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Pe3rome

W3nenBaHeTo pa3KkpuBa €BPHCTUYHA POJISI HA TEOPEMHTE B MATEMaTHYECKOTO
TBOpYecTBO. B Hero ce pasBuBa Te3ara, Y€ OCBEH Karo ,,[PaJHMBEH MaTephal’ Tpu
JI0Ka3BaHE Ha TEOPEMHU U peIlaBaHE Ha 3aJadyd, TEOPEMUTE ca ,,HaJlekJCeH HU3BOp* Ha
HOBU XUIIOTE3HM U TEOPEMHU B MaTeMaTH4eckuTe KypcoBe. Maesra 3a obmus ,,mponsxon
Ha MaTeMaTHUYECKHUTE 3HAHUS MOpaKJa KOHIEHIUATA, Y€ rojisiMa 4acT OT HOBUTE 3HAHUSA
ce MOoJy4aBaT B pe3ylTaT Ha aHAIOTUs W OOOOILIEHHME Ha 3HaHUS, KOUTO BeuYe ca
YTBBPJACHU (Upe3 JT0Ka3aTeNCTBO). M3cnenBaHeTo HU BpbIIa OTHOBO KBbM KIIaCHYECKaTa
aHAJIOTHSI B TEOMETPUSTA ,,paBHUHA-TIPOCTPAHCTBO, HO pealu3upaHa 4ype3 BEKTOPHO-
aNreOpUYHOTO MOJETHMpaHe, TMOCPEACTBOM CMsHa Ha pasMmepHoctrTta. Ot Qopmanna
TJIe/IHa TOYKa CTPYKTypaTa Ha MOHOTpadusTa € KOMIIO3UPaHa B YUETHPH TJaBH U MO TO3U
HAYMH OTpa3siBa JIOTMKaTa Ha wu3cienBaHeTo. Ho, OT chabppkaTenHa TIIEAHA TOYKA
U3CJEIBAHETO CE€ ChCTOM OT JBE OCHOBHH YacCTH, KOUTO OMXME MOIJHM YCJIOBHO Ja
HapeyeM TeOopeTHYHa 4acT M NpakTU4ecka yacT. B TeopeTHuHaTa 4acT € HaIlpaBeHO
o0eMHsABaHE Ha HJesTa 3a TEOPEeMUTE KAaTO MPOTOTHII HAa HOBM XHIOTE3UW C BUCOKA
CTEIeH Ha NpaBAo00J00HOCT M HJesTa 3a €CTECTBUHUTE €BPUCTUYHU BH3MOXKHOCTH Ha
BEKTOPHO-AITEOPHYHOTO MOJIENIMpPaHe B reoMeTpusAra. ToBa oOeAMHSBAaHE IOBENE /IO
M3BEX/IaHe M (OPMYNIMpaHe Ha CTpATeTHs 3a ,,eBPUCTHYEH MPEXoa OT paBHHHATA KBM
MIPOCTPAHCTBA C TPH M MOBEYE U3MEPEHUS Upe3 ,,HaArpaXkaaHe  Ha paBHHUHHU TEOPEMHU U
MOCTPOsIBAaHE HAa TEXHH MPOCTPAHCTBEHU aHAJO3W. B mMpakTHdeckaTta yacT € HarpaBeHa
anpoOarys Ha XUIoTe3aTa U MOTBBP/IeH e(peKTa Ha TEOPETUYHO U3BEJIeHaTa CTpaTerus 3a
(dbopMmynHMpaHe Ha XUIIOTE3U BbPXY TeOpeMaTa 3a JIMLE Ha YeTUPUBI'BIHUK OT YUMITUITHUS
Kypc mo reomerpus. B Tpera rmaBa ca HampaBeHH 000OIIeHHMs Ha TeopemMaTra U ca
dbopmynMpaHu M JOKa3aHW HOBU TEOPEMH, CBBP3aHU C OKTAEAbpPa, PasrieKIaH KaTo
MIPOCTPAHCTBEH aHAJIOT HA YeTUPUBI'BIIHUKA. B yeTBbpTaTa 4acT ca HalpaBeHH YCIICITHH
OIUTH 3a ,,u371a3‘ B MPOCTPAHCTBA C TPU W MOBEYE M3MEPEHHUs. 3a IIeTa ca BHBEICHH
HOBH TIOHSTHS KaTO €JeMEHTapHa M JUaroHajHa TOYKOBa KOH(UTYypalus — aHajIo3HW Ha
MOHATHUATA TPUBIBIHUK (TETpaeabp) W YETUPUBI'BJIHUK (OKTaeabp). Chlo Taka ca
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(dbopMynpaHy U TOKa3aHU TEOPEMH 3a MHBAPUAHTU Ha TOYKOBU KOH(PUTYpALlU — aHAJIO3U
1 0000IIeHNs Ha MOHATUATA JIMIE U 00eM (TPUBI'BIHUK-TETPACAbp U YETUPUBIBIHUK-
okTaenwp).B kpas Ha nzcneaBaHeTo € HanpaBeHa pedIeKCusl BbPXY MPUIIOKHATA YacT Ha
MOHOTrpadusTa U € YCTAaHOBEHO, Y€ eTamuTe, Mpe3 KOWTO ca MUHABaJIM MHCIUTE Ha
aBTOPUTE MPU OTKPUBAHE U U3CJIE/IBAHE HA TEOpEMATa 3a OKTaeabpa ca CXOHU C €TAIIUTE
3a pa3BUTHE HAa MUCJIIOBHHUTE YMEHHUS MPU M3ydaBaHE Ha OMpeJieiieHa MaTepusi, ONMCaHU
OT ncuxoJiora birym.

Summary

The research reveals a heuristic role of theorems in mathematical creativity. It
develops the thesis that apart from being a "building material” in proving theorems and
solving problems, theorems are a "reliable source” of new hypotheses and theorems in
mathematical courses. The idea of the general "origin™ of mathematical knowledge gives
rise to the concept that much of the new knowledge is obtained as a result of analogy and
generalization of knowledge that has already been confirmed (by proof). The study brings
us back to the classical analogy in geometry "plane-space”, but realized through vector-
algebraic modeling, by changing the dimension. From a formal point of view, the
structure of the monograph is composed in four chapters and thus reflects the logic of the
study. But, from a substantive point of view, the study consists of two main parts, which
we could conditionally call the theoretical part and the practical part. The theoretical part
combines the idea of theorems as a prototype of new hypotheses with a high degree of
plausibility and the idea of the natural heuristic possibilities of vector-algebraic modeling
in geometry. This unification led to the derivation and formulation of a strategy for a
"heuristic transition” from the plane to spaces of three or more dimensions by
"upgrading™ plane theorems and constructing their spatial analogues. In the practical part
the approbation of the hypothesis is made and the effect of the theoretically derived
strategy for formulating hypotheses on the theorem for a quadrilateral face from the
school course in geometry is confirmed. In the third chapter generalizations of the
theorem are made and new theorems related to the octahedron, considered as a spatial
analogue of the quadrilateral, are formulated and proved. In the fourth part, successful
attempts were made to "exit" in spaces with three or more dimensions. For this purpose,
new concepts have been introduced as an elementary and diagonal point configuration -
analogues of the concepts triangle (tetrahedron) and quadrilateral (octahedron). Theorems
for invariants of point configurations - analogues and generalizations of the concepts face
and volume (triangle-tetrahedron and quadrilateral-octahedron) are also formulated and
proved. At the end of the study a reflection was made on the applied part of the
monograph and it was found that the stages through which the authors went through the
discovery and study of the octahedron theorem are similar to the stages of development
of thinking skills in studying a particular subject. by psychologist Bloom.
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Pesome

