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Pesrome. Penunure na Kormu, cevennara na lenekumnm, 1eceTHIHATE PA3BUTHI U BEPUK-
nuTe apobu ca mpuMepu 3a J00pe U3BECTHU IIPE/ICTABAHUS HA MPAUOHAJTHUTE ducaa. Ho cb-
IIECTBYBAT W JIPYTH, HE TOJKOBA MOMYJISPHUM, KOUTO MOTraT 1aa ce medWHUPAT C U3MOJI3BAHE
Ha, PA3JIMYHU BUIOBE ANPOKCUMAIWK 9Ype3 CYMHU WJIM Ype3 Hail-mobpu ampoxkcumanuu. B Ta3zum
CTATUs HUE U3CJIeIBaMe CJIOXKHOCTTA HA PEIWIa TAKUBA IPEICTABIHUSI.

3a Bcsika 6bP30 pactdaia uzuncanma GyHkiusa f, aue JeduHIpaMe UPAIMOHATHOTO YUC-
JIO vy € UBIOT3BaHe Ha Pef, OT PeIUIPOYHU CTeHeHH Ha BCHYKM IpocTd 4ucia. JokassaMme,
e OTpeJieIeHy MPEICTABSHNAS Ha (if WMAT HICKA W3YUCAWTETHA CIOKHOCT (KOATO He 3aBH-
cu OT f), IOKATO APYrH, HATJIE ] MOJAO00HU MPEICTaBAHNs, MOraT [ MMAT [POU3BOJIHO BHCOKA
U3YUCIUTETHA CI0KHOCT (KoATo 3aBucu oT f). ChbIIecTByBaHETO HA U3YUCIUMU YHUCJIA KATO
Oy HI TO3BOJIABA Ja JOKaXKeM HOBH W HeTPHUBHAJIHI TeOPeMH BbPXY M3UMCIUTETHATa CIIOXK-
HOCT HA IPEACTaBAHUATA 0e3 ja npudsrsamMe A0 CTAHJAPTHUS arnapar Ha u30POABAHUATA U
JVArOHAJIM3AIUSTA OT TEOPUs HA UIUNCTUMOCTTA.

B crarusaTa Hue CbIIO MOKAa3BaMe KAK Ce KOHCTPYHUPAT MUPAITUOHATIHU UUCTIA Y, YUUTO TTPEI-
craBgHUd C penuna Ha Komu vMarT HUCKA W3YHUCIUTENHA, CJAOXKHOCT, HO YUUTO DA3BUTHS B
ocuoBa b Morar ma ObIaT ¢ MPOU3BOIHO BHCOKA M3YMCJIUTETHA CJIIOXKHOCT 38 BCUYKHA OCHOBH
b. Ocsen TOBa, 33 BCAKO &2-MPAIMOHAIHO YUCIIO (v 1€ ChINECTBYBa &2-HPAIMOHAIHO YUCIO 3,
TakoBa 4e « +  uma caokHOocTTa Ha Y. Karo ciepcrsue, JBe 4uciia, KOUTO UMAT, J1a KAYKEM,
JIECETUYHU PA3BUTHS C HUCKA W3UUCIUTETHA, CJIOXKHOCT, MOTAT /18 UMAT CyMa, YNETO JECETHIHO
Pa3BUTHE € OT MPOU3BOIHO BUCOKA, U3YUCIUTETHA CIOKHOCT. ChIOTO BAXKHU 3 MPEICTABIHUSI-
Ta B OCHOBA 2, B OCHOBa 17, 4pe3 /1eIeKNH/IOBU CEYEHNST, 9Pe3 BEPUKHA APOOU U TaKa HATATHK.

Abstract. Cauchy sequences, Dedekind cuts, base-10 expansions and continued fractions
are examples of well-known representations of irrational numbers. But there exist others, not
so popular, which can be defined using various kinds of sum approximations and best approx-
imations. In this paper we investigate the complexity of a number of such representations.

For any fast-growing computable function f, we define an irrational number o by using a
series of reciprocals of powers of all primes. We prove that certain representations of oy are
of low computational complexity (which does not depend on f), whereas others, apparently
similar representations, can be of arbitrarily high computational complexity (which depends
on f). The existence of computable numbers like  allows us to prove new and non-trivial
theorems on the computational complexity of representations without resorting to the standard
computability-theoretic machinery involving enumerations and diagonalizations.

