasu craTtusa HEe MOCTUTaMe CJIEJHUTE HOBU PE3YJITATH, KOUTO CE€ OTHACAT 3a ITOBEJEHUETO, KOraTo
t—0:

I: nedpunupame konkperna dbyHKIUsA by ¢ momornTa Ha Ha MspKaTa Ha JleBu Il u jgokazBame, de

. Xi

im sup

t—0 bO (t)

II: Toit kaTo by He BuHArM e TpaBWIHATA (DYHKIINASA, KOSITO Ja ONNCBa PbcTa Ha X, BUXK I, To Hue
paspaboTBaMe HHTerpaJieH KPpUTEPHii, KOiTo 3a npoussosna Gyukiws b(t) ( ¢ Hakon npebHU cTaH-
JlapTHU orpaHuyenus ), au nokassa gaiu L(b) = 0, L(b) € (0,00) unu L(b) = oc.

1
€[1,1.8] = /0 IT ({bo(t), 00}) dt < o0;

OcHOBHUTE TPYJHOCTH IIPU TE3U 3aJa4H € Jla ce U3paboTh TeXHUKa, creluduyaHa 3a mpolecuTe Ha JleBw,
Tbil KaTo moBeeHneTo, korato t — 0, HsMa aHAJIOr IpU CIydaiiHoTo O/yKmaeHe. Bpb3kara che ciiydaii-
HOTO OJIy2K/IaeHe JaBa MHIUKAIINU 38 CBOMCTBaTa Ha mporecuTe Ha JleBu, Korato t — 00, 1 METOIOJIOTUSITA
0OMKHOBEHO ce Ha3mpa Ha J100pe M3BECTHO BjaraHe Ha CAydaifHO OJyKIaecHe B Pa3TJIeXKaHUsS IIPOIEC Ha
Jlesu. Hampumep, (X,,),~; = (X1 + (Xo — X1) + -+ (Xpn — Xpn—1)),,>1 Aedunupa ciaydaiino Omryzkiae-
HE.

[To mpuHIUN edHOCMPAHHUA 3AKOH 3G MOBMOPHUA A02GPUMBM € TIO-CJIOXKEH OT JIBYCTPAHHUS 3aKOH
3a MOBTODHWUsI JIOTapUTbM, pasriegan B Savov, M. (2009) “Small time two-sided LIL behavior for Levy
processes at zero’, Probab. Theory and Related Fields 144, No.1-2, 79-98, IF: 1.39. ToBa ce oTpa3sBa B
caMuTe Pe3yJITaTh, KOUTO ca MO-HeTOYHU U He 103BoJisiBaT u3uncsiennero ua L(b).

9. Savov, M. and Winkel, M., Right inverses of Lévy processes: the excursion measure in the general
case, ELECTRONIC COMMUNICATIONS IN PROBABILITY, 2010, Volume: 38, Pages: 572-584, DOI:
10.1214/ECP.v15-1590, Published: DEC 2010, eISSN: 1083-589X, IF (0.559 - 2010), Quartile: Q4
(88/110 Statistics and Probability, JCR-WoS), hyperlink

B rasu kparka crarusi Hue paspusame wiente or Doney, R. and Savov, M. (2010) “Right inverses of
Lévy processes’, Ann. of Probab. 38, No.4, 1390-1400, IF: 1.47. Heka npumomuanm npobiiema. Heka X; e
mporiec Ha JleBu. B criomenarara cratus xapakTepusupaMe BCHUIKH poriecu Ha JleBu, KOUTo mpurexaBar
JIICHO-HEIIPEK'bCHAT IIPOTIEC, T.€. 3a JAajieH X CbIecTyBa HapacTsaill nporec Ha Jlesu K, taka 1e Xk, = x
none 3a = € [0,¢], kbuero ¢ > 0 m.c..

Crie/iBariia ecTeCTBEHA CT'HITKA € XapaKTepU3UpaHeTo Ha mporeca K, KOoTo e U HapacTBalll POoIec Ha
Jlesu (cybopdunamop). Llenra Ha Tasu crarus e na onwuine Msipkara Ha Jlesu, acoruupana ¢ K, . Jokas-
BaMe, Je CKOKOBeTe Ha K, ca cyMara OT CJIeJHUTE KOJUIECTBA: B3eMaMe eJIHa eKCKyp3us Ha mporeca X
U3BbH MakcumyMa (T.e. 8pememo 00 d0cmuzaHemo Ha HOB MAakCUMyM Ha X, cjiejl KaTo TOMaJHeM B
TEKYII[ MAKCUMYM ); IPECMATAKN pa3/rKaTa OT HOBHs MaKCHUMyM Ha X, peajlM3MpaH upe3 Tas3u eKCKyp-
3UsI W TIPEIXOTHUST MAKCUMYM, J1a TIpUeMeM, de pasjnkara e 1; craprupame mporec Ha JleBn or Huso T



https://link.springer.com/article/10.1007/s10959-008-0202-6
https://projecteuclid.org/euclid.ecp/1465243994
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1 B3eMaMe epememo 00 naspeo 3aspsuiaHe 8 Hy.aama. CbOupaiiku JIb/KUHUTE Ha JBET€ BPEMEHA
roJryvaBaMe TUNWIHUS CKOK Ha K. IlormenaTo mpe3 mpu3maTa Ha CiIydallHUTe pa3xOIKU, Pe3yATaThbT e
€CTeCTBeH, HO JIOOUBAHETO My 3a IIpoliecu Ha JIeBu n3mckBa Mo-Tpy/IHA TEXHUKA.

10. Chan, T., Kyprianou A. and Savov, M., Smoothness of scale functions for spectrally negative Lévy
processes, PROBABILITY THEORY AND RELATED FIELDS, 2011, Volume: 150, Pages: 691-708,
DOI: 10.1007,/s00440-010-0289-4, Published: APR 2010, ISSN: 0178-8051, eISSN: 1432-2064, IF (1.870 -
2011), Quartile: Q1 (25/116 Statistics and Probability, JCR-WoS), hyperlink

Hexka, kakTo e obukHOBeHO, X € mporiec Ha JleBu. Heka momycuem, 1e X nma camMo OTPHUIIATETHI CKOKOBE.
Torapa kKaszBaMe, Ue MPOIECHT € CIEKTpaTHO-OTpuIlaTeseH nporec Ha Jlepu. Thit KaTo TO3:W Mporec nma
CKOKOBE, CaMO KOr'aTo Ce JBHXKHU HaJIOJIy, TO JOCTa KOJMYECTBa UMaT IOJIysiBeH BUJ. B ocHOBaTa Ha MHOI'O
CBOIICTBA HA TE3U IIPOIECH CTOU TaKa HapedeHara ckaaupawa dyrkyus (scale function). BepositHocTHO,
poJisiTa Ha Tasu PYHKIN Hail-100pe ce BUXKJIA B ChOTHOIIEHHETO

T (T(a,oo) < T(—oo,O)) - W(CL)7

Kkbjero 7 = inf{t > 0: X; € B} ua >z > 0. Toectr dbynkuusara onucsa BeposiTHOCTTa Ha mporeca X,
CTapTUPAH OT MO3UIUs T, Ja IPeMuHe ¢ mpean ja npemune mox 0.

Oyuknugara W npucbcTBa B MHOTO JIPYTH KOJIMYIECTBA U ChoTHOIIeHUs. HefinuTe cBOiCTBa ca OT HHTEpec
He CaMo 32 TeopHUsTa, HO U 32 PUJIOKEHUATa, 0COOEHO 3a TeopUsl Ha 3aCTPAaXOBAHETO, K'bJIeTO CIydaiiHuTe
IIPOIECH Ha IPUXOJIU U Pa3XOQH eCTeCTBEHO Ce MOJIeJINPAT ChC CIIEKTPAJIHO-OTPUIIATE/IHH [Ipoliecu Ha Jlesu.

3a J1a ce U310/13Ba cKajupaaTa GyHKIN B peula U3caeBaHlsd, ¢ HeoOXOIUMO J1a ce 3Hae IJIaIKOCTTa,
it. B To3u Tpys HHe nu3jeaBaMe IVIaJIKOCTTa Ha CKAIUPAIaTa (DYHKIMATA B 3aBUCUMOCT OT TPUTE OCHOBHU
xapakTepucTuku Ha nporeca na Jlesu (o2, ,1II). Iloutn u3uepnareano nokassame, ge

W e C"3([0,00)) <= I ({—0c0,—x)} € C"([0,0)), axo o > 0,

prmounTesHo u ue sunarn W € C?([0,00)), xorato 02 > 0. CbIo Taka pasucKpBaMe U CJIydas, KOTaTo
IT ({—00,0}) < 00 u moka3BaMe, de IPH HIAKOU JOI'bIHUTEIHI YCIOBUSI

W e ™ ([0,00)) <= TT({—o00, ~a}) € C™([0,00)) axo 0> = 0, 1 ({~o0,0}) < oc.

MeroabT HE ce ocHOBaBa Ha dakTa, 1e W ymoserBopsBa ypaBHeHue na Bosirepa or Bropu Bui, 6a3smpano
una msapkata Ha Jlesu II. Maxkap u go6pe m3ydeHu, 3aIi0TO PEIIeHUITa Ha T€3U yPABHEHUS Ce PA3BUBAT B
pex Ha don Hoitman, koraro IT ({—00,0}) = 0o, ussenBanero Ha TO3U pejl € TEXHUYECKH HEJIEKa 3a/1a4a.
I/I3HOH3BaI71KI/I Pa3/InIH OCHOBHU TE€XHUKHU OT aHaJin3a, HHUE IIOJydaBaMe€ I'OPDHUTE PE3yJ/ITaTu.

Korato 02 = 0,1 ({—00,0}) = oo, ypasHenusTa Ha BosiTepa ca OT WbPBH BUJ W U3/ICIBAHETO UM €
JIOCTa TO-TPYJIHO. 3a TO3U CJIydail HaMaMme JOOUTH Pe3yJITaTH U CbIIECTBYBAT HIKOJIKO XUIIOTE3U 38 3aBU-
CUMOCTTa Ha TyiagkocTTa Ha W or rimaakocrra Ha II.

