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Abstract: We study several stability properties on a finite or infinite interval of inhomogeneous linear
neutral fractional systems with distributed delays and Caputo-type derivatives. First, a continuous
dependence of the solutions of the corresponding initial problem on the initial functions is established.
Then, with the obtained result, we apply our approach based on the integral representation of the
solutions instead on some fixed-point theorems and derive sufficient conditions for Hyers-Ulam and
Hyers—-Ulam-Rassias stability of the investigated systems. A number of connections between each
of the Hyers—-Ulam, Hyers-Ulam-Rassias, and finite-time Lyapunov stability and the continuous
dependence of the solutions on the initial functions are established. Some results for stability of the
corresponding nonlinear perturbed homogeneous fractional linear neutral systems are obtained, too.
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1. Introduction

The practical application of models based on fractional differential equations (systems)
have shown that these models are very convenient for describing real-world phenomena.
For reliable information with the required level of precision concerning fractional calculus
and the fractional differential equations, we recommend the remarkable books by Kilbas
etal. [1] and Podlubny [2]. For the important practical aspects devoted to the distributed
order fractional differential equations and impulsive fractional equations, see Jiao et al. [3]
and Stamova and Stamov [4], respectively.

Practically, the most convenient for use are the models of real-world phenomena
that have the following properties: a small (in some appropriate sense) perturbation
of the input parameters leads to a small (in some appropriate sense) difference in the
output results. This means that a predictable process can be physically realized only if
it is stable in some appropriate sense [5]. That is why the investigations of the stability
problems are an “evergreen” theme and a lot of articles are devoted to the study of stability
problems. Information about works related to different aspects of stability problems for
fractional differential equations published before 2011 can be found in the survey of Li
and Zhang [6]. For the past decade, a historical overview is given in works [7-9] and
the references therein. From the works published in the last few years concerning the
Hyers-Ulam and Hyers-Ulam—Rassias stability for fractional differential equations with
Caputo-type derivatives, we recommend Refs. [10,11]. The same theme for the delayed
fractional equations is considered in Refs. [12-15]. For works devoted to the neutral case, see
Refs. [16,17] and for fractional differential equations with Riemann-Liouville derivatives,
we refer to [18]. Note that some works explore “neutral” equations that do not include the
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highest order of derivative for different values of the independent variable, i.e., they are
not neutral equations (see, for example, [19]).

In this article, we study the stability properties in the Hyers—-Ulam and Hyers-Ulam—
Rassias sense on an arbitrary finite or infinite interval for neutral inhomogeneous linear
fractional systems with distributed delays and Caputo-type derivatives. The motivation
to study such systems with distributed delays is because this type of delay includes as
partial cases all types of delays (it follows from the Riesz theorem applied for the Krasovskii
functional) and, in this sense, it is most appropriate to establish the common properties
of all types of delays. On the other hand, the motivation to study Hyers-Ulam and
Hyers-Ulam—Rassias stability for such systems is because these types of stability play an
important role in numerical analysis by approximation of the solutions.

The article is organized in the following way: Section 2 includes, as usual, the needed
definitions, the problem statement, and some auxiliary results essentially used in our
exposition. Section 3 considers the problem of the continuous dependence of the solutions
of the initial problem (IP) (formulated in Section 2) on the initial functions. The obtained
result allows, via the Weierstrass theorem, the use of polynomials as initial functions
and, therefore, to extend the applicability and give a more useful form of the integral
representation of the solutions obtained in [7] for the studied linear inhomogeneous system.
In Section 4, we introduce new notions of Hyers-Ulam and Hyers-Ulam—Rassias local
stability and by applying the results obtained in the previous Section 3, we also establish
sufficient conditions for these local stabilities for the studied linear neutral inhomogeneous
systems. Moreover, we prove that the Hyers—Ulam type local stability implies finite-time
stability of the zero solution for the investigated homogeneous systems. Section 5 is devoted
to the Hyers—-Ulam and Hyers-Ulam-Rassias stability on an infinite interval of the studied
inhomogeneous linear systems. It is proved also that the boundedness of the fundamental
matrix of the investigated homogeneous systems is a necessary condition for the Lyapunov
stability of the zero solution, as well as that, together with Hyers-Ulam stability, it leads to
Lyapunov stability of the zero solution. In Section 6, applying the approach introduced
in [18] (to use the integral representation of the solutions instead of some fixed-point
theorem), we study the same problems for nonlinear perturbed neutral homogeneous
systems and under some natural conditions concerning the nonlinear perturbation term
we prove Hyers-Ulam and Hyers-Ulam-Rassias stability of these systems, too. In the case
when the nonlinear system possesses a zero solution, it is proved that the Hyers—Ulam
stability leads to finite-time Lyapunov stability of the zero solution for the perturbed system.
Finally, Section 7 presents some comments and conclusions about the considered problems
and the obtained results.