B MHOTO TeOMEeTpUYHM CHTYyalli¥i BH3HUKBAT 33Ja4d, CBBP3aHH C KOJUHEAPHOCT
HAa TOYKM WIH KOHKYPEHTHOCT Ha IpaBd, KOUTO C TIOMOIITA HA €JIEMEHTapHO-
reOMETPUYHU CPEJICTBA YECTO I'bTH CE peIllaBaT BCsKa cama 3a cebe cu. Bekrophara
anrebpa JaBa BB3MOXKHOCT KbM 33Ja4yuTe OT IOCOYECHHS THUI Jla C€ MOIXO0XKIa
CTaHJIaPTHO, Ja ce M30erHaT JOMbIHUTEIHU MOCTPOCHHUS, B PE3yNITaT Ha KOETO B MHOTO
Cllydad 3aJjaudTe ce MPeBbpIIAaT B OOMKHOBEHO MpHIIOKEHHE Ha BekTopuTte. Llenra Ha
MoHoOrpadusTa € Ja MOKaXke Ta3h BB3MOXKHOCT C€aMO ChC cpeiacTBara Ha aduHHATa
BEKTOpHA anreOpa, KOETO s MPaBU NMPHIOKKAMA U B YYHIUIIHA KypCOBE MO T€OMETPHSI.
N3cnenBanero ce cbeTou OT ABe yacTu. [IppBaTa yact urpe nmoAroTBUTENHA POJsS U UMa
3a [en J1a MpeUIoKd METOJMKa 3a (hopMupaHe Ha yMEHHs 3a padoTa ¢ BEKTOPUTE TPH
pelraBaHe Ha 3a7add OT KOJHMHEAPHOCT M KOHKYPSHTHOCT Ha TpaBH. MaTepuainbT €
nmpenctaBeH moj (opmara Ha 3aJadM W TEXHUTEC BEKTOPHHM pEIICHUsS. 3aJaduTe ca
CUCTeMAaTHU3HpaHU W TOJPENeHW B JUJAKTUYECKH CHCTEeMH Ha MpUHIMNA ,,337a4U-
KoMroHeHTH . OuepTaHM ca JBa OCHOBHHM €Tamna Ha Ipolieca Ha GpopMupaHe Ha YMEHHS
3a paboTa ¢ BEKTOpHTEe — 03 M3MOJ3BaHE Ha MOHATHETO 0a3a W C HW3MOI3BaHE Ha
MOHATHETO 0a3a. Bceku oT eranuTe € pa3ziesieH Ha MoJeTanu, ChoOpa3HO METOIUYECKUTE
pa3bupaHus Ha aBTOPUTE 3a IIOCTENIEHHOCT IIPpM HapacTBaHE Ha CIIOXKHOCTTa U
TPYAHOCTTA Ha 3a7aduTe. MeroaukaTa, MpeajaoKeHa B IbpBaTa 4acT Ha MOHOrpadusra
MOJKE C ycIex Ja ObJie Mpujlarana OT YYUTENs B 4aCOBETE M0 3aIbJIKUTENIHA IOITOTOBKA,
(axo ydyeOHaTta mporpamMa My OCUTYypsiBa HEOOXOAMMOTO yueOHO Bpeme). BbB BTOpara
4acT Ha MOHOTpadusaTa U3CIEIBAHUATA 110 TEMaTa KOJWHEAPHOCT U KOMIUIAHAPHOCT Ce
HacoyBaT KbM TeopeMuTe Ha Menenaii u Ha YUeBa B mpocTpancTBoTO. ([locerammnure
M3CNe/IBaHWsI B Ta3W HAcoka ca TpPaBeHM upe3 BBbBEXKAaHE Ha OapUIEHTPUYHU
KOOpJIMHATH U BEKTOPHO MPOU3BEICHNE — MATEMAaTUYECKH HHCTPYMEHTApUYyM, KOUTO HE
€ ToIxonam 3a y4YuJauIiHu KypcoBe) C momMomira Ha BEKTOpHa anredpa, camMo Ha
OCHOBaTa Ha aduHHUTE omnepauuu (06e3 H3MOJ3BaHE Ha METPUYHHM OMNEepaluu) ca
JIOCTUTHATH MPOCTPAHCTBEHU aHAJIO3M HAa TeopeMuTe Ha MeHnenaii u Ha YeBa. Chuio Taka
€ YCTaHOBEHO BEKTOPHO, Y€ aKO ChILECTBYBa O0IaTa TOUKa Ha 4YeBHMaHUTE (ITbpBa TOUKa



Ha Yesa), TO chllecTBYBa M 001aTa TOUka Ha TpaHchep3anuTte (BTopa Touka Ha Yera) u
obpatHo. U3BeneHa e ¢popmyria 3a pamuyc-BeKTopa Ha Toukata Ha YeBa. MoHorpadusra
€ TMpenHa3HA4YeHA 3a YYHUTENM 110 MaTeMaTHKa W YYCHHIU-OBJCIIN CTYIEHTH IO
MPUPOIO-HAYYHUTE CHCIIHATHOCTH.

Summary

In many geometric situations, problems arise related to the collinearity of points
or the competitiveness of lines, which with the help of elementary-geometric means are
often solved on their own. Vector algebra makes it possible to approach problems of this
type in a standard way, to avoid additional constructions, as a result of which in many
cases the problems become a simple application of vectors. The aim of the monograph is
to show this possibility only by means of affine vector algebra, which makes it applicable
in school courses in geometry. The study consists of two parts. The first part plays a
preparatory role and aims to propose a methodology for the formation of skills for
working with vectors in solving problems of collinearity and competitiveness. The
material is presented in the form of problems and their vector solutions. The tasks are
systematized and arranged in didactic systems on the principle of "tasks-components".
Two main stages of the process of forming skills for working with vectors are outlined -
without using the term base and using the term base. Each of the stages is divided into
sub-stages, according to the methodological understandings of the authors for gradual
increase in the complexity and difficulty of the tasks. The methodology proposed in the
first part of the monograph can be successfully applied by the teacher in the compulsory
preparation classes (if the curriculum provides him with the necessary study time). In the
second part of the monograph, research on the topic of collinearity and coplanarity
focuses on the theorems of Menelaus and Cheva in space. (Previous research in this
direction has been done by introducing barycentric coordinates and vector work -
mathematical tools that are not suitable for school courses) With the help of vector
algebra, only on the basis of affine operations (without the use of metric operations) are
achieved spatial analogues of the theorems of Menelaus and Cheva. It is also established
vector that if there is a common point of the Chevians (first point of Cheva), then there is
also a common point of the transfers (second point of Cheva) and vice versa. A formula
for the radius vector of the Cheva point is derived. The monograph is intended for
mathematics teachers and students-future students in natural sciences.



IMoka3aten I'.6. Ctatuu u nokianu, MyONIMKYBaHU B HAyYHU HW3JaHUs, pedepupaHu U
WHJICKCUPAHU B CBETOBHOU3BECTHH 0a3u JaHHU ¢ Hay4YHA WH(OpManus

I.6.1. Croumupo, M., WU. ByroBa, 3anumamennu 3adauu no memama
., Kapmunna canepus “, Marematuka u uapopmaruka, opoit: 6, 2017, ctp.: 626-640,
ISSN (print): 1310-2230, ISSN (online): 1314-8532, Ref
Pe3ome

[Tpenmer Ha craTtusATa € WHAYKTUBHUAT MOAXOJ 33 PEIIaBaHE Ha 3aHMMATEIHU
3a7an, CBbP3aHU C JIBWKEHHE HA CBETJIIMHEH JIbY B HPABOBI'BIIHA TAJIEPUSI C OTJICAATHU
CTEHH, B TPH OT BIJIUTE Ha KOATO ca IOCTaBEHH KapTHHU. Pa3rienanu ca penuna ciydau
U ca MPEICTaBeHH T€OMETPUYHHM pEIIeHUS Ha TpH TPyNH 3amadd. B pesynrar Ha
TE€OMETPUYHU TIOCTPOCHHUSI ca ChOpaHW JNaHHHM (M3CIIEIBAHH Ca TaJepUuu C Pa3IHIHH
pa3MmepH), YCTAaHOBEHHU Ca 3aKOHOMEPHOCTH U ca (GopMmylupaHu u3Boau (xunoresu). Ha
OCHOBATa Ha M3BEJICHUTE 3aKJIIOYCHUS MOTaT Ja ObJaT MPOTHO3MPAHM TPACKTOPHITA Ha
CBCTJIMHHUA JIbY, 6pO$IT Ha HCTOBUTC OTPAKCHHA U HOMCPBHT Ha OCBCTCHATA KapTUHA. B
METOJIOJIOTHYHO OTHOLICHUE U3CJICBAHETO € MPOIBIDKEHHE Ha TCOMETPUYHHS METOJ Ha
[Tepenman 3a pemaBane Ha 3a1a4aTta Ha [Toacown.