11. Doering, L. and Savov, M., (Non) Differentiability and asymptotics for renewal densities of sub-
ordinators, ELECTRONIC JOURNAL OF PROBABILITY, 2011, Volume: 16, Pages: 470-503, DOLI:
10.1214/EJP.v16-860, Published: MAR 2011, eISSN: 1083-6489, IF ( 0.713 - 2011), Quartile: Q3
(71/116 Statistics and Probability, JCR-WoS), hyperlink

Heka £, e mapacrsar Jlesu nportiec ¢ monoxkuresned apudt, T.e. s = ds + ng s Ay, e cyma na uHeen
apudT U MoJIOKUTETHU CKOKoBe. Heka

oo
Ul(dx) = / e I"P (& € dx)dt, ¢ >0
0
ca g—norenipaiaure. Koraro § > 0 snaem, ue U?(dz) = ui(z)dr u e B cusia ypaBHEHUETO

(0.11) oul(zr) =1-— /Ow uwi(z —y) (I(z) + q) dy,


https://link.springer.com/article/10.1007%2Fs00440-010-0289-4
https://projecteuclid.org/euclid.ejp/1464820186
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kbaero II e msapkara na Jlesn ma ckokosere na § u II(z) = II{x, 00}, > 0. Usnonssaiiku (0.11)), nue
JokasBame, 9e ul ce passusa B pej oT Kousosoruu Ha I1(z) + ¢

ul(z) = Z ((;Ii)ln (1 * (TI(x) + q))*n ().

n=0

Tosa ypaBuenme u meroBaTta Tpaucdopmanus na Pypue MO3BOJIABAT B JAETAMI Jla Ce U3CIEIBA TUIa/l-
kocrra Ha u! B 3aBucHMOCT OT miajakoctTa Ha 1. Haifi-zabenexxurennusar pesyiarar e, ge (u?)’ e men-
peKbCHATa B & ToraBa U camo ToraBa korato  He e arom Ha I, Te. II ({x}) = 0. B nporusen ciryuaii

(u?) (z+) — (u?)'(z—) = 0T ({z}).

12. Kuznetsov A., Pardo J.C. and Savov, M., Distributional properties of exponential functionals
of Lévy processes, ELECTRONIC JOURNAL OF PROBABILITY, 2012, Volume: 17, Pages: 1-35,
DOI: 10.1214/EJP.v17-1755, Published: JAN 2012, eISSN: 1083-6489, IF (0.785 - 2012), Quartile: Q3
(70/119 Statistics and Probability, JCR-WoS), hyperlink

Hexka £, 7 ca nBa mHesaBucuMmu mporteca na Jlesu. Heduuupame dpopmasino

I:= I(f,n):/o egs*dns.

Koraro 7s = s, To umame CTaHJIApPTEH €KCIOHEHIHMAJeH (PYyHKIMOHAI, Thil Kato & = & ,ds— nourm
curypuo. Heka m(dx) :=P (I € dz).

Tbit kKaTo [ € cTanMOHAPHOTO pasupeie/ieHne Ha Kaca cTanuoHapHu nporecu Ha OpHinaiin- Yienbex ¢
reneparop L, umame 3a Besiko f € Domain(L)

0= (Lf,m) = (f, L m),

Kbaero L* e reHepaTopbT Ha AyajiaHus npouec Ha OpHinaid-Yiaenbek. Cien ToBa ¢ IIOMOILNTa Ha TEOPU
Ha pasupenenenusTa Ha lllsapr moxassame, e mopu L£*m = 0, KoeTo JaBa HHTErPO-IU(EPEHIIUATHO
ypaBHeHue 3a pasnpejesernero Ha I, r.e. m(dz).

BbBe Bropara wact Ha crarusTa uscieiasame m(dxr) = k(x)dr B ciaydas koraro 1y = oBs + us, T.e.
Koraro mMame BpaynoBo asmxkenue. JlokazBame pas/IMdHU CBONCTBAa 3a K(T) KATO MOBEJIECHUETO IPH
x — 0,z — £o0, magkocTTa Ha PYHKIUATA K U JOPU HEHHOTO pa3sBUTHE B pel. 3a U3CJIEIBAHETO H3IOJI-
sBame TpancdopmanusTa Ha Memun M(s) = E [I s=L T > O]. Jloka3BaMe pennIia HEWHN MPeNCTaABIHUSI 1
¢ ITOMOIITa Ha XUIIEpreoMeTpUIHITe (DYHKIUN U3ydaBaMe HeHUTe CBOMCTBA KATO aHAJUTHIHA (DyHKIIS,
HEHHOTO TOBEJICHNE MO MPOTEXKEHNE Ha KOMILUIEKCHHTE MpaBH, T.e. mopeaexuero Ha M(z + i), § € R.
[Tocenpaio obpbinane Ha TpaHcopManusaTa Ha MeJnH HI TaBa Bb3MOXKHOCT Ja OJIYIUM CBOHCBaTa Ha
k(z), m36poenn mo-rope.

13. Pardo, J.C., Patie, P. and Savov, M., A Wiener-Hopf type of factorization for the exponential func-
tional of Lévy processes, JOURNAL OF THE LONDON MATHEMATICAL SOCIETY, 2012, Volume:
96, Pages: 930-956, DOI: 10.1112/jlms/jds028, Published: SEP 2012, ISSN: 0024-6107, eISSN: 1469-7750,
IF (0.804 - 2012), Quartile: Q1 (69/296 Mathematics, JCR-WoS), hyperlink

Heka & e nporec Ha Jlepu. [a nedunupane excrionenimainute byHKIMOHAIN (C HESBHO JIOIYCKAHE 32
kpaiinoct, T.e. limy_,o, & = —00) Ha Ge3KpaeH XOPU30HT

o0
I:/ ¢S ds.
0

2 e}
U(z) =In (E | ]) = b2+ 22+ / (e =1 — 2yl 1) H(dy).

Ha oznaanm ¢ M (s) = E [I 5_1] TpandopMmalugTa Ha Mesnn Ha I, KosiTO € 100pe JleduHUpaHa MTOHE 334
s = 1+iR. Buae ce, 1e, koraro ¥(z) e ananurnuna dbyuknus noxe Ha uBuiaTa R(z) € (0,a) u ¥(R(z)) <0,
za R(z) € (0,a), To

(0.12) M(z+1)=—

Hexka

z

w/\/l (2), 3a R(2) € (0,a).


https://projecteuclid.org/euclid.ejp/1465062330
https://londmathsoc.onlinelibrary.wiley.com/doi/abs/10.1112/jlms/jds028
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Wsnosspaiiku obmara dhaxkropusanusaTa Ha Bunep-Xond 3a W,

(0.13) U(2) =~ ()6 (2),

KbJIETO ¢+ ca cBbp3ann dyHKnuuTe Ha Beprmaita, (0.12)) ce 3anmcsa karo
z

(0.14) M((z+1) = m/\/l (2) 3a R(z) € (0,a).

fcHo e, e permeHnsiTa Ha CHCTEMATA,
1 z

Mi(z); Ma(z+1) = ——
¢+ (2) ¢ (2)
nasar, 1e Mi(z) x May(z) e pemenne nHa (0.12). IIpemmvcrsoro ma (0.15) ce cberon BBB dakra, Ue

ypaBHeHusiTa ca jeduHupann Bbpxy nosypasaunute R(z) < a,R(z) > 0, Karo U JBeTE UMAT PEIICHUE
none Bbpxy R(2) € (0, a). IIpn gomyckanero, ge I1(dy)1,~0 = 7(y)dyly~o u 7 - HeHapacTBaIIa, ce MOKa3Ba,
we 1/¢4(z) = —z/1(z), xbaero 1(z) = In (E [e*¥1]) u Y e Jlesn npolec camo ¢ HOJIOKHTENHH CKOKOBe.
Taxa, usnonssaiiku dopmara na (0.12)), 3a1 ypasHeHusTa B crosiT Tpancdopmarmure Ha MeuH
Ha eKcroHeHIateH GyHkimonan Ha Y (M) u Ha ekcroHeHIuaseH (DYHKINOHAT Ha cybopamHATODA,
OIICBAII ITporieca Ha HamassBane Ha & (Ma), na kaxkem I1 u Is. Ao pereHunero Ha € eUHCTBCHO B
[IPOCTPAHCTBOTO Ha TpaHcdopmaruTe Ha MenH Ha [0JIOKUTETHUTE CJIy ailHi BeJIMIUHNA, TO MOMEHTAJTHO

(0.15) Mi(z+1) = Mas(z)

M(z) = Mi(z) x Ma(z) u e Bapua daxkropusanusra [ 4 I; x I, kbaero I e HezapucuMa oT Io.

Ja ce nokaxe eauncrsenoct Ha pemenuero Ha (0.12)), ce usnonsea daxra, ue I e eduncmeeno cra-
[MOHAPHO paslpejiejieHne Ha cranuonapen OpHiaiin-Yiaenbek nporec u I1 X Iy nedunupa rakosa. lo-
nyckanero, 4e V(z) e amajuruuna dbynkuus none Ha usunara R(z) € (0,a) u U(R(z)) < 0, 3a ga e
wsibneno (0.12), ce npemaxsa 61aroapenne Ha rpaHudHa IpoleiLypa. Losemure ckokobe Ha & Hajl HIBO
A > 0 ce opa3BaT; cJie]] TOBa 3a NPUJIEIKAIIUS eKCIIOHeHIaIeH (byHKIMOHAJI ce MOKa3Ba (PpaKTOPU3aIUsTa

d
I(A) = I,(A) x I2(A) u makpasi ce JeMoHCTpHpa, de, korato A — oo, kosnmuecrsara [(A), I1(A), I2(A) ce
d
cxoxkiar 1o pasmpesaenenue KoM I, I, Io. Taka I = I X Iy e B cuJa.
d
[Tonexe I7, I ca mMHOrO mO-jTIeCHU 3a m3ydaBaHe, TO ¢ momomrra Ha I = 1 X Iy nobuxme MHOrO HO-
BU PE3YJITATH U OMPOCTUXME 3HAUUTEHO CHIMECTBYBAIU JOKA3aTEeJCTBA. 1aKa HAIIPUMEp IOATOYKA Ha

Caencrsue 2.1 cbhibpzka nsngano crarusra "Law of the absorption time of positive self-similar Markov
processes P. Patie, mybiiukysana B Annals of Probability.