2. Preliminaries and Problem Statement

For clarity and to avoid eventual misunderstandings, we recall the definitions of the
Riemann-Liouville (RL) fractional integral and the used fractional derivatives.

Leta € R,a € (0,1) and g € L°(R,R) be arbitrary. The left-sided RL fractional
integral operator of order « for any t > a is defined by

t
1 _
(1518)(8) = gy [ (=) "s(s)ds,
a
the left-sided Riemann-Liouville fractional derivative with

d,
(RLDa18)(t) = a([,h”‘g)(t)
and the corresponding Caputo fractional derivative with

cDa+8(t) =rL Dp.[g(t) — g(a)].
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For all used formulas and details, we refer to [1].
Consider the nonlinear perturbed neutral linear delayed system in the following
general form:

0 0
DE (X0 + [[daV(£0)X(t+0)) = [[doU(E0)]X(E+6) +F(EX(®), ()
—h —h

where h > 0,] = [a,00), a € R, X(t) = col(x1(t),...,xn(t)) : ] x R" (the notation

col means vector column), F(t,X;) = col(fi1(t,X¢),..., fu(t,Xt)) : J x PC([—h,0],R"),

Xi(0) =X(t+6),t €], 0 € [~h0], Di . X(t) = col(D“+x1( )s--, DY xn(t)), Dyyxi(t)

denotes the left-sided Caputo fractional derivative, k € (n) = {1,2 .,n}and (m), =

(myU{0}, U(t,0) = ¥ U(£6), V(t0) = z Vi), ui(0) = {ul( 9)}k 1:
] =

i€(m)g
IXR%R”X”andVI(t,G):{Uk](t 9)} ]xR—ﬂRi”X”.

The corresponding homogenous hnear system of the system (1) (i.e., when fi(t, X;) =0,
t € J, k € (n)) described in detail has the form:

0
Dt (xk + Y. () / +9)dgvk](t 9)))
1€(r) je(m) ),

) @
/x] (t + 0)dgul; (1,6)),
—h

z€< 0 ]Gn

where k € (n),1 € (r),n,r € N.

We will use also the following notations: | —h = [a—h,00), Ry = (0,00), 0 € R"
and I, ® € R"*" are the zero vector, the identity and the zero matrices, respectively. For
Y(t,0) = {ykj(t,G)},’jjzl X R = R |Y(HE = % |yi(t,9)|. When Y (t,0) for any

’ kje(n)
fixed t € ] has bounded variation in 6 € [a b], [a,b] C R be arbitrary then Vary, ;| Y(t,-) =

{Var[ﬂbyk )}k] 10 (Vargy Y ( ’ = Z Varab]yk( -) and will be denoted Y(t,-) €

BV[e(] x R, R™™).

As is standard by B Llloc (J,R™), we denote the real linear space of the locally bounded
functions g € Ll°(]J,R") and by BC(],R") the real linear space of the bounded functions
g €C(J,R").

Consider the real linear spaces of initial functions ® = col(¢y,...,¢,) : [-h,0] = R"
as follows: piecewise continuous (PC); piecewise continuous with bounded variation (PC*),
continuous (C) and absolutely continuous (AC). All these linear spaces are endowed with
the sup-norm ||®|| = ¥ sup |¢x(s)| < co are Banach spaces. S® denotes the set of all

ke(n) se[—h,0
jump points for any ® € PC a[nd, }in addition, we will assume that they are right continuous
att € S?.