Summary

The subject of the article is the inductive approach to solving entertaining tasks
related to the movement of a light beam in a rectangular gallery with mirrored walls, in
three of the corners of which are placed paintings. A number of cases are considered and
geometric solutions of three groups of problems are presented. As a result of geometric
constructions, data were collected (galleries of different sizes were studied), regularities
were established and conclusions (hypotheses) were formulated. Based on the
conclusions, the trajectory of the light beam, the number of its reflections and the number
of the illuminated picture can be predicted. Methodologically, the study is a continuation
of Perelman's geometric method for solving the Poisson problem.



I'.6.2. Jlanues, 3., M. Bopbanosa, U. ByroBa, Apummemuuern unu aneeopuuen
Memo0 npu peuwiasare Ha 3a0ayu 8 HA4aIHama Y4uluwHa mamemamuxa, Matematuka u
undpopmaruka, opoit: 1, 2016, crp.: 11-28, ISSN (print): 1310-2230, ISSN (online):
1314-8532, Ref

Pe3rome

Ilenta Ha HacTOAIIATA CTATUS € Jla O4YepTae IPAHUIUTE HA MATEMaTHYECKOTO
,,TIOKpUTHE  Ha apUTMETUYHHTE METOJIM 32 pPEIllaBaHEe Ha 3a/Ja4i OT HAYaJHHs KypC IO
Matematuka. ChIIO Taka Ja OTrOBOPH Ha BBIPOCAa B KOHM CIy4aW MOJCIHTE Ha
KJIacCMYecKaTa METOJMKAa Ha YyJYWIWIIHATA apUTMETHKAa ca ,,0€3CHIHH M 10 Ta3|
NpUYMHA € HEOOXOTUMO Jia Ce MOTHPCH ,,JIOMOII  OT METOJUKATa Ha YYHIIUIIHATA
anreOpa. Kazano mo apyr HaumH, menTa € Ja ce MOKaXKe KOora anreOpuYHUAT MOAX0/] 32
peiiaBaHC HA apUTMETUYHH 3a1a4U € JIOTUICCKHU Hen30eKEH UM TEXHUYECKU OoIpaBaaH.
Ha ocnoBata na MZ-kaprata Ha 3amadyata aBTOopuTe (OpMyIupaT KpuUTEpHil 3a
HEO0OXOIMMOCT OT BBBEXKJAaHE HA HEM3BECTHO M M3IIOJ3BAHE HA MATEMATHYECKUA MOJET
OT CBhCTaBHHM YypaBHCHUs IpU peEIIaBaHE Ha APUTMETHYHU 3a/layd OT HayallHaTa
YYWIMIIHA MaTeMaTHKa.

Summary

The purpose of this article is to outline the boundaries of the mathematical
"coverage" of arithmetic methods for solving problems in the initial course of
mathematics. Also to answer the question in which cases the models of the classical
methodology of school arithmetic are “"powerless” and therefore it is necessary to seek
"help" from the methodology of school algebra. In other words, the aim is to show when
the algebraic approach to solving arithmetic problems is logically unavoidable or
technically justified. Based on the MZ-map of the problem, the authors formulate a
criterion for the need to introduce the unknown and use a mathematical model of
compound equations in solving arithmetic problems in primary school mathematics.



I'.6.3. Bvpbanora, M., 3. Jlamue, U. ByroBa, Enemenmapnu apummemuunu
saoauu.Cmpykmypa u mamemamuyecku mooen. Knacugpuxayus. Texcmosu 3adauu,
MaremaTrika U uHpopmaruka, opoii: 3, 2015, crp.: 231-250, ISSN (print): 1310-2230,
ISSN (online): 1314-8532, Ref

Pe3rome

Pa3paboTrkara e chcpenoTodeHa BHPXY €IEMEHTAPHUTE apUTMETHUYHU 33Jla4d B
HayaJHaTa YYWJIMIHA MaTeMaTuKa. 3a TEOPETUYHHU U MPAKTUUECKH LIeJIU € MPeJI0KeHa
LAeQUHUIM® Ha TIOHATHETO eJEMEHTapHa apuUTMETHYHa 3ajJaya U € BbBeleHa
KaTeropusita CTpyKTypa Ha 3ajgadyata. Ha ocHoBara Ha ,,cichK™ OT 12 BHaa 3amgayu €
HampaBeHa JIOTUKO-MaTeMaThyecka KiacHu(pUKalus Ha eJIeMEHTApHUTE apUTMETHUYHU
3a/auM, B KOSITO ca oOxBaHatu 24 kiaca. Bceku kiac e mpelncTaBeH 4pe3 KOHKpPETeH
MpUMeEp, B KOMTO ca MOKa3aHU CTPYKTYPHHUTE U MAaTeMaTUYECKUTE MOJENIM Ha 3ajayara.
MatemMaTHuecKUTe U MPAKTUICCKUTE 3a]a9d ca pasriie/laHu B €IUHCTBO. Pa3zpaboTkara e
OTpaXCHHE HA KOHCTPYKTHBUCTKH TIOAXOJ B OOYYCHHETO 10 MaTeMaTHKa W
MpEACTaBIsiBA IBPBH €Tall OT M3CIeABaHE MO Temara ,,ApUTMETUYHUTE 3a7a4yd B
HayaJHaTa yYWIMIIHA MaTeMaThKa.

Summary

The development focuses on elementary arithmetic problems in primary school
mathematics. For theoretical and practical purposes, "definitions™ of the concept of
elementary arithmetic problem are proposed and the category structure of the problem is
introduced. Based on a "list* of 12 types of problems, a logical-mathematical
classification of elementary arithmetic problems is made, which covers 24 classes. Each
class is presented through a specific example, which shows the structural and
mathematical models of the problem. Mathematical and practical problems are
considered in unity. The development is a reflection of the constructivist approach in the
teaching of mathematics and represents the first stage of research on the topic
"Arithmetic problems in primary school mathematics".



I'.6.4. Jlamues, 3., M. Bop6anosa, . ByToBa, /[sa nooxooa 3a usyuasane ua
VDABHEHUsI 8 HAYAIHAMA YYUIUWHA Mamemamuka, MateMaTuka u nHpopMaTuka, Opoii:
5, 2014, ctp.: 502-518, ISSN (print): 1310-2230, ISSN (online): 1314-8532, Ref

Pe3rome

ABTOpHUTE BBBEKIAT IOHATHETO APUTMETHYHO YpaBHEHHWE M IIOKa3BaT, 4Ye
CHILIECTBYBA B3aMMHO €IHO3HAYHO CHOTBETCTBHE MEXIY €JIEMEHTAPHUTE apUTMETUYHU
yYpaBHEHUS U €JIEMEHTAPHUTE apUTMETHYHU MpeoOpa3yBaHusl, IPH KOSTO HA IpaBHIIaTa
3a HAMHUpaHE Ha HEU3BECTEH KOMIIOHEHT CBOTBETCTBAT OOpAaTHUTE apTMETHUYHU
npeoOpasyBanus. Ha ocHoBaTa Ha TOBa CHOTBETCTBHE CE€ MPAaBU MaTEMATHUYECKH U
METOJIMYCCKU Tapajiel MKy TPAJAUIMOHHUS METOJ HAa HEM3BECTHHS KOMIIOHGHT W
METOZa Ha apUTMCTHYHHTE IpeoOpasyBaHusi (MHBEPCHSTA) 3a pellaBaHe Ha CHhCTaBHH
ApUTMETUYHH YPaBHEHUS B HayaJlHATA y4YHIIMIIHA MaTemaTtuka. [lomdepraBa ce, ue mpu
METOJIa Ha HCEM3BECTHUS KOMIIOHEHT HEU3BECTHOTO CE€ HaMmHupa B ,,IEHTBhpA™ H
PEIICHHUETO Ce OCBIIECTBSIBA 4pe3 ,,ABM)KCHHE OT nepudepusara KbM HeHThpa™. Jlokaro
IIPU METOJIa Ha WHBEPCHUATA HEU3BECTHOTO CE HAMHUpPA B ,,HAYAIOTO M PEIICHUETO Ce
OCBIIECTBSIBA 4pe3 ,,ABM)KCHHE OT Kpas KbM HadayoTo™“. OT mMaremarhyecka IiegHa
TOYKA JBaTa TMOJXOJa Ca PAaBHOCTOWHH, HO OT METOJUYECKa TJIeAHA TOYKA METOABT Ha
WHBEpPCHATA € 3a TPEAIOYUTaHe, 3alloTO HEroBUTE ,,CTBIKU Morar jaa Obaar
BU3YAJIM3UPAHU 4pe3 ,,BepPIIKHA JuUarpama’™ W 1o TO3M HaYMH MMa IO0-HUCKA CTEICH Ha
abcrakus.