14. Patie, P. and Savov, M., Eztended factorizations of exponential functionals of Lévy processes,
ELECTRONIC JOURNAL OF PROBABILITY, 2012, Volume: 17, Pages: 1-22, DOI: 10.1214/EJP.v17-
2057, Published: MAY 2012, eISSN: 1083-6489, IF (0.785 - 2012), Quartile: Q3 (67/117 Statistics
and Probability, JCR-WoS), hyperlink

Heka &; e nporec na Jlesu. Jla nedpunupame ekcrioneHnmaaHuTe pyHKIIMOHATIN

€q
I, :/ e S ds,
0

KBJETO €4, ¢ > 0, e HezaBuCuMa OT § eKCHOHEHIMAIHO paslipejiesieHa cilydaiina penununna. Heka

o2 o
U(z) =In (E [ele]) =bz+ ?zQ + / (ezy -1- zyl‘y|<1) II(dy).

—00
Ha oznaunm ¢ M, (s) = E [I jq*l} rpanccdopmanusTa na Memn na I, , KoaTo e Bamuina mone 3a s = 1+iR.
Buae ce, de, koraro V(z) e anamurnuna dyskims none Ha nsunara R(z) € (0,a) n U(R(z)) < 0, 3a

R(z) € (0,a), To

(0.16) Myt =~

U(z) —q
B pesynrar Ha daxkropusanusara Ha Bunep-Xord, kosro e Bamuana u 3a W(z) — ¢, crurame jia cbiiara
cucrema (0.15)) karo B Pardo, J.C., Patie, P. and Savov, M. (2012) “A Wiener-Hopf type of factorization
for the exponential functional of Lévy processes’, J. of London Math. Soc. 96 (2), 930-956, IF: 0.80.

M,y (2), 3a R(z) € (0,a).



https://projecteuclid.org/euclid.ejp/1465062360
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[TpobGisieMbT €, Ye Makap Ja uMame cbiure ponyckanus 3a I1, 3a na nokaxem, e M(z) = My (z) x Ma(z)

U Jla M3BEJIEM BaJMJHOCTTa Ha axkTopusanuara [, 4 I1 x Iy, xbaero I e mesaBucuma or Io, cera
He MOYKeM Jla W3Moji3Bame, [de l., € CTalmoHapHO pasmpejenenne Ha o6obmien mporec Ha OpHIIAiH-
Yienbek. ToBa ce paspemraBa ¢ Taka Hapedennte 1g-tpancdopmanun #a V(z) — ¢, nebunupann upes
T (¥(2) — q) = 75 (¥(2 + B) — q), xonro nossonasar le,, I1, I na ce gobmxkar, xorato 8 — 0, ¢ pem-
11 eKCIoHenua nu (pyHKIMOHAIN Ha MpoIlecu Ha JIeBu Ha 6e3kpach ropu3onm, 9UUTO mpolecu Ha JleBu
nMmatr xapakrepucrudnn excronenT W = T (V(z) — q) u Texaute pecnekTuBHu daxropusannu. Taxa ce

d ..
IIOKa3Ba, I = . TaTUATA Ca JOKA3AHU WIla HOBU CBOMCTBA 1 JIEHIETO H .
okasBa, 1e [o, = I1 X [2. B¢ a OKa3a, e a HOBH CBO 3a pasupejesnennero ua I,

15. Patie, P. and Savov, M., Ezponential functional of Lévy processes: Generalized Weierstrass products
and Wiener-Hopf factorization, COMPTES RENDUS MATHEMATIQUE, 2013, Volume: 351, Pages:
393-396, DOI: 10.1016/j.crma.2013.04.023, Published: MAY 2013, ISSN: 1631-073X, IF (0.425 - 2013),
Quartile: Q3 (221/302 Mathematics, JCR-WoS), hyperlink

Tasu my6smKalys urpae poJisita Ha aHOHC 3a crarusra Patie, P. and Savov, M. (2018) “ Bernstein-gamma
functions and exponential functionals of Lévy processes’, Electronic Journal of Probability, 23, 1-101, IF:
0.994, K0oATO ce sIBIBa €CTECTBEHUS 3aBbPIIEK HA PA3BUTUETO HA TECOPUSITA HA €KCIIOHEHIINAJHUTE (DyHK-
[IMOHAJIM Ha Iporiecu Ha Jlepmn.

16. Savov, M., On the range of subordinators, ELECTRONIC COMMUNICATIONS IN PROBA-
BILITY, 2014, Volume: 19, Pages: 1-10, DOI: 10.1214/ECP.v19-3629, Published: DEC 2014, eISSN:
1083-589X, IF (0.619 - 2014), Quartile: Q3 (89/122 Statistics and Probability, JCR-WoS), hy-
perlink

Heka X e mapacrsamy mpornec Ha JleBu (cybopaunarop) ¢ GeskpaeH Opoil CKOKOBe Ha KPaeH HHTED-
Basl or Bpeme. Heka N(t,0) e MuUHUMAJIHUAT OPONl MHTEpBaIM C JAbJKUHA Hafi-mHOrO § > 0, KOHTO
nokpusar tpaekropusita { Xy : s < t}. a oznauum pexkypcusno T1(d) = inf {s > 0: X5 > 0}, Tp11(9) =
inf {s > T},(6) : Xs — X, (5 > 0}. Torasa, 3a k > 1, {N(t,6) > k} = {T}(5) < t}. Konmuecrpara
N ln(N(l,é)); lim sup ln(N(l,é))’

5—0  In(6—1) 50  In(o—1)

ce HApUYaT PECIIEKTUBHO JI0JIHA U TOPHA PA3MEPHOCT Ha KyTHiiKuTe. 3a cyGOpANHATOPH Te Ca IPECMEeTHATH
upes nosejieHnero Ha Heskpaitnoct Ha P(A) = —In (E [e*)‘X 1] ) ITorexke ® 110 TPUHITUTI Ce CINTA U3BECTHO,
TO BCHYKO, CBbP3aHO C Te€3M Pa3MEPHOCTH, € IPAKTUYECKU IIPECMETHATO HA JIOTAPUTMHUYHO HUBO, T.€.
In(N(1,9)).

OxasBa ce, de obade, Uye pasiosarame ¢ MHOIO I0-TOYHA MH(MOPMAIUS HA UCTUHCKATA CKaJla WU 3a
N(1,0). Hexa U(6) = [, P (X; < 6) dt. Torasa B Tasu KpaTKa CTaTHs II0KA3BAME, U€ IOUTH CUIYDHO

lim U(S)N(1,6) = 1,
J—00

kbaero U(6) < ﬁ,”. B wactaus cayuaaii, korato ®(\) ~ A\Y, nmame, ge N(1,9) ~ w. Ha smorapur-
MuYHa cKasia KoHcranTara ['(1 4 «) me 6be 3arybena.

Metomoorusita e 6a3upaHa Ha KJIaCUYECKH BEPOSITHOCTHM HEpaBeHCTBa, JieMa Ha Bopen-Kantenn n
3aKOHU 3a rojieMuTe 4ncia. Tazu pabora e momobpena B Barker, Adam "Fractal-Dimensional Properties
of Subordinators”, Journal of Theoretical Probability Volume 32, Issue 3, Pages 1202-1219, 2019, kbaero

e TIOKa3aHa U IeHTpasHa rpanndHa Teopema 3a N (1,0).

17. Patie, P. and Savov, M., Cauchy problem of the non-self-adjoint Gauss-Laguerre semigroups and
uniform bounds of generalized Laguerre polynomials, JOURNAL OF SPECTRAL THEORY, 2017, Volume:
7, Pages: 797-846, DOI: 10.4171/JST /178, Published: SEP 2017, ISSN: 1664-039X, eISSN: 1664-0403, IF
(0.844 - 2017), Quartile: Q2 (108/302 Mathematics, JCR-WoS), hyperlink

Oneparopbr L : f(z) — zf"(z) + (1 — x)f(x),x > 0, e reHepaTopbT Ha KJIaCHIECKATa MOJIYyTPYIa HA
Jlarep (Qt)y>g- Ta e cranmonapra che cranmonapna Mapka e(z)dr = e~ “dz,z > 0 u L e camocnipernar B


https://www.sciencedirect.com/science/article/pii/S1631073X13000903
https://projecteuclid.org/euclid.ecp/1465316786
https://projecteuclid.org/euclid.ecp/1465316786
https://www.ems-ph.org/journals/show_abstract.php?issn=1664-039X&vol=7&iss=3&rank=6&srch=searchterm%7CSavov
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Xunbeprosoro mpocrpanctso L2(e). 3a Beaxo f € L2(e) e BAPHO CIeKTPalHOTO pasiarane

Quf =Y e " Lu(x)(f, Ln)e,
n=0

KbJIETO En,n Z 0, Ca IIOJIMHOMUTE Ha Harep. B crarusra BbBEXK1aMe ceMeiicTBO OT HecaMOCIIperaa-

TH HHTerpajHo-Judepennuainu reseparopu Lo g, o0 € (0,1),8 > 1 — L Hapmgame ru omeparopu Ha

«
layc-Jlarep. B craTtusaTa mokasBame, Ue ¢ BCEKH OT TIX € acONUUpaH cTarmoHapeH PeepoB MpoIec cbe

1
1 —
R —
cTaIMOHAPHA MADPKA €4 (T )dr = T p—7stn— ar(a ﬁfl) dx. Axo oznaunm ¢ (FP;),s( Te3u HOJIyIPyIH, TO JIOKa3BaMe,

Jye 3a BCEKH HAOOP OT «, § ChINECTyBa ITO3UTUBEH OrpaHUYeH JIMHeeH HeoOpaTruM oneparop A, Taka de 3a
Bcako t > 0

AQ: = PA.
Tosa Hu 1103BOJIABA 18 IPECMETHEM COOCTBEHUTE U KOCOOCTBeHUTE (DYHKIUN HA (Pt)t>0 1 JIa JIOKaKeM, Je
cbiecrsysa T, > 0 Takosa, ue 3a t > T, u Besiko f € L*(eq ),

Pf=> e ™ALy(z)(f A" Ln)e, ;-

n=0

Tosu pesynrar e KpailbI'bien B crarusta Patie, P. and Savov, M. (2020+) “Spectral expansions for
generalized Laguerre semigroups’, Memoirs of American Mathematical Society, 179 pages, accepted
U WIIOCTPUPA CJIETHUST JTIOOOMUTEH (DEHOMEH: CIeKTPaTHUTE pa3jaraHus Ha HeCAMOCIPETHATH MOJTYTPYIN
MOKe JIa Ca BAJUIHY CJIe]T TIOJOKUTEIEH TIpar, B ciaydas Ty,.