For arbitrary @ € PC we introduce the following initial condition for the system (1):
X(t) = ®(t —a),t € [a—h,a], (Xa(0) = D(6),0 € [-h,0]),h € R,. 3)
Definition 1. ([20,21]) We say that for the kernels U, V! : ] x R — R™ " the hypotheses (S)

hold, if the following conditions are fulfilled for any i € (m),andl € (r) :

(S1) The functions (t,0) — Ui(t,0), (t,0) — V'(t,0) are measurable in (t,0) € ] x R and
normalized so that U'(t,0) = 0, VI(t,0) = 0 for & >0, U'(t,0) = U'(t,—0) for 8 < —0,
Vl(t,e) = V’(t, —1) for0 < —7, 0,7 > 0,h > max(c,T) and t € |.
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(S2) For any fixed t € J the kernels U'(t,0) and V'(t,0) are left continuous in 8 on (—c,0) and
(—7,0], Ui(t,-) € BVIS(] x R, R”X”)and‘Var[,h,O] ui(t, ~)‘ € BLI(J, R ). The kernels

Vi(t,-) € BVIC(] x R, R"*1) '(t,-)] € BLI®(J,R.) and
are uniformly nonatomic at zero [21] (i.e., for every € > 0, there exists 6(¢) > 0 such that for
each t € | we have that Var|_, g Vit ) < e).

(S3) For any fixed t € | the Lebesgue decomposition of the kernels U'(t,0) and V' (t,0) has the

form:

LOV'Z,Q) = u]i(t,e) +Uj(£,0) + UL(t,0), V! (t,6) = V/(t,60) + Vic(1,0) + VL(1,6),

u]l:(t 0) = {a;(]‘ (9+‘7k]( ))}k] 1 Al(t) = {ak]( )}k] 1€ BLIOC(] R"),

VI(t,0) = (@ (VH(0 + T, (D)}, y, A' (1) = {@ (D)}, € CUu RY),

oii(t) € C(J,[0,0]), 7;(t) € C(J,[0,7]), o;() =0, k,j € (n),

H(t) is the Heaviside functzon

Ukc(t,-), Vie(t,0) € AC([—h,0], R"™") and Ui(t,-), V!(t,0) € C([—h,0], R"*").
(S4)ThesetsSéI>:{t€]|t—Uk()ESq,,k]e( n)}, S{D:{teﬂt—rk()esq,, k,je

(n)} do not have limit points and for any t. € | the relationships thr? f |Ui(t,0) —
=t
A 0
Ui(t,,0)|do = 0and Jim [ |Vi(t,0) — VI(t.,0)|d6 = 0 hold.
— *_p

Definition 2. We say that for arbitrary ® € PC the vector-valued functional F : | x PC —
R" satisfies the conditions (H) (modified Caratheodory conditions) in ] x PC if the following
conditions hold:

(H1)For almost all fixed t € | the functional (t, ®) — F(t, ®) is continuous in any ® € PC and
for any fixed ® € PC we have that F(t,®) € BLI°(],R").

(H2)(Local Lipschitz type condition) There exists a function £(t) € BLY*(J,Ry) , such that for
any (t,®), (t,®?) € ] x PC the inequality

[E(t, @1) — F(t, @a)| < £(1)[|Pr — Dy @)
holds for t € J.

Consider the auxiliary system for any ® € PCand ¢ € |

0

X(t) =Cop(0) + / [dgV(t,0)]X( + 6)
“n

©)
0
) [ Tealt=0)( [ [deUi(x,0)1X(x +0) + F(r, X1))dr
h

where Cqy() = P(0) - 7fh[dng(a,G)]q)(G),I,l(F(rx)):F_l(oc)l,la,l(t—a):(t—a)"“ll.

Definition 3. ([22]) The vector function col X(t) = (x1(t), ..., xx(t)) is a solution of IP (1), (3)
or IP (5), (3) in [a,b](]) if X|, ) € C([a,b], R")(X]; € C(J,R")) and satisfies the system (1),
respectively, (5) for all t € [a,b] (t € ]) and the initial condition (3) too.

Definition 4. ([8]) For any initial function ® € PC the low terminal a is called a regular or
irregular jump point relative to the kernel V(t,0), ifa € ST, = U sk, Tk]( a) = 0 for at least one

1 € (r), k,j € (n) and then there exists a constant ¢ € (0, h] (eventually depending on T,ij), such
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that t — T,f].(t) > afort € [a,a+ €| or, respectively, we have that t — T,ij(t) < aand O(t — T,ij(t))
is continuous for t € (a,a+ €] .