Summary

The authors introduce the concept of arithmetic equation and show that there is a
mutual correspondence between elementary arithmetic equations and elementary
arithmetic transformations, where the rules for finding an unknown component
correspond to the inverse arithmetic transformations. Based on this correspondence, a
mathematical and methodological parallel is made between the traditional method of the
unknown component and the method of arithmetic transformations (inversion) for solving
compound arithmetic equations in primary school mathematics. It is emphasized that in
the method of the unknown component the unknown is in the "center" and the decision is
made by "moving from the periphery to the center". While in the inversion method the
unknown is at the "beginning" and the decision is made by "moving from end to
beginning”. From a mathematical point of view, the two approaches are equivalent, but
from a methodological point of view, the inversion method is preferable because its
"steps” can be visualized by a "chain diagram™ and thus have a lower degree of
abstraction.



I.6.5. Jlamues, 3., WU. 3npaBkoBa, Teopema na UYesa 3a mempaeowp,
MaremaTrka u uHpopmaruka, opoii:4, 1999, crp.:31-38, ISSN (print):1310-2230, ISSN
(online):1314-8532 —

Pe3rome

3amadaTta 3a KOHKYPEHTHOCT Ha JIBE WJIM TI0BEYE MPABU € Ba)KHA 3aj[ada HE CaMo
3a HayKaTa reOMETpUs, HO M 32 YUWIHMIIHHTE KypcoBe Mo reomerpus. OT Teopemara Ha
Yesa 3a TpUBI'BIIHUKA IPOU3THYAT KAaTO CJICICTBUSI MHOTO TEOPEMH, CTAHAIH KIIACHUECKU
B IUIAHUMETpHsATa. TBH KATO BPB3KUTE MEXKIYy T€OMETPHUYHUTE TOHSATHS, KOWTO
Teopemata Ha YeBa 3acsira ca ChILECTBEHU, TO €CTECTBEHO € JIa C€ 0YaKBa, 4e Teopemara
MoXe Ja Obse ob6obOmaBana. M neiicTBUTENTHO, OTKPUTH ca MPOCTPAHCTBEHU aHAJIO3M Ha
TeopeMara, Ho (pOpMyIMPOBKUTE U JOKA3aTeJICTBaTa ca HAIPaBEHH ChC CPENICTBA, H3BBH
yMIIAIITHATA MateMaTuka. [1o To3n Ha4MH Te OocTaBar JOCTHITHU CaMO 32 MaTEMATHIIH-
npodecnonanuctu. [Ipe3 1979 r. npod. I'. Cranusos, ot TpubyHaTa Ha KOHPEpEHIUATA
Ha Cprlo3a Ha wMarematuiuTe B bearapus mnocraBs 3ajadara 3a HaMmHpaHe Ha
MPOCTPAHCTBEHU aHaJ03W Ha Teopemara Ha YeBa, ¢ MOMOINTAa CaMO Ha BEKTOPHH
Cpe/icTBa, BKIIOYCHM B YYWJIMINHUS Kypc MO MaremaThka. Hacrosmiara pabGota e
MPOBOKMpaHa OT 3aaayata Ha CraHuioB. B Hes e HampaBeH ycHelleH ONUT Ja ce
MpEJCTaBAT JBETe Teopemu Ha YeBa 3a TeTpaenbp (Teopemara 3a oOmiara TOYka Ha
YeBHAaHUTE W TeopeMaTa 3a oflara TOYKa Ha TpPAaHCBEp3aJHWTE) C MOMOINA CaMoO Ha
aduHHU omepanuu ¢ BekTopu. [locmenHoTo mpaBu TeopemuTe Ha UeBa MOKazyeMu U
caMO C MaTeMaTHYECKH CPEJICTBA OT YYHJIUIIHHS KypC 1O MaTeMaTHKa. EJIUHHUST
MOJXOMA, W3MOJ3BaH TMPH H3JIOKEHHETO Ja JOoKa3aTelcTBaTa II03BOJIsABA JieCHA
CPaBHMMOCT Ha pe3yNTaTHTe M ycTaHOBaBaHEe Ha (akTa, ye mbpBaTa Touka Ha UeBa u
BTOpaTa Touka Ha YeBa CHBMAjaT, T.€. Y€ CTaBa Jyma 3a JIBa pa3MYHM HAuWHA 3a
Mpe/ICTaBsHE Ha €JHa U ChIlla TOUYKa B KOH(pUTypalusaTa Ha TeTpaeabpa. V3BeneHa e u
dbopmya 3a pagnyc-BeKTOpa Ha Toukara Ha YeBa B TeTpaeabpa.



Summary

The task of competitiveness of two or more lines is an important task not only for
the science of geometry, but also for school courses in geometry. Many theorems that
became classical in planimetry follow from Cheva's theorem for the triangle. Since the
connections between the geometric concepts affected by Cheva's theorem are essential, it
is natural to expect that the theorem can be generalized. Indeed, spatial analogues of the
theorem have been discovered, but the formulations and proofs have been made by means
beyond fictional mathematics. In this way, they remain accessible only to professional
mathematicians. In 1979, Prof. G. Stanilov, from the rostrum of the conference of the
Union of Mathematicians in Bulgaria, set the task of finding spatial analogues of Cheva's
theorem, using only vector tools included in the school course in mathematics. The
present work is provoked by Stanilov's task. In it, a successful attempt was made to
present Cheva's two tetrahedron theorems (the Chevian common point theorem and the
common point theorem for transversals) using only affine vector operations. The latter
makes Cheva's theorems provable and only with mathematical means from the school
mathematics course. The uniform approach used in the exposition of the evidence allows
easy comparability of the results and establishing the fact that the first point of Cheva and
the second point of Cheva coincide, ie. that these are two different ways of representing
the same point in the tetrahedron configuration. A formula for the radius vector of the
Cheva point in the tetrahedron is also derived.
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IMoka3zaten I'.7. CtaTuu u noKJIaau, MyOIMKyBaHU B HepedepupaHu CIIMCaHUs C HAYYHO
pe3elieHIpane Win MyOJuKyBaHU B peAaKTUPaHU KOJIEKTUBHH TOMOBE

I'.7.1. Jlanues, 3., M. BepOanosa, U. 3apaBkoBa, Kounyenyus 3a cv8peMeHHO
obyueHue nomamemamuka Ha cmyoeHmu — Ovoewu HawarHu yuyumenu, Jloxknaau Ha
100mIeiiHa MexXayHapoaHa KoHpepeHuus ,,CuHepreTuka u peduiekcus B 00y4eHHETo 1o
Marematuka“, baunnoBo, 10-12 centemBpu, 2010, ctp.:409-415, ISBN: 978-954-423-
621-2

Pe3rome

B Hacrosiata pa3paboTka ca mpeicTaBeHd OCHOBHUTE MOMEHTH OT KOHUEMIHUATA
Ha aBTOPUTE 332 CbBPEMEHHO YHUBEPCHUTETCKO OOYy4YEHHE IO MaTeMaTHKa Ha CTYJEHTHU-
Opaem HadanHW yuutend. KoHumenmmusiTa oTa3sBa BIDKAAHUATA Ha aBTOPUTE 3a
XapakTepa Ha MaTeMaTHYECKUTE 3HAHMS Ha CBhBPEMEHHHSA €Tal M METOAMTE Ha
oOyueHHe MO MaTreMaThka Ha OBbJCIIUTEe HaYallHu YYUTENH. APryMEHTHUPAHO €
CTAaHOBUIIIETO, Y€ MATEeMaTHMYECKOTO MOJEIHpaHe € MEeTOA U UHAYKTUBHO-
KOHCTPYKTUBHUS MOAXO0/ € BOJIEHI B MOAX0] B 00y4YE€HUETO 10 MaTeMaTHKa Ha HaYallHUS
yuuten. [logueprano e, ye 00y4eHHeTO Ype3 MpernojaBaHe € Hee(eKTHUBHO HA TO3U eTan
U € HeoOXOAMMO Ja ce€ 3aMEHU ¢ OOyueHHue 4upe3 Mpech3/IaBaHE HA MATEMATUYECKUTE
3Hanus. [Ipemnoxxena e u nHOBaTHBHA (hopMa Ha 00yUEeHUE, HAPEUCHA aKaJJeMHUYCH YPOK.