OcHoBHUTE TEXHUKU Ca OT (DYHKIMOHAJHUS U KOMILUIEKCHUS aHAJIN3, KAKTO U BKJIOYBAT MHOIO TEX-
HUYIECKO TIPUJIOXKEHME Ha MeTOa Ha CeJJI0TO, 34 Jia Ce OIEHSIT PABHOMEPHO KOCOOCTBeHMTe (DYHKINU B
HEeOOXOANMUTE HOPMI.

18. Patie, P. and Savov, M., Bernstein-gamma functions and exponential functionals of Lévy processes,
ELECTRONIC JOURNAL OF PROBABILITY, 2018, Volume: 23, Pages: 1-101, DOI: 10.1214/18-
EJP202, Published: JUL 2018, eISSN: 1083-6489, IF' (0.994 - 2018), Quartile: Q3 (66/123 Statistics
and Probability, JCR-WoS), hyperlink

TaSI/I CTaTud € KyJIMUHallvudATa HU 10 Pa3BUBaAHETO Ha TeOpudTa Ha €KCIIOHCHIIUaJIHUTE (i)yHKLLI/IOHaﬂI/I
na nporiecu Ha JleBu. [lonexke crarusgTa HagBUIIABA CTO CTPAHUIIM, III€ HAIIPABUM KPATHK 0030p Ha Haii-
BasKHHUTE PE3YJITATHU.

3a Besika dyHKIMA Ha BepHInaiin ¢ ce 3Hae, 1e ypaBHEHHETO

fle+1)=o(@)f(z), f1)=1, >0

MMa €JIMHCTBEHO PEIlleHne B IPOCTPAHCTBOTO Ha TpaHchopManun Ha MelnH Ha MOJOKUTETHN CJIyIaiHI
sesmannn. To ce oznagasa ¢ Wy. Hue pasmupsasame Wy 1o $(z) > 0; Hamupame HeiiHO IpeJiCTaBsAHEe BbB
BUJT Ha Ge3KpaifHo mpousBeieHre n mopaau gopMaTa Ha ypaBHEHHETO, KOETO Y/IOBIETBOPsIBa, s1 HApUIAMe
dbynxnna na Beprnmaiin-I'ama. Cres ToBa n3cieiBaMe KOMILUICKCHO-aHAINTHIHATE cBoiicTBa Wy 1 106n-
BaMe HelfHaTa aCHUMIITOTHKa OT Tl Ha CTBpPJUHT MO TpoTeX)eHne Ha T > 0 M HA KOMIIEKCHUTE TIPaBU
z € a +iR. Baronapenue #a dakTa, de B Kjaca Ha dyHknunte Ha bepummaiin-l'ama nomagar l'ama dyn-
KrusTa, asofinata [ama dyHKINS U Apyru, HEE nMaMe OOI BUJ Ha TEXHUTE aCUMITOTUKN, KOUTO MMAT
reoMeTpHYHO obsicHeHne ¢ ToBa JOKOIKO ¢ : {f(z) > 0} — {R(z) > 0} cBusa/m3kpussasa {R(z) > 0}.

3a Bcska HeratuBHO nedbunuTHa GyHKIua ¥V, KoATO e JedunHupana moHe Bbpxy ¢R, e pasriesano
yPABHEHUETO

(0.17) M(z+1) = M(z) Bbpxy {z =i, € R: ¥(—if) #0}, M(1)=1.

—z
U(-2)
[Tonexe Besko W nma dakTopusannsa Ha Burep-Xord

(0.18) U(z) = —¢4(—2)p—(2), none Bbpxy z € iR,


https://projecteuclid.org/euclid.ejp/1532678638
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. I'(z
KbJeTO ¢+ ca dbyHKIun Ha BepHmaiia, To Hue mokassame, de M(z) = %Wd,_(l — 2) TIOHE BbDP-
+
xy {0 < R(z) < 1}. Uscnensame cpoiictBara Ha M Karo Mepomopdna (MDYHKIHUA B JOMEITH, 3aBUCEI OT
obiacTTa Ha aHAJIUTHYHOCT Ha W, W HaMmpame TOUHATa rpannna Ny, Taka de
lim |M(a+iB)||B[Y* ¢ =0; lim |M(a+iB)||8|N* = co.
|Bl—00 |Bl—00
B nouru Bemukn ciaydan Ny = 00 U HAMAJSIBAHETO € TI0HE CyOeKCIIOHEHITUAITHO.
B maii-BarkHaTa 4acT Ha CTATUATA pasBUBAME TEOPHUATA Ha €KCIOHEHIHMAIHUTE (DYHKIMOHAIM Ha IIPO-
necu Ha Jlepu. Ilpunomusme, de 3a Bcekn norennuagso your mporec Ha Jlesu § = (§;),~, Te ce 3a1aBar

C
€q
I:/ e_&dt,
0

KbJIETO ¢ € CKOPOCTTa Ha yOuBaHe, a €, € He3aBUCUMa OT § eKCIOHeHIMa/IHa cilydaiina seauunna. Koraro
q = 0, To mporechbT e ¢ 6e3KpacH KUBOT U €y = 00. MMa Omeknus MexKy BCHYKHU mporiecu Ha JleBu u
MHOXKECTBOTO OT HeraTuBHO nedunutnu dpyukiun W. BebimmocT none 3a z € iR

2 00
U(z) = log (E [6251]> = %22 +yz+ / (e =1 —izyly<1) U(dy) — q.
—00
3a 1a e msnbaneHo I < 0o, e HeobxoauMmo u gocrarsano ¢_(0) > 0 3a ¢_ B . Torapa moka3Bame B
0606men cvucbi, ue E [1771] = My/(z) pemasa u ce 3agaBa ¢ My (z) = ¢_(0)M(z). B pesyarar na
TOBa TIPEJICTABSIHE HUE TPAKTUIECKN Bb3CTAHOBsIBAME U TIO0OPSIBAME TTOUTH BCUIKH PE3YITATH, U3BECTHI
B JIUTEpaTypaTa OTHOCHO pasmnpejenennero Ha [. JlokazsaMe ¥ HSIKOM OTBOPEHU BBHIIPOCH KATO HATIPUMED
KaKBa e TJIaJIKOCTTa Ha, (PyHKIMATa Ha pasmpenenenue na I. [lokassame, de Ts 3aBucu oT Ny W KOTATO
Ny = 00, IIbTHOCTTA € be3KpaitHo gudepeHnupyeMma. PazpaborBamMe U acCUMIITOTHKATa HA OE3KpaifHOCT
Ha TasW ILUIBTHOCT, Hemo KoeTo ceexkiaa Doney, R. and Savov, M. (2010) “The asymptotic behavior of
densities related to the supremum of a stable process’, Ann. of Probab. 38, No.l1, 316-326, IF: 1.470 u
Kuznetsov, A. (2011) “On extrema of stable processes’, Ann. Probab. 39, No.3, 1027-1060, IF: 1.79 o
YaCTHU CJIyYad Ha TO-001Ma Teopus. Pa3mckBaMe MaJKaTa aCHMITOTHKA, MOMEHTHATE W Pa3BUTHE B pe. B
CTATUSTA CHINO € JUCKYTUPAHa U ACHMIITOTUKATA HA PA3MpeIe/IeHUsATa Ha f(;f e~Stdt, T — oo.
MeTomomorusita € CMECHITa OT BEPOATHOCTHU TEXHUKH, KOMILIEKCEH aHaJIIN3 ¥ MAJKO HOPMUPAHU aared-

pu.

19. Patie, P. and Savov, M., Spectral expansions for generalized Laguerre semigroups, MEMOIRS OF
AMERICAN MATHEMATICAL SOCIETY, 2020+, Pages: 179 pages, IF (2.297 - 2018), Quartile: Q1
(13/214 Mathematics, JCR-WoS), accepted

JobuBame CIIeKTPaAJIHI pa3jaraHus B IPeTereH0 XUI0epTOBO MPOCTPAHCTBO Ha TOJIAM KJIAaC OT CTAIlH-
OHAPHU, HECAMOCIIPErHATH U HeJIOKaTHU MapKOBCKE OIIepaTopu, KOUTO C€ CPENIAT B IPAHNIHE TeOPEMU Ha,
nostoxkuTeTHn MapkoBcku mporiecu. [lokazpame, e To3M Kaac € B OMEKINs ¢ MOAMHOYKECTBO Ha, HEraTUB-
HO nedunuTHUTE MYHKIIUA U IO HApUIaMe Kjac Ha obobirenute moayrpynu Ha Jlarep. Hammuar momgxoxm,
KOUTO U3JIM3a JaJie’d OTBBJ] KJIacHIecKaTa Teopus Ha mepTypbaruuTe, e ba3upaH Ha BCeOOXBATEH aHA U3
Ha pesianus Ha npervmrade (P;A = AQ}), KosiTo ycraHOBsiBAME MEXKJly TO3M KJIaC U eJ[Ha KJIaCHIecKa Ca-
Moctperaata MapKoOBCKa MOJIyTpyIia, YUeTo CIIEKTPAJIHO pa3jiarale e JIajeHo dpe3 MoJmHoMuTe Ha Jlarep.
JlobuBame CBOMCTBA KATO CIIEKTPAJIHA pasJjiraHusi HA OOOOIIEHUTE MOJYyTPYIIN, [VIAJIKOCT HA PEIIeHUSTA
Ha npobsiema Ha Kommu 3a Te3u moyrpynud u MHOTO JIpyru pesyaratu. Harmara Merosmosiorusi paskpuba
pa3udHn PEHOMEHM, BKJIIOYUTENIHO U XUIIOKOEPCUBHOCT, OTHOCHO CKOPOCTTa Ha CXOAMMOCT Ha TE3U IIO-
JIYTPYII K'bM CTAIlMOHAPHOCT M HH IIO3BOJIABA a8 M3Pa3uM Te3U HaOJIIOJEHHSI Ype3 PbCTa Ha HOPMHUTE
Ha CIEKTPAJHUTE MMPOEKINH B IOAXOISINO XUJIOEPTOBO IIPOCTPAHCTBO. B 3aBHCHMOCT OT aHAJIUTUIHHUTE
CBOMCTBa HA TOPECIOMEHTATHTE HEraTUBHO JeUHUTHU (PYHKIUNA HU Ce Hajara Ja H3IO0JI3BaMe ITHPOK
HabOp OT CTpaTernyu U HOBH METOIHM, 32 JIa J00HMeM OIEHKU Ha Te3W HOPMH.
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Summaries of papers not included in the competition:

1. Savov, M., Curve crossing for the reflected Lévy process at zero and infinity, ELECTRONIC JOURNAL
OF PROBABILITY, 2008, Volume: 13, Pages: 157-172, DOI: 10.1214/EJP.v13-483, Published: JAN 2008,
eISSN: 1083-6489, IF( 1.131 - 2008), Quartile: Q2 (36/92 Statistics and Probability, JCR-WoS),
hyperlink

For one dimensional Lévy process (Xi),~, with reflected process Ry = supg<,<; Xs — X; we consider
the moments in time when the paths of R; cross polynomial boundaries, that is 7,.(r) = inf{t > 0: R; >
r(t 4+ 1)"},x > 0. The main result of this work states that

Te(r) < 00 a.s. <= E[Xf]l/ﬂzoo,m>1

Xy

Te(r) < 00 a.s. <= E[Xl_}l/'i—oo or liminf =% = 0o,k < 1,
t—oo TR

where X = max{—Xj,0}. It is clear that the necessary and sufficient conditions depend only on X and

answer the harder problem involving the finiteness of 7,;(r). In a similar fashion, criteria, depending solely
on Xi, about E [7'% (E [ X7 r)} < 00,7 >0 and E[r(r)] < oo, > 0 are deduced.

The quantity limsup, & = a, € [0,00] is computed for all Lévy processes. Recall that II_(-) =
S~ H(dz). When the process is with finite variation, a, depends on the drift d > 0 and on whether
fol TI_ (z")dx € [0,00] is finite or not. When the Lévy process is with unbounded variation, then a,
can be determined by checking whether fol IT_ (z")dx € [0,00] is finite or not and by the finiteness of
liminf; g %

During the period of 2004-2008 there was a strong interest in the scientific community in problems
related to how Lévy processes and their reflected processes R; cross deterministic curves. The result is
central in the topic, especially at small times (¢ — 0), since in this case the Lévy process cannot be
approximated by a random walk.

2. Savov, M. Small time two-sided LIL behaviour for Levy processes at zero, PROBABILITY THEORY
AND RELATED FIELDS, 2009, Volume: 144, Pages: 79-98, DOI: 10.1007/s00440-008-0142-1, Published:
Mar 2008, ISSN: 0178-8051, eISSN: 1432-2064, IF(1.373 - 2009), Quartile: Q2 (29/100 Statistics and
Probability, JCR-WoS), hyperlink

For a given Lévy process X with Lévy triplet (o2, v,II), 0% - Brownian coefficient, -y - linear term and II -
o—finite measure determining the jumps of the process, and a function b : [0, 1] — R with some natural but
weak restrictions the main result of the paper is the family of integral criteria I(a) := I(a;b,0,v,II),a > 0
for which it is valid that

hmsup| Xil =inf{c: I(c) < o0} € [0,00] <= / (t))dt < o0
t—0 b(t)
X -
lim sup X =00 if/ II(b(¢))dt =
t—0 b(t) 0

This result has two main advantages: first, it is general and is applicable to an enormous class of functions
b; second, I(a) depends only on (o2,~,II). Thus, the fundamental probabilistic problem of computing
lim sup;_,q b)(i)| [0, 00] is reduced to the analytical task of the evaluation of I(a) and fo ))dt. Thus,
for a given b, we can determine the growth of X against b.

Even more, using that

11msup| X =inf{a: I(a) < oo} € [0,00] <= / (t))dt < o0
t—0 b(t)
we can construct the function b*(¢) such that limsup,_, % = 1. This is achieved with the choice of

b(t), such that inf{a : I(a) < oo} = 1. Unfortunately, this construction is does not yield the precise
rate of growth for all X since it may happen that fo *(t))dt = oco. To describe explicitly b* such that


https://www.projecteuclid.org/euclid.ejp/1464819080
https://link.springer.com/article/10.1007%2Fs00440-008-0142-1
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lim sup,_,q ILL(;‘) =1 is still an open problem even though there are necessary and sufficient conditions for

the existence of b*.

3. Doney, R., Maller, R. and Savov, M., Renewal theorems and stability for the reflected process,
STOCHASTIC PROCESSES AND THEIR APPLICATIONS, 2009, Volume: 119, Pages: 1270-1297,
DOTL: 10.1016/.5pa.2008.06.009, Published: APR 2009, ISSN: 0304-4149, IF(1.543 - 2009), Quartile: Q2
(26/100 Statistics and Probability, JCR-WoS), hyperlink

Let S, = Xi + -+ X,,,n > 1, be a random walk with step X and R, = maxp<,{S;} — Sy be its
reflected process. Let 7(r) = min{n > 1 : R, > r},r > 0, be the first crossing of the level » > 0 by the
process R,.

When E [X] < 0,E[|X]] < oo or E[X] = 0,E [X?] < 0o we show that

E[R
i BB

r—00 r

In the first case we additionally have lim, - E[7(r)] /r = —1/E [X] and in the second

B 1
r—oo 12 E[X?]

Also, we have considered cases in which the conditions E[X] < 0,E[|X]] < co or E[X] = 0,E [X?] < 00
are violated.

Setting e_q4(r) = P (ST[,a,b](r) < O) ;a > 0,b >0, where Ti_g (1) = min{n > 1: S, ¢ [—ar,br]}
with the condition e_, 4(A7) < e_q4(7), VA > 1, we obtain the result

=1.

A = limsup % € [max{1,c}, 1+ ¢,
r—00 r

where ¢ > 0 can be computed explicitly. The cases when ¢ = 0 or ¢ = co are of particular interest since

then A can be computed precisely, that is A = 1 or A = oo. The main drawback of our result is the

requirement e_gq (A1) < e_qq(r), VA > 1, that is 30 < C1(A) < C2(A) < oo such that Ci(N)e_gq(r) <
e—q,a(Ar) < C2(N)e_qq(r), for all r large enough.

The main theorems are not classical. Results regarding the position of the random walk after it crosses

7 > 0, namely the behaviour of Sp(,y, T'(r) = min{n > 1: S, > r}, are well-known. They depend on the

fundamental properties of the random walk - stationary and independent increments. In the case of the

reflected process R,, these properties are not at hand and the methods are considerably more complicated.

This requires that we impose e_q (A1) < e_q4(r), VA > 1. In addition, we mention that the computation

of e_q4(r) is one of the hardest problems in the area of random walks and for this reason a further
Re(ry
T

significant progress in the computation of A = limsup,_, . seems well beyond our current methods

and knowledge.

4. Doney, R. and Savov, M., The asymptotic behaviour of densities related to the supremum of a stable
process, ANNALS OF PROBABILITY, 2010, Volume: 38, Pages: 316-326, DOI: doi:10.1214/09-A0P479,
Published: JAN 2010, ISSN: 0091-1798, eISSN: 2168-894X, IF(1.470- 2010), Quartile: Q2 (28/110
Statistics and Probability, JCR-WoS), hyperlink

Let X be a stable Lévy process with index a € (0,2) and set S} = sup,<; Xs. If f(z) =P (5] € dx) /dz,x >
0 then a main and a difficult question is to determine the asymptotic behaviour of f(z),z — 0,  — oo.
The behaviour P (S; > x) ~ Aa~!z= %z — oo, and P (S < z) ~ Bz, where p = P(X; > 0) is the
positivity coefficient, is well-known in the literature. These results are classical applications of Tauberian
theorems. The density f(z) is much more harder to understand. Using ezcursion theory of the reflected
stable processes, we derived equations representing f(x) via main quantities from excursion theory and
thereby we obtained the asymptotic.

This work was accomplished in 2008-2010 and is at the heart of a sequence of deeper investigations of
S1 for stable Lévy processes. The number of citations attests to this fact.


https://www.sciencedirect.com/science/article/pii/S0304414908001063
https://projecteuclid.org/euclid.aop/1264434000
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We have to note out that using deep complex analysis, Kuznetsov (2011), see below, managed to obtain
the asymptotic series decomposition of f(x) and even for some « to derive the series expansion of f(x).
Our probabilistic approach yields more limited results but it is significantly more general. This can be seen
from the papers of Chaumont (2013) and Chaumont and Malecki (20134) which use and generalize our
methodology for general Lévy processes when implicitness of many quantities precludes the application of
complex analysis.

Since S can be represented as an explicit transformation of an exponential functional of Lévy processes
and in view of the recent developments in the theory of exponential functionals the problems related to
S1 are now a mere particular case of this theory which is most completely developed in Patie and Savov,
see below.