In the paper we also show how to construct irrational numbers v whose representations by
a Cauchy sequence are of low computational complexity, but whose base-b expansion may be
of arbitrarily high computational complexity for all bases b. Moreover, for any £2-irrational
number «, there will be an £2-irrational number 3, such that o + 3 has the complexity of
~. As a consequence, two numbers which have, let us say, base-10 expansions of low compu-
tational complexity, may add up to a number whose base-10 expansion is of arbitrarily high
computational complexity. The same goes for representations by base-2 expansions, base-17
expansions, Dedekind cuts, continued fractions, and so on.
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Pesrome. Temara Ha Tasm cratusd € CAOKHOCT HA PEATHH UUCIA U peannu (PYHKIUHA 10
OTHOTITERHe Ha, CybpeKypcuBHus Kiaac M2, KOHTO ce chCTOM OT TMOJWHOMMAIHO OTPaHNHIeHH-
Te U Ag-onpeneuMu TOTaIHN (DYHKIMM B €CTECTBEHUTE YHCJIa. PasriiexgamMe IBe MOHSTHUS
32 OTHOCHTEHA H3YHCAUMOCT Ha PeaHy (PYHKIHNH: PABHOMEPHa, M2-H39HCIIMOCT U yCIOBHA
M?2-uzuncmumoct. Hamrara nen e Ja JI0CTHIHEM OTBbJL ejleMeHTapHuTe (byHKINNA Ha aHAIN3A,
32 KOMTO € U3BECTHO, Y€ Ca PABHOMEePHO M 2-u34nciuMu, KOraro ca orpaHnyeny /10 KOMIAKTHI
MHOYKECTBA, U YCJIOBHO M2-M3UNCINME BLPXY HequTe ¢ neduHUIMOREN obtacTu. Ilputarame
HSKOU PE3YJITATH OTHOCHO CyOPEKYyPCHUBHATA CJIOXKHOCT HA WHTETPUPAHETO 33 Ja MOJYUINM, 9e
raMa (pyHKIUATa, OTPAHIYEH, 0 MOJOKUTETHUTE PEAJIHNA YUC/Ia U Ja3eTa GpyHKIuaTa Ha Pu-
MaH, OTPaHIYeHa JO PeaTHITe YHCIa HO-ToIeMH oT 1, ca yeaosro M2-nzuncammu. Metomure,
KOUTO M3MOI3BAME Ca J0CTA OOIIM U MOTAT JIa Ce aJAlTUPAT K'bM MHOIO APYrU peasHu (hyHK-
MU, UMAId UHTEIPAJIHU [PEJCTABIHUS.

Abstract. The topic of this paper is complexity of real numbers and real functions with
respect to the subrecursive class M?2, which consists of the polynomially bounded and Ag-
definable total functions in the natural numbers. We consider two notions for relative com-
putability of real functions: uniform M?2-computability and conditional M?-computability.
Our aim is to go beyond the elementary functions of calculus, which are known to be uni-
formly M?2-computable, when restricted to compact sets and conditionally M?2-computable
on their whole domains. We apply some results on subrecursive complexity of integration to
obtain that the gamma function, restricted to the positive real numbers and the Riemann zeta
function, restricted to the real numbers greater than 1, are conditionally M?2-computable. The
methods we use are quite general and can be adapted to many other real functions, which have
integral representations.

3. Georgiev, 1., On subrecursive complexity of integration, Annals of Pure and Applied
Logic, 2020, Volume: 171 (4), 102777.

Pezrome. Pasryexxmame CI0KHOCTTA HA OMEPATOPA WHTEIPUPAHE BBHPXY PeaHu (DyHK-
[UE TI0 OTHOIIEHHe Ha cybpexypcuBHHS Kiaac M2, JlokassaMe, Ue ONpeIeNeHHAT HHTErpaJl
Ha paBHOMEPHO M 2-m3uncianMa aHATATHYHA peadHa (DYHKIHA ¢ M2-H39uCIIME IDaHnIHN e
camo 1o cebe cu M?2-uzunciumo peanno uuciao. O6obmaBaMe TO3M PE3yJITAT 0 MHTEIPAJIH
¢ mapaMerpud ¥ ¢ IPOMEHJIMBH rpanuiu. Karo npuiiokenue moKa3Bame, 4€ KOHCTAHTATA Ha
Oitnep-Mackepomn e M?2-u3uncinma.