Summary

This paper presents the main points of the authors' concept for modern university
teaching of mathematics to students-future primary teachers. The concept reflects the
authors' views on the nature of mathematical knowledge at the present stage and the
methods of teaching mathematics to future primary school teachers. The opinion is
argued that mathematical modeling is a method and the inductive-constructive approach
is leading in the approach in teaching mathematics to the primary school teacher. It is
emphasized that teaching by teaching is ineffective at this stage and needs to be replaced
by learning by recreating mathematical knowledge. An innovative form of education,
called an academic lesson, has also been proposed.
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I'.7.2. Lalchev, Z., M. Varbanova, |. Voutova, Perelman’s Geometric Method of
Solving Liquid Pouring Problems, Proceedings of the 6™ Mediterranean Conference on
Mathematics Education, Plovdiv, April 22-26, 2009, pages: 181-190, ISBN: 978-9963-
9277-9-1

Summary

The article presents a method for solving problems for overflow of liquids with
three vessels (Poisson's problem), as the largest vessel with volume c is full, and the other
two, with volumes a and b, are empty and. The method is based on elementary geometric
constructions used by JI Perelman, which are based on the principle of "reflection of the
billiard ball from the walls of a rhomboid mass.” The main research tool is a rhomboid
grid built on a clinogonal coordinate system . The problem situation is modeled
geometrically and the solution of the problem is sought by constructing the trajectory of
the "overflow beam™ on the network. The method is described in detail with the help of
elementary tools of analytical geometry and is presented through concrete overflow
problems. Comments are made in the direction of optimizing the solution. The
development is built on one of the topics of the entertaining mathematics course,
designed for students-future teachers. It can be successfully applied in "school”
conditions, in the classroom.

Pe3rome

B crarusita e mpeinctaBeH METOJl 3a pellaBaHE Ha 3aJadd 3a MpeluBaHe Ha
TEYHOCTH ¢ Tpu chiaa (3amaua Ha [loacoH), Karo Haif-roysiemMus CbJl ¢ 00eM C € IbJIeH, a
apyrute nBa, ¢ obemu a u b, ca mpasum m C>a+b. MerogsT ce OcCHOBaBa Ha
€JIEMEHTapHHU T€OMETPUYHU KOHCTPYKINH, u3nonsBanu ot S. W. Ilepenman, B ocHOBara,
Ha KOMTO C€ HaMupa MpUHIUNA 3a ,,0TpaKEHUE Ha OWIsIpJHATa TONKAa OT CTEHUTE Ha
pombouHa Maca.” OCHOBHHUSIT MHCTPYMEHT Ha W3CIEIBAHETO € pOMOOMIHA MpexKa,
MIOCTPOEHAa BBPXY KJIMHOTOHAlHA KOooJuHaTHa cucrema. IIpobrmemnara cutyauus ce
MOJIETIMpPa TEOMETPUYHO M PEIIEHUWETO Ha 3a7adaTa Ce€ TBbPCH 4Ype3 IOCTPOSIBAHE
TpaeKTopusTa Ha ,,JJbua Ha MpeJiBaHe BbpXY Mpexara. MeTobT € OIUCaH MOJIPOOHO C
IIOMOLITAa Ha €JIEMEHTapHH CPEICTBA OT AaHAIUTUYHATA FEOMETPUS U € MPEACTABEH UpE3
KOHKETHH 33Jiau OT npenuBaHe. HanpaBeHu ca KOMEHTapu B MOCOKA ONTUMHU3MpaHE Ha
pemanuero. Pa3paboTkara e mocTpoeHa BbBpPXY €AHAa OT TEMHTE Ha Kypca IO
3aHMMAaTe]IHa MaTeMaTHhKa, MpelHa3HayeH 3a CTYACHTH-OBbACIIN YUUTEnu. TS YCHelHO
MOXe Ja Oblle NpUJokKeHa U B ,,yUWIMIIHU® YCIOBHUS, B yacaBeTe MO H30Hpaema
MO/ITOTOBKA.
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I'.7.3. Ganchev, I., J. Ninova, I. Voutova, The Reflective Property of Binumeric
Relations, Proceedings of the 5™ Mediterranean Conference on Mathematics Education,
Rhodes, April 13-15, 2007, pages: 567-575, ISBN: 978-960-89713-0-1

Summary

The report examines the role and place of two-part relations in the school
mathematics course. The authors propose a classification of these relations. It is based on
the ideas and theorems for the consolidation of mathematical knowledge, which reveals
the property of "reflexivity" of two-membered relations. Four groups of relations are
formed. Study methods are proposed for each of the groups. Theoretical ideas are
concretized through examples.

Pe3rome

B noxmaga ce pasriexziar pojsiTa M MACTOTO Ha JBYWICHHUTE pejaluu B
YUMJMIIHUAS KypC IO MaTreMaruka. ABTOpUTE Mpeajarar kKiacudukamuss Ha Te3U
penauuu. Tg ce ocHOBaBa Ha HJAEUTE M TEOPEMUTE 3a 3aTBbPXKIABAHETO Ha
MaTeMaTHYECKUTE 3HaHUS, KOUTO pa3KpuBa CBOWCTBOTO ,,pe(hJIEKCHBHOCT Ha
nBywieHHUTe penanuu. OQopMeHH ca 4eTHpH TPYINU pelanuu. 3a BCsiKa OT TPYIUTE ca
MpeIIOKEH! METOAM 3a H3ydyaBaHe. TEOopeTHUHHUTE HAEU Ca KOHKPETU3HPAHU upe3
MIpUMEpH.

I'.7.4. Lalchev, Z., M. Varbanova, |. Zdravkova, Vectors as a Basis of Subject
Interrelations in School Mathematics, Proceedings of International Conference on
Mathematics Education, Svishtov, June 3-5, 2005, pages: 104-109, ISBN: 954-8880-21-0

Summary

The report promotes the idea that vectors can be the basis for making
interdisciplinary connections through mathematics education. For this purpose, tasks
from the school courses in algebra, geometry, physics, chemistry and practical tasks are
presented, the solutions of which pass through vector-algebraic models. It is shown that
vector algebra allows for a new type of mathematical modeling and discovery of new
interdisciplinary connections in the natural sciences studied in high school.