References:

(1) Kuznetsov, A. (2011) “On extrema of stable processes’, Ann. Probab. 39, No.3, 1027-1060, IF':
1.79

(2) Chaumont, L. (2013) “On the law of the supremum of Lévy processes’;, Ann. Probab. 41, No.3A,
1191--1217, IF: 1.79

(3) Chaumont , L. and Malecki, J. (2013) “ The asymptotic behavior of the density of the supremum of
Lévy processes’, arXiv preprint arXiv:1310.1587

(4) Patie, P. and Savov,M. (2018) “Bernstein-gamma functions and exponential functionals of Lévy
processes’, Electronic Journal of Probability, 23, 1-101, IF: 0.994

5. Doney, R. and Savov, M., Right inverses of Lévy processes, ANNALS OF PROBABILITY, 2010,
Volume: 38, Pages: 1390-1400, DOI: 10.1214/09-A0OP515, Published: JUL 2010, ISSN: 0091-1798, eISSN:
2168-894X, IF (1.470- 2010), Quartile: Q2 (28 /110 Statistics and Probability, JCR-WoS), hyperlink

Let X; be a Lévy process. In this paper we characterize all Lévy processes, which possess a right-inverse
processes, that is for given X there is an increasing Lévy process (K3 )z>0, such that X, = x at least for
x € [0,¢], where ¢ > 0 almost surely. The problem for the existence of the right-inverse is directly linked
with the potential theory of Markov processes and a necessary and sufficient condition for its existence
is given by Winkel(2002). The major drawback of these conditions are that they depend on quantities
which cannot be computed from the main characteristics of X, that is (02,+,II). In our paper using the
fluctuation theory of Lévy processes we show that when o2 = 0

1.2

1
e = /0 (S5 s H(s)dsdy)ﬂ(dx)@o,

where II_(z) = II({—o00, —2}),2 > 0. In the case when o > 0 it is well-known that 3K,. Thus, the
problem about the existence of the right-inverse is reduced to the computation of a particular integral
which depends only on II.

References:

(1) Winkel, M. (2002) “Right inverses of non-symmetric Lévy processes’, Ann. Prob., 30, 382-415

6. Doering, L. and Savov, M., An application of remewal theorems to exponential moments of local
times, ELECTRONIC COMMUNICATIONS IN PROBABILITY, 2010, Volume: 38, Pages: 263-269,
DOI: 10.1214/ECP.v15-1558, Published: JUN 2010, e[SSN: 1083-589X, IF (0.559 - 2010), Quartile: Q4
(88/110 Statistics and Probability, JCR-WoS), hyperlink

This short note uses classical results in order to improve asymptotic results for the Laplace transform
of the time of sojourn of Markov processes at a given point. If Lj is the time spend at position ¢ starting

from ¢ then we consider E [eVL%} for v > 0 and show that depending on ~ the asymptotic of E [eVL%} as

t — oo can be computed with the help of the transition probabilities ps(i,i), that is the probability to
start from ¢ and be at ¢ in s units of time.


https://www.jstor.org/stable/20744121?seq=1#metadata_info_tab_contents
https://projecteuclid.org/euclid.ecp/1465243967#info
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The results illustrate the power of the renewal theory for derivation of new results or for improvement
of classical statements. The main aim of the publication is the popularization of the renewal theory which
can be used for simplification of the proofs of a number of problems which otherwise appeals to spectral
theory.

7.Bertoin, J. and Savov, M., Some applications of duality for Lévy processes in a half-line, BULLETIN
OF THE LONDON MATHEMATICAL SOCIETY, 2010, Volume: 43, Pages: 97-111, DOI: 10.1112/blms/
bdq084, Published: OCT 2010, e[SSN: 1469-2120 , IF (0.63 - 2010), Quartile: Q2 (122/279 Mathematics,
JCR-WoS), hyperlink

Let & be a Lévy process with co > E [¢1] > 0 (and a natural restriction which we omit for clarity). Set
T, =inf{t >0: & > x}, 2 > 0. It is well-known that

lim (&, — 2,2 — &) £ (0,),
where O,U are called the overshoot and the undershoot. Let ftT (z) denotes the conservative Markov
process, namely a Markov process with infinite life-time which describes the Lévy process £ started from
x > 0 conditioned to stay positive, see Bertoin (1996), for exposition of the theory of Lévy processes.
With the notation above let us set

[ &+O0 t>0
Tl ) t<o

where &,¢T,(O,U) are mutually independent copies of the random variables and stochastic processes
introduced above. That is given (O,U) we start to the right a standard Lévy process and splice for the
negative times ¢ the process —§it(U). In our paper we investigate the properties of n. It has the following
remarkable properties:

I: if T, is the passage time across @ of i then (N7,++);cp = (¥ + 7t);cg, that is the time shift with
T, is equivalent to the space translation with x;

II: n, 4 lim, o0 (gf_Tz — ac) ,t € R, that is n is the weak limit of the paths of the initial Lévy process
translated in time at the time it crosses x and then taking limit in x;

III: the previous properties allow for the derivation of the fundamental representation of the positive
self-similar Markov processes started from 0 as a time change and transformation of the process
1. Let Xj¥ be a positive self-similar Markov process, that is for each ¢ > 0,2 > 0 we have that

d
(X720 = (eXG,

tc—a) 40 for some a > 0. Then we have the remarkable representation

X)) = e,

where 7y is a suitable change of time.

The last property is quite important since it gives the full picture concerning the Lamperti representation of
the positive self-similar Markov processes. So far the Lamperti representation was only valid for processes
starting from x > 0. This result adds on the case x = 0.

Recently, there have been a number of papers dealing with Lamperti representations of real-valued and
multi-dimensional self-similar Markov processes, see for example Alili et al. In these cases there lacks such
a neat form as Xy = e"m.

References:

(1) Bertoin, J. (1996) Lévy Processes. Cambridge University Press.

(2) Larbi Alili, L., Chaumont, L., Graczyk, P. and Zak, T. (2017) “Inversion, duality and Doob h-
transforms for self-similar Markov processes”, ELECTRONIC JOURNAL OF PROBABILITY,
22 No. 22, 18 pages, 1F:0.901
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8. Savov, M., Small time one-sided LIL behaviour for Lévy processes at zero, JOURNAL OF THEORETICAL

PROBABILITY, 2010, Volume: 23, Pages: 209-236, DOI: 10.1007/s10959-008-0202-6, Published: MAR
2010, ISSN: 0894-9840, eISSN: 1572-9230, IF (0.600 - 2010), Quartile: Q3 (81/110 Statistics and
Probability), hyperlink

A fruitful continuation of the problems considered in Savov, M. (2009) “Small time two-sided LIL
behavior for Levy processes at zero’, Probab. Theory and Related Fields 144, No.1-2, 79-98, IF: 1.39 is
to investigate the quantity

Xi
L(b) :=limsup — € [0, 00
(b) nsup o [0, oc]
or in other words to study the so-called one-sided law of the iterated logarithm for Lévy processes X. In
this paper we obtain novel results which deal with the behaviour, when ¢ — 0:

I: we define a particular function by that depends explicitly on the Lévy measure Il and we prove
that

X 1

limsup € [1,1.8] <= / T ({o(t), 00}) dt < o0
=0 bo(?) 0

II: since by may not always be the right function to describe the growth of, see I, we develop an

integral criterion which for arbitrary function b(t) (with some minor restrictions) shows whether

L(b) =0, L(b) € (0,00) or L(b) = oo.

The main difficulties when tackling these problems is to develop a technique which is specific for Lévy
processes since the behaviour when ¢ — 0 has no analogue in the random walk theory. The link to
random walks gives hints for the properties of Lévy processes when ¢ — oo and the methodology is usually
based on established embedding of random walks into the Lévy process in consideration. For example,
(Xn)psy = X1+ (Xo—X1) + -+ (X, — X5i—1)),,>, defines a random walk.

In general the one-sided law of the iterated logarithm is more complicated than the two-sided law of the
iterated logarithm considered in Savov, M. (2009) “Small time two-sided LIL behavior for Levy processes
at zero’, Probab. Theory and Related Fields 144, No.1-2, 79-98, IF: 1.39. This is reflected in the results
which are cruder and do not allow for the precise evaluation of L(b).

9. Savov, M. and Winkel, M., Right inverses of Lévy processes: the excursion measure in the general
case, ELECTRONIC COMMUNICATIONS IN PROBABILITY, 2010, Volume: 38, Pages: 572-584, DOLI:
10.1214/ECP.v15-1590, Published: DEC 2010, eISSN: 1083-589X, IF (0.559 - 2010), Quartile: Q4 (88/110
Statistics and Probability, JCR-WoS), hyperlink

In this short paper we develop the ideas from Doney, R. and Savov, M. (2010) “Right inverses of Lévy
processes’, Ann. of Probab. 38, No.4, 1390-1400, IF: 1.47. Let us recall the problem. Let X; be a Lévy
process. In the aforementioned paper we have characterized all Lévy processes which possess a right-inverse
process, that is for given X there exists a non-decreasing Lévy process K, such that X, = x at least for
z € [0,s] where ¢ > 0 almost surely.

The next step is to characterize the process K, itself which is an increasing Lévy process (subordinator).
The aim of this paper is to describe the Lévy measure of the process K,. We prove that the jumps of
K, are the sum of the following quantities: we take an excursion of X away from the maximum (namely
the time of attaining a new maximum of X after the current one); computing the difference between
the new maximum of X achieved by the latest excursion and the previous one, let us assume that it is T
then we start a Lévy process from T and take the time of first return to zero. Summing the lengths
of both times we obtain the typical jump of K,. Looking from the standpoint of random walks the result
is natural but the derivation for Lévy processes requires a higher level of technical results.

10. Chan, T., Kyprianou A. and Savov, M., Smoothness of scale functions for spectrally negative Lévy
processes, PROBABILITY THEORY AND RELATED FIELDS, 2011, Volume: 150, Pages: 691-708, DOI:
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10.1007/s00440-010-0289-4, Published: APR 2010, ISSN: 0178-8051, eISSN: 1432-2064, IF (1.870 - 2011),
Quartile: Q1 (25/116 Statistics and Probability, JCR-WoS), hyperlink

Let X be a Lévy process. Let us assume that X has only negative jumps. We then say that the
processes is a spectrally-negative Lévy process. Since this process only jumps downwards then many of its
fundamental quantities have explicit form. At the heart of many of the properties of these processes is the
scale function. The probabilistic role of this function is best illustrated by the relation

W(z)
P, (T(a,oo) < 7—(700,0)) = W(a)’

where 75 = inf{t > 0 : X; € B} and a > x > 0. That is the function describes the probability of the
process X started from z to cross a before it falls below 0.