Abstract. We consider the complexity of the integration operator on real functions with
respect to the subrecursive class M?2. We prove that the definite integral of a uniformly M?-
computable analytic real function with M?2-computable limits is itself M2-computable real
number. We generalise this result to integrals with parameters and with varying limits. As an
application, we show that the Euler-Mascheroni constant is M2-computable.

4. Georgiev, 1., Kristiansen, L., Stephan, F., On General Sum Approzimations of Irrational
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tion. Computability in Europe, 2018. LNCS, Springer, Cham, Volume: 10936, Pages: 194-203.

Pezrome. CobirnecTByBaT MHOTOOPONHN HAYWHN 3 CE MPEICTABAT peaJTHUTE ducyaa. Moxem
Ja M3Moa3BaMe, Hampumep, peaunu Ha Kormw, cedenns: Ha JleIeKWH, YUCIOBH PAa3BUTHA B
ocHoBa 2 uiin ocHoBa 10 u BepukHU Apobu. AKO pabOTUM € IbJIHATA TIOPUHIOBA U3UUCIAMOCT,
BCHYKHM TE3U IIPEJCTABAHUSA JaBAT €JIMH U CbIl KJIAC OT peajHu 4ucjia. AKo paboTUM C HIKOe



OI'DAHMYEHO IIOHATUE 33 U3YUCIUMOCT, HAIIPUMED H3YUCIUMOCT C I[OJMHOMAJIHO BpeEMe WUIII
MPUMHUTHBHA PEKYPCUBHOCT, TO TOBA BeUe HE € TaKa.

WparmonaHuTe 9UCIa MOTAT 13 ObIaT IpeACTaBeHn upe3 De3KpaiiHu CyMu OT OmpeesieH
Buz. JlokazBame HAKOU PE3YITATH, CBbP3AHHU C MIPEICTABIHUATA HA HPANMOHATHATE YUCIIA IPE3
Ge3KpaifHu CyMu, IOPOJIEHN OT TEXHUTE PA3BUTHUs B IMPOU3BOIHA OCHOBA b.

Abstract. There are numerous ways to represent real numbers. We may use, e.g., Cauchy
sequences, Dedekind cuts, numerical base-10 expansions, numerical base-2 expansions and
continued fractions. If we work with full Turing computability, all these representations yield
the same class of real numbers. If we work with some restricted notion of computability, e.g.,
polynomial time computability or primitive recursiveness, they do not.

Irrational numbers can be represented by infinite sums of certain forms. We prove some
results related to the representations of irrational numbers by infinite sums, derived from their
expansion in arbitrary base b.

5. Georgiev, 1., Characterization theorem for the conditionally computable real functions,
Logical Methods in Computer Science, 2017, Volume: 13 (3), Pages: 1-17.

Pezrome. KitachT HA PABHOMEDPHO M3YUCIUMUTE PEAJHU (DYHKIIUU OTHOCHO €IWH MaJjIbK
cyOpeKypCHBEH KJIaC OT OIEPATOPH U3YHUC/IABa eeMeHTapHuTe (DYHKIMA Ha aHAIU3a, OrPaHU-
YeHHU [0 KOMIIAKTHH IIOJAMHOMKECTBa Ha TexHure Aedunununonau obnacru. Kiaachr Ha ycJI0BHO
M3YUCAUMUTE PeaJHi (PYHKIUU OTHOCHO CbIIUs KJIAC OT OLE€PATOPHU € ChIIMHCKO PAa3LIMPEHUe
Ha, KJIACA HA PABHOMEDPHO W3YHMCIUMWUTE PEATHU (DYHKIUU W TOW MU3UNCIISIBA EIEMEHTAPHUTE
byHKIMM HA aHAIN3A BBPXY IeauTe uM aeduHunmonan obsacru. ledununusara u Ha aABaTa
KJIaCa Pa3vunTa Ha OmpejesieHr TpaHcdopManuu Ha Oe3KpaiiHy WMEHA HA peajHu Jucjia. B
HaCTOLINATA CTATUsS yCJIOBHATA M3YMCJIUMOCT Ha pPeajHu (PDYyHKIMH € XapaKTepusupaHa B 1yxa
na Tenr u Hurmep, kaTo ce u3bsarsa HyKaaTa OT O€3KpARHA UMEHA.