Pe3rome

B noknmama ce maHcupa wupaesTa, 4e BEKTOpUTE MoraT OBJaT  OCHOBa 3a
OCBILECTBSIBAHE Ha MEXIYNPEIMETHH BPB3KH 4Ype3 OOYYEeHHETO MO MaTeMaTuka. 3a
[eNiTa ca TMPEICTaBeHM 3aJa4d OT YYHWJIMIIHUTE KypcoBe IO anredpa, TeoMeTpus,
¢u3nka, XUMHA M TPAKTUYECKH 337a4yd, YMHTO pEIIEHUs] MUHABAaT IMpPe3 BEKTOPHO-
anreOpuuHu mMozenu. [lokazaHo, ye BeKTOpHaTa anredpa JaBa Bb3MOXKHOCT 3a HOB THII
MaTeMaTHYeCKO MOJIeIMpaHe M pa3KpUBaHE HAa HOBU MEXAYNPEAMETHU BPB3KU B
MPUPOJIOHAYYHUTE TUCIUILTUHY, U3yYaBaHU B CPEAHOTO YUHITUIIIE.
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I'.7.5. Jlanues, 3., M. Bep6anosa, U. 3apaBkoBa, /Ipecrieo na mamemamuxkama u
Mamemamuyeckomo obpaszosarnue 6v6 Buzanmus, Ilenaroruka, 6poii:12, 2004, ctp.:85-

100, ISSN (print):0861-3982
Pe3rome

['onemuaT MmaremMaTuk M UCTOPUK Ha MaTeMatukata Bau nep Bapaen, npe3 1954
. B Kpas Ha CBOSITa 3HAMEHHTA KHUTA [0 MCTOPHs Ha MaTeMaTHkaTta ,,IIpoOyxnama ce
HayKka®, cjeJl KaTo CIOMEHaBa 3a MOCJIEIHHUTE MOCTHKEHUS Ha eIMHCKaTa MaTeMaTHKa
npe3 IV u V Bek mmme: ,,Cieq Te3u NOCICTHH CBETIMHM IUIAMBKBT Ha TpbIKATa
MaTeMaTHKa yracHajl Kato jorapsia ceenl.” Ho, namu ydeHHST MMa MpaBo Ha TaKaBa
KaTeropu4yHa oIeHka. [lociemHuTe mnpoyuBaHUs BBPXY HCTOpHATAa Ha HayKaTa H
00pa3oBaHUETO pa3KpuBaT (aKTH, KOUTO HE CE BIUCBAT B OOIIONpPHUETATAa B MCTOPHUATA
KapTHHA Ha BH3aHTUHCKaTa MaTeMaTHKa M MaTeMaTH4ecKo 0Opa3oBaHUE U B U3BECTCH
CMHUCBJI OIpOBepraBar TBbpACHMETO Ha Ban nep Bapaen. lLlenrta Ha Hacrosmara
pa3paboTKa € J1a HalpaBU KPaThK MpErJie] Ha BU3aHTHICKaTa MaTeMaTHUKa U J1a TIOKaXe,
4ye OrbHAT Ha JPEBHOTPBILKATA MAaTEeMaTHKa FOPH M IPe3 CIEABALINTE XWIAAa TOAWHU.
BusanTumiickara wmareMaTHuecka IIKOJIAa HE caMO € Haclequia | 3ama3uia
JPEBHOTPBIIKATA MaTeMaTHYeCKa MHUCHI, HO € OKa3aja CHJIHO BJIHMSHUE M BBPXY
MaTeMaTHUYECKUTE 3HAHUS Ha Hapomute oT M3rouna EBpoma, B TOBa 4YHMCIO M HO
ObJTapuTe.

Summary

The great mathematician and historian of mathematics VVan der Warden, in 1954 at
the end of his famous book on the history of mathematics "Awakening Science", after
mentioning the latest achievements of Hellenic mathematics in the IV and V century wrote:
"After these last lights the flame of Greek mathematics extinguished like a burning
candle.” But whether the scientist has the right to such a definite assessment. Recent
research on the history of science and education reveals facts that do not fit into the
generally accepted picture of Byzantine mathematics and mathematical education and in a
sense refute the assertion of VVan der Warden. The aim of the present study is to give a brief
overview of Byzantine mathematics and to show that the fire of ancient Greek mathematics
burned for the next thousand years. The Byzantine school of mathematics not only
inherited and preserved the ancient Greek mathematical thought, but also had a strong
influence on the mathematical knowledge of the peoples of Eastern Europe, including the
Bulgarians.
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I.7.6. ByroBa, W., OGem Ha okraenbp, MaTemMaTuka W MaTEMaTHYECKO
obpasoBanue, [loknaau Ha Tpumecer u Tpeta nposietHa koHpepennus Ha CMb, boposerr,
Ampun 1-4, 2004, ctp.:301-305, ISBN: 954-8880-17-2

Pe3rome

B npencraBenara cratusi € H3JI0KSH HETPAJAUIIMOHCH HAYMH 32 HAMUPaHe oOeMa Ha
OKTaenbp. 3a menta € QopMyaupaHa W JOKa3zaHa HOBA CTEpeoOMETpUYHa Teopema. B
JI0KAQ3aTEJICTBOTO Ca U3IOJI3BAaHU €JIEMEHTApHU PE3YyITaTH OT aHAJTUTHYHATA TeOMETpUs U
nuHeiHara anredpa. JlokasaHara Teopema JaBa Bb3MOXKHOCT 00€MBbT Ha OKTaeabpa (U Ha
JIpyrd MHOTOCTEHH) JAa ObJe HW3UMCIsIBAH HEMOCpPeACTBeHO (0e3 IomblBaHe WU
pazbuBaHe). 3a menTa € JOCTaThYHO Ja C€ HaMepu obema Ha TeTpaeabp, YHHTO
OTIPEIEIAIIN BEKTOPH Ca 33/1aJICHU OT JAMArOHAJIMTE Ha OKTaeabpa. MarepuarbT MOXE Jia
ObJIe TIPEIO/IaBaH B YUMIIHUINA ChC 3aCHIICHO M3yJYaBaHE HA MAaTEMaTHKa.

Summary

The presented article presents an unconventional way to find the volume of an
octahedron. For this purpose, a new stereometric theorem is formulated and proved. The
proof uses elementary results from analytic geometry and linear algebra. The proven
theorem allows the volume of the octahedron (and other polyhedra) to be calculated
directly (without addition or division). For this purpose, it is sufficient to find the volume
of a tetrahedron whose defining vectors are given by the diagonals of the octahedron. The
material can be taught in schools with intensive study of mathematics.
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I'.7.7. BepbanoBa, M., 3. Jlamues, U. ByroBa, Husepcusma — memoo 3a pewasare
Ha 3a0ayu 6 YuUIUWHus Kypc no mamemamuxa, Ilpeau3BukareincTBata Ha
MH(POPMAIIMOHHOTO OOIIECTBO Mpe] CTaTUCTHKaTa M MareMarukaTa — BeK XXI, CBUIIIOB,
Oxromepu 16-18, 2003, ctp.:371-377, ISBN: 954-23-0158-8

Pe3rome

MeToabT Ha MHBEpPCUATA 3a pEIIaBAHE HA ApUTMETUYHHU 3a/add € MO3HAaT Ha
unauiinure ome ot V Bek. Ilpu Hero pascbkaeHHsTa BHPBAT ,,0T Kpasi KbM HAyaJlIoTO™ .
Ta3u cxema ce mobnmxkaBa A0 cxemara Ha [lam, HO ¢ Ta3u pas3nuka, ye HE C€ OTKPUBAT
JOCTaThbUHU YCIIOBUSI 32 BEPHOCTTa Ha OTIEIHUTE TBBPACHUS, a IMOCJIECIOBATEIHO B
oOpateH peJ ce mpujiarat JeicTBUs, 0OpaTHU Ha TE€3H, ONMCAHH B TEKCTa Ha 3a/1a4yara. 3a
YCHELIHOTO MPUJIOKEHNE HA UHBEPCUSITA B YUMIIMIIE KaTO METO/I 3a pellaBaHe Ha 3a1a4u
€ HeoOXoquMO M TeopeTHyHa OOOCHOBKAa Ha Merojga. B HacTosmara paborta ce
apryMeHTHpa IOCTaHOBKaTa, Y€ CHIIHOCTTa Ha MHBEPCHUTA C€ HAMHUpPa B apUTMETUHUTE
npeoOpasyBanusi. [IpaBu ce TeopeTHyeH Mperyie]] Ha eJIEMEHTApHUTE apUTMETHYHH
npeoOpa3yBaHus M C€ YTOUHSABAT TEXHUTE OOpaTHU mnpeoOpa3yBaHus. ChCTaBHUTE
npeoOpa3yBaHus ce pas3riekIaT KaTo KOMIIO3LUHU Ha eeMeHTapHu. [IpennoskeH e HAaUuH
3a TpadUYHO MpEACTaBsIHE Ha ChCTaBHUTE MpeoOpa3yBaHUs 4pes3 ,,BEpPIrKHA Juarpama‘
OT KBaJpaTueTa M cTpenku. HampaBeH e u onuT 3a kiacuduKkaius Ha TEKCTOBH 3a/1a4yH,
YUUTO MaTeMaTUYeCKd MOJEN € KOMIIO3ULHUS OT AapUTMETHYHHM IIpeoOpa3yBaHUs.
PazpaboTtkara e HacOYeHA KbM YUHUTEINS B HAUAITHUTE KJIACOBE.