The function W is present at various other quantities and relations. Its properties are of interest not
only for the theory but for the applications too especially in risk theory in insurance mathematics where
the random processes of incomes and costs are suitably modelled by spectrally negative Lévy processes.

In order to apply the scale function in a number of studies it is vital to know its smoothness. In this
paper we investigate the differentiability of W depending on the Lévy triplet (o2,~,1I). Under very minor
assumptions we demonstrate that

W e C™3([0,00)) <= II({—00,—2)} € C™(]0,0)), if 02 > 0,
and that in all cases W € C?([0,0)), provided o2 > 0. We also discuss the case when II ({—00,0}) < oo
and we show that under some minor assumptions
W e C"([0,00)) <= M ({—00,—z}) € C"([0,00)) if 0% =0, II ({—00,0}) < oc.

Our appoach is based on the fact that the scale function W satisfies a Voterra equation of the second
kind which involves only the Lévy measure II. Although the solutions of these equations are in many cases
well studied because they are given in terms of von Neumann series the case when II ({—o00,0}) = oo is
technically not simple. The results above are obtained via different analytical techniques.

When o2 = 0,11 ({—00,0}) = oo, the equations for W are Volterra of the first kind and their study is
significantly harder. In this case we do not have any results and there are several conjectures regarding
the dependence of the smoothness of W on the smoothness of II.

11. Doering, L. and Savov, M., (Non) Differentiability and asymptotics for renewal densities of
subordinators, ELECTRONIC JOURNAL OF PROBABILITY, 2011, Volume: 16, Pages: 470-503, DOI:
10.1214/EJP.v16-860, Published: MAR 2011, eISSN: 1083-6489, IF ( 0.713 - 2011), Quartile: Q3 (71/116
Statistics and Probability, JCR-WoS), hyperlink

Let & be a non-decreasing Lévy process with a positive drift, that is £ = ds + ngs A, is the sum of
a linear function and positive jumps. Set

Ul(dz) = / e TP (& €dr)dt, ¢ >0
0
for the g—potentials. When § > 0 we know that U4(dz) = u?(z)dz and the following equation holds
(0.19) ul(z) =1-— / uw(z —y) (I(z) + q) dy
0

where II is the Lévy measure of ¢ and II(z) = II{z, 00}, z > 0. Using (0.19) we prove that u? can be
expanded in an infinite series of convolutions involving II(x) + ¢, that is

— (=1)" - n
ul(z) =y s (1% ((z) +q))™" (z).
n=0
This equation and its Fourier transform allow for the detailed study of the smoothness of u? depending
on the smoothness of II. The most noteworthy result is that (u9)’ is continuous at z if and only if when x
is not an atom for II, i.e. I ({x}) = 0. Otherwise, (u4)'(z+) — (u?)(z—) = 6 211 ({z}).
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12. Kuznetsov A., Pardo J.C. and Savov, M., Distributional properties of exponential functionals of Lévy
processes, ELECTRONIC JOURNAL OF PROBABILITY, 2012, Volume: 17, Pages: 1-35, DOI: 10.1214/
EJP.v17-1755, Published: JAN 2012, e[SSN: 1083-6489, IF (0.785 - 2012), Quartile: Q3 (70/119 Statistics
and Probability, JCR-WoS), hyperlink

Let &, n be two independent Lévy processes. Define formally
(o.9]
I:=1(&n) :/ &= dns.
0

When 1y = s we then have standard exponential functional since £ = &;— almost surely. Set m(dx) :=
P(I € dz).

Since [ is the stationary distribution to the stationary Ornstein-Uhlenbeck process with infinitesimal
generator £ we have for each in f € Domain(L)

0= (Lf,m) = {f.Lm),

where L£* is the infinitesimal generator of the dual Ornstein-Uhlenbeck process. Then with the help of
Schwarz theory of distributions we show that even £*m = 0 which yields integro-differential equation for
the distribution of I, that is m(dz).

In the second part of the paper we investigate m(dx) = k(z)dz in the case when 1y, = 0B + s, that
is when 7 is a Brownian motion. We prove different properties for x(x) such as the asymptotic behaviour
when © — 0,z — +00, the smoothness of x and its series expansion. For the study we employ the Mellin
transform M(s) =E [I s=L T > 0]. We derive a couple of representations for M and with the help of the
hypergeometric functions we study its complex-analytical properties, its asymptotics along complex lines,
i.e. the behaviour of M(z + i0), 6 € R. Using Mellin inversion we obtain the properties of « listed above.

13. Pardo, J.C., Patie, P. and Savov, M., A Wiener-Hopf type of factorization for the exponential
functional of Lévy processes, JOURNAL OF THE LONDON MATHEMATICAL SOCIETY, 2012, Volume:
96, Pages: 930-956, DOI: 10.1112/jlms/jds028, Published: SEP 2012, ISSN: 0024-6107, eISSN: 1469-7750,
IF (0.804 - 2012), Quartile: Q1 (69/296 Mathematics, JCR-WoS), hyperlink

Let & be a Lévy process. Let us define the exponential functionals (with the assumption for finiteness,
that is lim;_, & = —00) on infinite horizon
(e.)
I = / S ds.
0

2

W(z) =1In (E [ezﬁD = bz + %22 + /_Z (€ — 1 — 2yl 1) T(dy).

Let us denote by M (s) = E [I°7!] the Mellin transform of I which is well-defined at least for s = 1+ iR.
It is well-known that when W(z) is analytic at least on the strip R(z) € (0,a) and ¥(R(2)) < 0, for
R(z) € (0,a) then

Set

(0.20) M(z+1) = —ﬁ/w (2), for R(z) € (0,a).
Using the Wiener-Hopf factorization for W,
(0.21) U(z) = =91 (2)9-(2),
where ¢4 are linked to the Bernstein functions, (0.20)) can be written as
z

0.22 M((z+1) = ————M(2) 3a R(2) € (0,a).
022 ErD = e M = e
It is clear that the solutions to the system

1 z
0.23 Mi(z+1)= —Mi(z); Ma(z+1) = ——Mos(z
(0.2 G+1) = oMl Ml +1) = 2 Male)

give that M (z) X Ma(z) is a solution to (0.20]). The advantage of ((0.23]) lies in the fact that, the respective
equations are defined on the half-planes R(z) < a,R(z) > 0 and both have a solution on the strip
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R(z) € (0,a). Under the assumption that II(dy)1l,>0 = 7(y)dyl,~o and m non-increasing it is proved that
1/¢4(2) = —z/¥(z) where ¢(z) = In (E [¢*¥1]) and Y is a spectrally positive Lévy process. Thus, using
the form of we see that the equations in represent the Mellin transforms of the exponential
functional of Y (M) and of exponential functional of the downgoing ladder height subordinator (Ms),
that is I; and Iy. If the solution to is unique in the space of Mellin transforms of positive random

variables then immediately M(z) = M;j(z) x Ma(z) and the factorization I 2 I, x I, holds with I;
independent of Is.

To prove the uniqueness of the solution to (0.20) we use the fact that I is the unique stationary
distribution of a generalized Ornstein-Uhlenbeck process and that I; x I» is also such stationary law. The
assumption that ¥(z) is analytic on the strip R(z) € (0,a) and ¥(R(z)) < 0, so that holds, can be
relaxed via a limiting procedure. The large jumps of £ above A > 0 are truncated then for the resulting

exponential functional the factorization I(A) < (A) x Io(A) is proved and finally it is demonstrated that
as A — oo, the quantities I(A), I1(A), I2(A) converge in distribution to I, I1, I5. Hence, I < I x I, holds.

Since Iy, Is are easier to study then with the help of I 4 I; x Iy we obtained a number of new results
and simplified significantly some existing proofs. Thus, for example a part of Corollary 2.1 recovers the

whole paper P. Patie. "Law of the absorption time of positive self-similar Markov processes"published in
Annals of Probability.

14. Patie, P. and Savov, M., Ezxtended factorizations of exponential functionals of Lévy processes,
ELECTRONIC JOURNAL OF PROBABILITY, 2012, Volume: 17, Pages: 1-22, DOI: 10.1214/EJP.v17-
2057, Published: MAY 2012, eISSN: 1083-6489, IF (0.785 - 2012), Quartile: Q3 (67/117 Statistics and
Probability, JCR-WoS), hyperlink

Let & be a Lévy process. Define the exponential functionals

€q
I, :/ eS5ds,
0

where €4, ¢ > 0, is an independent of £ exponentially distributed random variable.
Set

2 e}
U(z) = In (E [eX1]) = b2 + %zQ + / (e =1 — 2yl 1) T(dy).

Denote by M, (s) = E [13;1] the Mellin transform of I, which is valid at least for s = 1 4 iR. It is
well-known that when W(z) is analytic on the strip £(z) € (0,a) and ¥(R(2)) < 0, for R(z) € (0,a) then
z
U(z)—q

As a result of the Wiener-Hopf factorization of W(z) — ¢ we obtain the same system as in discussed
for the paper Pardo, J.C., Patie, P. and Savov, M. (2012) “A Wiener-Hopf type of factorization for the
exponential functional of Lévy processes’, J. of London Math. Soc. 96 (2), 930-956, IF: 0.80. The problem
here is that despite the fact that we have the same assumptions for IT to prove that M(z) = Mj(z) x Ma(z)

and therefore obtain the factorization I, 4 I x I where I is independent of I now we cannot use that I,
is the stationary distribution of generalized Ornstein-Uhlenbeck process. This is overcome via the so-called
Ts-transformations of W(z) — g which are defined by the relation Tjs (¥(2) — q) = ;73 (¥(z + 8) — ¢) and
which allow for I, I1, I> to be approximated when 3 — 0 by a sequence of exponential functionals of Lévy

processes on an infinite horizon whose Lévy processes have the characteristic exponents Wg = T (¥(2) — q)

(0.24) My(z+1)=— My (2), for R(z) € (0,a).

and their respective factorizations. Thus, we conclude that I, L 1 X I5. In the paper we have obtained
a number of new properties for the distribution of I, .
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15. Patie, P. and Savov, M., Exponential functional of Lévy processes: Generalized Weierstrass products
and Wiener-Hopf factorization, COMPTES RENDUS MATHEMATIQUE, 2013, Volume: 351, Pages:
393-396, DOI: 10.1016/j.crma.2013.04.023, Published: MAY 2013, ISSN: 1631-073X, IF (0.425 - 2013),
Quartile: Q3 (221/302 Mathematics, JCR-WoS), hyperlink

This note announces the paper Patie, P. and Savov, M. (2018) “ Bernstein-gamma functions and exponential
functionals of Lévy processes’, FElectronic Journal of Probability, 23, 1-101, IF: 0.994 which is the
completion of the development of the theory of exponential functionals of Lévy processes.