Abstract. The class of uniformly computable real functions with respect to a small subre-
cursive class of operators computes the elementary functions of calculus, restricted to compact
subsets of their domains. The class of conditionally computable real functions with respect
to the same class of operators is a proper extension of the class of uniformly computable real
functions and it computes the elementary functions of calculus on their whole domains. The
definition of both classes relies on certain transformations of infinitistic names of real numbers.
In the present paper, the conditional computability of real functions is characterized in the
spirit of Tent and Ziegler, avoiding the use of infinitistic names.
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Volume: 756, Pages: 267-280.

Pesrome. B cepusi o1 npeaxomHu CTATHH ABTOPHUTE CA BbBEIU MOHATUATA MHOIOMEDHH
WHTYUIIMOHNCTKY PA3MHUTH MHOXKECTBA W JIOTMKU. TYyK ce BbBEXKIAT TMOHATUATA MHOTOMEpPEH
WHTYUIAOHUCTKU PA3MUT KBAHTOP W WHTYUITMOHUCTKYU PA3MHUT OMEpPATOp MO HWBA. 1pu rpymm
OT TaKMBa KBAHTOPH Ca ONUCAHU U Ca U3CJIEIBAHU HAKOW OT TEXHHUTE OCHOBHU CBOWMCTBA.

Abstract. In a series of papers, the authors introduced the concepts of multidimensional
intuitionistic fuzzy sets and logic. Here, the concepts of a multidimensional intuitionistic fuzzy
quantifier and an intuitionistic fuzzy level operator are introduced. Three groups of these
quantifiers are described and some of their basic properties are studied.

7. Atanassov, K., Georgiev, 1., Szmidt, E., Kacprzyk, J., Multidimensional Intuitionistic
Fuzzy Quantifiers, 2016 IEEE 8th International Conference on Intelligent Systems (IS), 2016,



Pages: 530-534.

Pesrome. B cepus oT mpeaxogHNW CTATUU ABTOPUTE CA BLBEIW TMOHATHATA MHOTOMEDHU
MHTYWNUOHUCTKA PA3MUTH MHOXKECTBA U JIOTWKH. TyK Ce BbBEXK/A MOHATHETO MHOTOMEPEH
MHTYANUOHUCTKA PA3MUT KBAHTOD. IPU rPynu OT TAKWBA KBAHTOPHU Ca OMUCAHU U Ca M3CJIEI-
BaHU HAKOU OT OCHOBHUTE UM CBOHCTBA.

Abstract. In a series of papers, the authors introduced the concepts of multidimensional
intuitionistic fuzzy sets and logic. Here, the concept of a multidimensional intuitionistic fuzzy
quantifier is introduced. Three groups of these quantifiers are described and some of their basic
properties are studied.

8. Georgiev, 1., Fast Converging Sequence to Euler-Mascheroni Constant, Annuaire de
I’Universite de Sofia “St. Kliment Ohridski” Faculte de Mathematiques et Informatique, 2017,
Volume: 104, Pages: 185-191.

Pesrome. [lesra na crarusra e Ja ce IPUIOKU €KCIOHEHIMATHO KBAJIPATYPHO IPABUIO 33
Tpameny KbM WHTErPATHO TpecTaBsHe Ha koHcranTtara Ha Oiinep-Mackeponu. Ilomyuenara
pejuIa uMa CyOeKCIIOHEHITHAIHA CKOPOCT Ha CXOJMMOCT M € OCOOEHO TOJIe3HA P OIeHSBaHe
Ha CyOpeKypCHBHATA CJIOKHOCT HA KOHCTAHTATA.

Abstract. The aim of the paper is to apply an exponential trapezoidal quadrature rule to
an integral representation of the Euler-Mascheroni constant. The resulting sequence has subex-
ponential convergence rate and is particularly useful for estimating the subrecursive complexity
of the constant.