Summary

The method of inversion for solving arithmetic problems has been known to
Indians since the 5th century. With him, the reasoning goes "from end to beginning."
This scheme is close to Pap's scheme, but with the difference that not sufficient
conditions are found for the accuracy of the individual statements, and consequently in
reverse order are applied actions opposite to those described in the text of the problem.
The successful application of inversion in school as a method for solving problems
requires a theoretical justification of the method. In the present work the statement that
the essence of the inversion is in the arithmetic transformations is argued. A theoretical
review of the elementary arithmetic transformations is made and their inverse
transformations are specified. Composite transformations are considered as compositions
of elementary ones. A way to graphically represent composite transformations using a
"chain diagram" of squares and arrows is proposed. An attempt is made to classify text
problems, whose mathematical model is a composition of arithmetic transformations. The
development is aimed at the teacher in the primary grades.
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I'.7.8. Bwopb6anosa, M., 3. JlamueB, U. ByroBa, Memoouuecku 6Genexcku no
gveedcoane U U3YYABAHEe HA GeKmMopume 6 YUUIUWHUS KYpC No 2eoMempust,
[Ipenu3BukarencrBara Ha HWHGOPMAIMOHHOTO OOINECTBO TMpeJ CTAaTUCTUKATa |
matemarukaTa — Bek XXI, Csumos, OxkromBpu 16-18, 2003, ctp.:378-383, ISBN: 954-
23-0158-8

Pe3rome

B mbpBara yacT Ha craTusATa aBTOPUTE MPABAT KpaTKa, HO CPAaBHUTEIHO ITbJIHA
HCTOpUYECKA CIPABKa 3a pOJATAa U MICTOTO HAa BEKTOPUTE B YHMBEPCUTETCKUTE U B
YUWJIMILHUTE KypcoBe 10 MareMaruka. HampaBeH e mperiyieq; 1 OleHKa Ha TPaKTOBKUTE
Ha TIOHSATHETO — BEKTOpa KaTo BEJIMYHMHA, KOSTO MMa ,,TOJIEMHUHA U MOCOKa™ ((pu3udHa
TPAKTOBKA), BEKTOpA KaTo KJIaC OT PaBHU HACOYEHU OTCEUYKU (F€OMETPUYHA TPAKTOBKA),
BEKTOpa KaTo €JIEMEHT Ha BEKTOPHO IPOCTPAHCTBO (a1redpuyHa TpakToBKa). B pesynrar
Ha TO3W Iperje] € HalmpaBeH HM3BOJA, Y€ BBIPOCHT 3a BBBEXKJIAHE U HM3ydaBaHE Ha
BEKTOpUTE B YUWIUIIHUSA KypC IO MaTeMaTHKa € peIIeH OT MaTeMaTHyecka IJIeAHa
TOYKa, HO HE € PelleH OT AMJAKTUYECKa riieHa Touka. [lo Ta3u nmpuuuHa peleHusTa Ha
,»,BEKTOPHHUA BBIPOC TPsiOBa Jja c€ THPCIAT HE C MAaTEMAaTUYECKU, a Ype3 METOJUYECKHU
cpeacrtaBa. BbB BTOpara 4acT Ha CTaTHUsITa aBTOPUTE IpeaaraT METOAMYECKH PELICHUS
3a BBBEXKJAHE M H3ydyaBaHE HA BEKTOPUTE B YUYWIMIIHUSA KypC 10 TE€OMETpHS.
O6ocHoBaHa € Bb3MOYKHOCTTA [IPU M3yuyaBaHE Ha BEKTOPUTE Jla C€ 3alI0YHE OT KOHKPETHO
BEKTOPHO IPOCTPAHCTBO, KAKBOTO € BEKTOPHOTO MPOCTPAHCTBO HA PaJuyC-BEKTOPUTE U
Clle[l TOBa J1a CE€ IPUCTBIIM KbM BEKTOPHOTO MPOCTPAHCTBO HA KJIACOBETE OT PaBHU
HACOYEHU OTCEYKH. BEKTOPHOTO MPOCTPAHCTBO OT PAJUyC BEKTOPUTE UMa 3HAUYUTEIIHO
MO-HHUCKAa cTeneH Ha aOcTpakius (HETOBUTE €JIEeMEHTH Ca KOHKPETHH OOEKTH) B
CpPaBHEHHE C BEKTOPHOTO IPOCTPAHCTBO Ha ,,CBOOOJHUTE BEKTOpH‘‘(EEMEHTHUTE, Ha
KOETO ca KJIaCOBE OT paBHU HACOYEHU OTCEYKM). B crarmsTa ca ouepraHu u JABa eramna
IIpYU U3y4yaBaHE Ha OCHOBHATA 3a/laya Ha BEKTOpHATa ainredpa — 3ajadaTa 3a 0a3zara U 3a
IpeJCTaBsIHE Ha BEKTOpa KaTo JHMHeWHa KoMmMOuHauus Ha BekTopu. Hakpas e B3ero
OTHOIIIEHHE U IO BBIIPOCAa 3a JBETE OCHOBHU BIXKJAHHS, CBBP3aHU C BBBEXKIAHE U
M3y4aBaHE HAa BEKTOPUTE B YUMWIMILHUSA KypC 10 MaTEMaTHKA.
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Summary

In the first part of the article, the authors make a brief but relatively complete
historical account of the role and place of vectors in university and school mathematics
courses. An overview and evaluation of the interpretations of the concept is made - the
vector as a quantity that has a "magnitude and direction” (physical interpretation), the
vector as a class of equal directed segments (geometric interpretation), the vector as an
element of vector space (algebraic interpretation). As a result of this review, it was
concluded that the issue of introduction and study of vectors in the school course in
mathematics is solved from a mathematical point of view, but is not solved from a
didactic point of view. For this reason, the solutions to the "vector" question must be
sought not by mathematical but by methodological means. In the second part of the
article the authors offer methodological solutions for introducing and studying vectors in
the school course in geometry. The possibility is justified when studying vectors to start
from a specific vector space, such as the vector space of radius vectors, and then to
proceed to the vector space of classes of equal directed segments. The vector space of
radius vectors has a significantly lower degree of abstraction (its elements are concrete
objects) than the vector space of "free vectors” (elements of which are classes of equal
directed segments). The article outlines two stages in the study of the main problem of
vector algebra - the problem of the base and the representation of the vector as a linear
combination of vectors. Finally, an attitude is taken on the issue of the two main views
related to the introduction and study of vectors in the school course in mathematics.
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.7.9. Jlanues, 3., HW. ByroBa, Cswvpssawy enemenm, MaremaTuka U

MaTeMaTHuecko oOpa3oBanue, JJokinanu Ha TpumeceT U BTopaTa IposieTHA KOH(EPSHITUS
Ha CMb, CnsaueB Opsr, Anpuin 5-8, 2003, ctp.:369-373, ISBN: 954-8880-14-8

Pe3rome

B mnacrosmara pa3paboTka HMMa €BPUCTHYCH XapakTep IIpU pellaBaHe Ha
FCOMETPUYHHU 3a7a4d , TPHU KOUTO ,,IBTAT OT YCIOBHETO JO 3aKIIOUYCHHUETO ,,HE €
OTKpHUT* 3a pemaBamus. [10-KOHKpETHO, Mpeyiara ce Bb3MOKHOCT 32 KOHCTPYHpaHe Ha
»MEKIUHHU CTaHUMH  4Ype3 OT KOUTO ,CE€ BWXKIA™“ KAaKTO YCIOBUETO, Taka U
3aKJII0OYEHUETO Ha 3a/1adyaTta. Pomsita Ha ,,MeXIUHHATA CTAaHLIUA " MOXKeE Ja Objie U3UrpaHa
OT MOAXOJsIIa OTCEYKa — CBbP3Ballla 0TCEUKa, OT MOJIXOJIAIL bI'bJ — CBBP3BAILl bI'bJ, OT
MOXOIAM] aNreOpUYeH u3pa3 — CBbp3Ball u3pa3. Ha ocHOBara Ha KOHKPETHH 3aJa4uu €
MOKa3aHa CBbP3BalllaTa Pojisi Ha TOCOYEHUTE EIIEMEHTH.