16. Savov, M., On the range of subordinators, ELECTRONIC COMMUNICATIONS IN PROBABILITY,
2014, Volume: 19, Pages: 1-10, DOI: 10.1214/ECP.v19-3629, Published: DEC 2014, eISSN: 1083-589X, IF
(0.619 - 2014), Quartile: Q3 (89/122 Statistics and Probability, JCR-WoS), hyperlink

Let X be a non-decreasing Lévy process (subordinator) with infinite activity of the jumps. Let N (t, )
be the minimal number of intervals of lengths at most 6 > 0 which cover the range {X;:s <t}. We
recursively denote T1(8) = inf {s > 0: X; > 6}, Tp4+1(6) = inf {s > T},(6) : X — X71,(5) > 6}. Then for
k>1,{N(t,6) > k} = {Tr(5) < t}. The quantities

o W(N(LE). . In(N(1,9))
hminf = o1y o msup = men

are called the lower and upper box dimensions respectively. For subordinators they are computed in terms
of the behaviour at infinity of ®(\) = —1In (E [e=**]). Since @ is our input data then all information
regarding these dimensions are computed at logarithmic scale, that is for In(N(1,9)).

However it turns out that we dispose with much more precise information for N(1,d) on the real scale.
Let U(6 fo (X < 9)dt. Then in this short note we prove almost surely that

lim U(0)N(1,9) =

d—00
where U(0) < m. In the special case when ®(\) ~ A\* we have that N(1,0) ~ %. At logarithmic
scale the constant I'(1 4+ «) would be hidden.

The methodology is based on classical probability inequalities, the Borel-Cantelli lemma and laws of large
numbers. This work has been improved in Barker, Adam "Fractal-Dimensional Properties of Subordinator”,
Journal of Theoretical Probability, Volume 32, Issue 3, Pages 1202-1219, 2019, wherein a central limit
theorem for N(1,d) has been established.

17. Patie, P. and Savov, M., Cauchy problem of the non-self-adjoint Gauss-Laguerre semigroups and
uniform bounds of generalized Laguerre polynomials, JOURNAL OF SPECTRAL THEORY, 2017, Volume:
7, Pages: 797-846, DOI: 10.4171/JST/178, Published: SEP 2017, ISSN: 1664-039X, e[SSN: 1664-0403, IF
(0.844 - 2017), Quartile: Q2 (108/302 Mathematics, JCR-WoS), hyperlink

The operator L : f(x) — xf”(x)+(1—x)f(x),x > 0, is the generator of the classical Laguerre semigroup
(Qt)tzo It is stationary with invariant measure e(z)dz = e~ *dz,z > 0 and L is self-adjoint in the Hilbert

space L?(e). For each f € L?(e) the following spectral expansion is valid

Qif = Z e " Lo (){f, Lne,

n=0

where L,,n > 0, are the Laguerre polynomials. In this paper we introduce the family of non-selfadjoint

integro-differential generators Lo g, € (0,1),8 > 1 — <. We call them Gauss-Laguerre generators. In the
paper we show that with each of them there is an assomated stationary Feller process with an invariant
-1,

measure e, g(r)dr = £ ap +1) ~ dz. If we denote by (Pt)4>( those semigroups we prove that for each pair

a, (8 there is a positive, bounded, linear, non-invertible operator A such that for each ¢ > 0

AQ; = PA
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This allows us to find the eigenfunctions and the coeigenfunctions of (F;),~, and to prove that there is
T, > 0 such that for t > T, and each f € L?(e, ),

oo
Pif =) e ™ALy (x)(f, A" Ln)e, 5-

n=0
This result is very important for Patie, P. and Savov, M. (2020+) “Spectral expansions for generalized
Laguerre semigroups’, Memoirs of American Mathematical Society, 179 pages, accepted and illustrates
a curious phenomenon that the spectral expansion for non-selfadjoint semigroups may be valid after some
positive threshold, in this case Ty,.

The main techniques are borrowed from functional and complex analysis and a very technical saddle

point method is applied so as to estimate the coeigenfunctions in the required norms.

18. Patie, P. and Savov, M., Bernstein-gamma functions and exponential functionals of Lévy processes,
ELECTRONIC JOURNAL OF PROBABILITY, 2018, Volume: 23, Pages: 1-101, DOI: 10.1214/18-EJP202,
Published: JUL 2018, eISSN: 1083-6489, IF (0.994 - 2018), Quartile: Q3 (66/123 Statistics and
Probability, JCR-WoS), hyperlink

This paper is the culmination of the development of the theory of exponential functionals of Lévy
processes. Since the paper exceeds a hundred pages we will make a brief review of the main results.
For each Bernstein function ¢ we know that the equation

fa+1) = é@)f(@), fO)=1 >0

has a unique solution in the space of Mellin transforms of positive random variables. It is denoted by W.
We extend W, to (z) > 0 we find its infinite product representation and because of the recurrent equation
it solves we call it a Bernstein-Gamma function. We then investigate the complex-analytical properties
of Wy and we obtain its Stirling type asymptotic along > 0 and along the complex lines z € a + iR.
Thanks to the fact the Gamma function, the Double Gamma function and other well-known functions fall
in the class of Bernstein-Gamma function we have a general representation of their asymptotic, which has
a geometric intepretation in the way how ¢ : {R(z) > 0} — {R(z) > 0} distorts {(z) > 0}.
For each negative definite function ¥ which is defined at least on iR we consider

(0.25) M(z+1) = \Il(__zz)M(z) on {z=iB,B€R: U(—if) £0}, M(1)=1.
Since each ¥ possesses a Wiener-Hopf factorization
(0.26) U(z) = —¢4(—2)d_(z), at least on z € iR,

where ¢4 are Bernstein functions, we show that M(z) = Wl;(zgz) Wy_(1—2) at least on {0 < R(z) < 1}. We
+

investigate the properties of as a meromorphic function on domain depending on the region of analyticity
of ¥ and we find the precise boundary Ng such that
lim |M(a+iB)| 18N c=0; lim |M(a+iB)||8|"¥" = .
8|00 8|00
In almost all cases Ng = 0o and therefore the decay is subexponential.
In the most important part of the paper we develop the general theory of exponential functionals of Lévy
processes. We recall that for every potentially killed Lévy process £ = (&), the exponential functionals

are given by
€q
1= / e_ftdt,
0

where ¢ is the killing rate and e, is independent of £ exponential random variable. When ¢ = 0 then £ is
with infinite lifetime and ey = co. There is a bijection between the Lévy processes and the set of negative
definite functions W. In fact at least on z € iR

_ 2€1 _ Oj 2 = Y _ 14 _
U(z) = log (E [e ]) = 5% +'yz+/ (e 1 zzyl‘y|§) II(dy) — q.

—00
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In order to have I < oo it is necessary and sufficient that ¢_(0) > 0 for ¢_ in . Then in some
generalized sense we prove that E [I°71] = My(z) solves and it is given by My (z) = ¢_(0)M(z).
As a result of this representation we recover and improve most of the results in the literature concerning
the law of 1. We settle some open problems such as the description of the smoothness of the distribution
of I. We demonstrate that it does depend on Ny and if Ny = oo then the law is infinitely differentiable.
We deduce the asymptotic at infinity for the density of I which basically reduces Doney, R. and Savov, M.
(2010) “The asymptotic behavior of densities related to the supremum of a stable process’, Ann. of Probab.
38, No.1, 316-326, IF: 1.470 and Kuznetsov, A. (2011) “On extrema of stable processes’, Ann. Probab.
39, No.3, 1027-1060, IF: 1.79 to particular cases of this theory. We disciss the small asymptotic, the
moments and series expansions. We also study the asymptotic of the distributions of f(;[ e~Stdt, T — oco.

The methodology is a mixture of probability and complex-analytical techniques backed up sometimes
with normed algebras.

19. Patie, P. and Savov, M., Spectral expansions for generalized Laguerre semigroups, MEMOIRS OF
AMERICAN MATHEMATICAL SOCIETY, 2020+, Pages: 179 pages, IF (2.297 - 2018), Quartile: Q1
(13/214 Mathematics, JCR-WoS), accepted

We provide the spectral expansion in a weighted Hilbert space of a substantial class of invariant non-
self-adjoint and non-local Markov operators which appear in limit theorems for positive-valued Markov
processes. We show that this class is in bijection with a subset of negative definite functions and we
name it the class of generalized Laguerre semigroups. Our approach which goes beyond the framework of
perturbation theory is based on an in-depth and original analysis of an intertwining relation (P,A = AQy)
that we establish between this class and a self-adjoint Markov semigroup whose spectral expansion is
expressed in terms of the classical Laguerre polynomials. As a by-product we derive spectral expansions of
these generalized semigroups, the smoothness properties for the solution to the associated Cauchy problem
as well as for the heat kernel and many other results. Our methodology also reveals a variety of possible
decays, including the hypocoercivity type phenomena, for the speed of convergence to equilibrium for this
class and enables us to provide an interpretation of these in terms of the rate of growth of the weighted
Hilbert space norms of the spectral projections. Depending on the analytic properties of the aforementioned
negative definite functions we are led to implement several strategies which require new developments in
a variety of contexts, to derive precise upper bounds for these norms.
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