Summary

In the present study, it is heuristic in solving geometric problems in which the
"path” from the condition to the conclusion is "not open" for the solver. In particular, it is
possible to construct "intermediate stations” through which both the condition and the
conclusion of the task can be "seen". The role of the "intermediate station™ can be played
by a suitable segment - a connecting segment, by a suitable angle - a connecting angle, by
a suitable algebraic expression - a connecting expression. Based on specific tasks, the
connecting role of these elements is shown
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IMoka3zaten I'.8. Ctynuu, myOoauKyBaHU B HAYYHH H3JaHUs, peepUpaHnd U UHICKCUPAHU
B CBETOBHOM3BECTHH 0a3u JaHHU ¢ Hay4Ha UH(OpMaLus

I'.8.1. Jlanues, 3., K. ByToBa, JJuaconarnu mouxosu xongueypayuu. Ilpasuno na

mpuvewvinuka. Mueapuanmu, Marematuka u napopmaTuka, opoii: 1, 2018, ctp.: 19-48,
ISSN (print): 1310-2230, ISSN (online): 1314-8532, Ref

Pesrome

B pacrosimara pa3paboTka € HampaBeHO CHEHU(PHUYHO MPOAbIDKeHHE (C
AHATUTUYHY CPEJICTBA) HA MIEATA 32 JIMIE U 00eM OT YYHJIMIIHUS KypC [0 T€OMETpHSI.
[Toka3zaHo e, 4e reOMeTpHYHHUTE PUIYPH YSTUPUBI'BIHUK M OKTACIbP Ca KOHKPETH3ALNH
Ha JIMaroHaJaH! TOYKOBH KOH(Urypanuu. ChIIo Taka, € MOKa3aHO, 4Ye HHBAPHAHTHTE HA
Te3u KOH(UTypaluu ca aHajJO3M Ha MOHATHATA JIMIC HA YCTUPUBIBIHHK M O00EM Ha
oktaenbp. IIpeanoxkeH € eIUHEH TMOIXOA TMPH pa3BUTHE Ha KOHICHIHMATA 33
,,IMArOHAIIHU HMHBapuaHTH B 2-MEpHO, 3-MepHO, 4-MepHO u N-mepHo (N > 4)
npoctpancTBo. C el ynecHsBaHe Ha OOOOILICHUATA M ONMPOCTSABAHE HA JIOKA3aTeICTBaTa
ca BBBEJICHUM KOMIIAKTHH O3HAYCHHs, a ChIIO Taka € HM3BEICHO U IOCIIEI0BATEIHO
HPUIIAraHo ,,lIPABUIIO HA TPHBI'bJIHUKA".

Summary

In the present study, a specific continuation (by analytical means) of the idea of
face and volume of the school course in geometry has been made. It is shown that the
geometric figures quadrilateral and octahedron are concretizations of diagonal point
configurations and whether the invariants of these configurations are analogs of the
concepts face of a quadrilateral and volume of an octahedron. , 3-dimensional, 4-
dimensional and n-dimensional (n> 4) space. In order to facilitate the summaries and
simplify the evidence, compact notations have been introduced and a consistently applied
"triangle rule™ has been introduced.
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I'.8.2. Jlanues, 3., U. ByToBa, Enemenmaphu moukosu KoHguzypayuu.
Juazonanen npunyun. Mneapuanmu, Marematuka u napopmatuka, opoii: 6, 2017, ctp.:
577-600, ISSN (print): 1310-2230, ISSN (online): 1314-8532, Ref

Pesome

[TonsTusTa NMUIEe Ha TPUBI'BPHUK U 00EM Ha TETpaeIbp ca MHTEPIPETHUPAHU KATO
WHBAapHAHTH HA €JIEMEHTapHU TOYKOBU KOH(QUTYpaluu B ABYMEPHO MU TPUMEPHO
nmpocTpancTBo. HaMmepeH e TexeH aHallor B YETUPUMEPHOTO IpocTpaHcTBO. WiesTa 3a
WHBAapHAHT HA €JIEMEHTapHa TOYKOBa KOH(pUTypamus € MpoAb/DKEHa W B N-MEPHO
MPOCTPAHCTBO. 3a menTa €  (GopMyaHpaH W MOCIEAOBATEIHO MPUIIATaH ,,IHaroHajIeH
NPUHIMIT® 32 KOMIIO3WpaHe U NpeolOpa3yBaHe HAa ChOTBETHUTE MaTpULM. 3a IIeJiTa ca
U3MOJI3BaHU METOJIM Ha aHAIMTUYHATA T€OMETpUsl (BEKTOPHO-AIreOpUYHO MOJAEIUPAHE,
apyHHAa KOOpAMHATHOA CHCTEMa, KOOPJMHATH HA TOYKA, KOOPJMHATH HAa BEKTOP) U
CpeICTBa Ha JIMHEHHaTa anredpa (MaTpUI U JETEPMUHAHTH).

Summary

The concepts of triangle face and tetrahedron volume are interpreted as invariants
of elementary point configurations in two-dimensional and three-dimensional space.
Their analogue was found in four-dimensional space. The idea of an invariant of an
elementary point configuration is continued in n-dimensional space. For this purpose, a
"diagonal principle” has been formulated and consistently applied for the composition
and transformation of the respective matrices. For this purpose, methods of analytical
geometry (vector-algebraic modeling, affine coordinate system, point coordinates, vector
coordinates) and means of linear algebra (matrices and determinants) were used.
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I'.8.3. Jlayiues, 3., M. Bep6anona, U. Byrosa, 1. Jlymkos, Otiiep-Ber ouazpamu
wnu MZ-kapmu 6 nHavannama yyuruwHa mamemamuxa, MatemMatuka 1 nHGOpMATHKA,
opoii: 2, 2016, ctp.: 143-169, ISSN (print): 1310-2230, ISSN (online): 1314-8532, Ref

Pe3rome

IIpenMerpT Ha cTaTuATa € IOCTPOSIBAHE HA MATEMAaTU4YECKM MOJEIM Ha
IPOOJEMHH CHUTYyalluy, IOPOACHU OT aJAWTUBHM olepauuu (oOenuHsBaHe, pecuyaHe U
JI0I'bJIBaHE) C KpalHU MHOXKECTBA B HayajHaTa y4YMJIMUINHA Maremaruka. [lokazaHu ca
ABTOPCKM JMarpaMy Ha CUTyaluH, IOPOJEHU OT YETUPU OCHOBHM MHOecTBa. Hanpasen
€ CPaBHUTCIICH aHAJIU3 Ha J1BA METOJMYECKHU NOAXOAA 33 MOJEIMPAHE M PEIIaBaHE HA
3aJa4d OT AJAUTHBHM ONEpallMd C MHOKECTBA M ecTecTBeHM uucia. CraBa ayma 3a
No0uIMs Bede U3BECTHOCT MeTo[ Ha ,,Oilniep-Ben auarpamu‘ u 3a MHOBaTUBHUST METO[]
Ha ,,MZ-kapTu“. AprymeHTupaHa € ujaesTa, 4ye peleHueTo Moxe J1a ObJile HAMEPEHO I0-
JIECHO, aKO JIBaTa MOAX0/a ce JOIIbJIBAT B IIPOLIECa Ha pellaBaHe Ha 3a]a4ara.

Summary

The subject of the article is the construction of mathematical models of problem
situations caused by additive operations (unification, intersection and complementarity)
with finite sets in primary school mathematics. Author's diagrams of situations caused by
four basic sets are shown. A comparative analysis of two methodological approaches for
modeling and solving problems of additive operations with sets and natural numbers is
made. These are the already well-known Euler-Venn chart method and the innovative
MZ map method. The idea is argued that the solution can be found more easily if the two
approaches complement each other in the process of solving the problem.

22