In our exposition below, we need the following results:

Theorem 1. (Theorem 3 in [8]) Let the following conditions hold:
1. Conditions (S) and (H) hold.
2. There exists v > 0 such that for 6 € Rand 1 € (r) the kernels V]-l(~,9), Vi(,0),Vl,0) e

C([a, @+, R™M).
3. For every initial function ® € PC with a € S§, the low terminal a is at most a regular jump
point relative to the kernel V (t,0).

Then, for every initial function ® € PC the IP (1), (3) has a unique solution in |.

Remark 1. Please note that if the conditions (S) hold and the condition (H1) holds in | x PC
then every solution of the IP (1), (3) is a solution of the IP (5), (3) and vice versa (see [8], Lemma 1).
Moreover, if ® € C, Condition 3 is unnecessary for the validity of Theorem (1).

Let ®l(t,s) = {gof(j(t,s)},’j’jzl R xR — R, <I>§(t,s) = col(q)llj(t,s),...,qoil].(t,s))
for | = 1,2 are defined as follows:

I, t=s
O, t<sort,s<a

Cf’l(t,s) = {

for any fixed s € [ and

I, a—h<s<t<ag
©, t<sors,t<a—h

&DZ(trs) = {

for each fixed number s € [a — h, al.
Consider the following matrix system for arbitrary fixed s € |

0
DY W(t,s) = /[dgu(t,G)]W(t 1 8,5),t>s, ©)
“h

with one of the following two initial conditions:
W(t,s) = ®1(t,s),t <s; (7)
W(t,s) = Dy(t,s),s € [a—h,a]. 8)

Definition 5. The matrix valued functiont — C(t,s) = (C'(t,s),...,C"(t,s)) = {ck]«(t,s)},’j,j:1
is called a solution of the IP (6), (7) if for any fixed s € | the matrix valued function t — C(t,s)
fulfills C(-,s) € C([s, 00), R"™*") and satisfies the matrix Equation (6) on t € (s,00), as well as the
initial condition (7) too.

As in the integer case, we call the matrix C(t,s) a fundamental matrix of the system (2).

Definition 6. The matrix valued functiont — Q(t,s) = (Q'(t,s),...,Q"(t,s)) = {qkj(t,s)},’j,jzl
is called a solution of the IP (6), (8) for arbitrary fixed s € [a — h,a], if Q(-,s) € Q(][s, 00), R"*™)
and satisfies the matrix Equation (6) for t € |, as well as the initial condition (8) too.

Remark 2. Please note that according to Lemma 5 and Theorem 4 in [7], each one of both matrix
problems— IP (6), (7) for any s € ] and IP (6), (8) for any s € [a — h,a] —possess a unique
solution and C(-,s) € BV°(J,R"™ ") forany s € .
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3. Continuous Dependence of the Solutions on the Initial Functions

The main goal of this section is to study the continuous dependence of the solutions of
the IP (1) and (3) on the initial function in the sense of the definition below as well as to
obtain some useful technical consequences.

Definition 7. We say that the unique solution X(t) of the IP (1), (3) with initial function ® € C
and vector-valued functional F : | x PC — R" which satisfies the conditions (H) depends contin-
uously on the initial function if for any ¢ > 0 and b € R, b > a there exists 6 = §(¢,b) € (0,¢)

such that for any ® € C (or ® € PC) with ||® — ®|| < § we have that sup |X(t) — X(t)| <e.
te(a,b]

Theorem 2. Let the following conditions hold:

1. Conditions (S) and (H) hold.

2. There exists v > 0 such that for any fixed 0 € R the kernels V! € (Cla,a + 7], R"*") for
Le(r).

Then for every initial function ® € C, the IP (1), (3) has a unique solution X (t) in J, which depends

continuously on the initial function.

Proof. Let b € R, b > a be arbitrary, X(t) and X(t) be the solutions (unique) of the
IP (1), (3) with initial functions ® € C and ® € C, respectively, and let denote for shortness
Y(t) = X(t) — X(t). Substituting X(t) and X(t) in (5), subtracting both equations we
obtain for t € |
0
Y(t) = X(t) = X(t) = Co(o) — Ca(0) /[dgV(t,G)}Y(t +0)
—h

t 0
+IMW»/&1ﬁ—ﬂ(ﬂ%U@®W0+®+GmXﬁ—GﬁXﬁg

a —h

0
= (@(0) = B(0)) + [[daV(£,O)(Y(t+6) ~ Y(a+6))

. B ©)
+ [o(V(£,6) - Via,6)]¥(a+0)
- t 0
1 (T(a)) /I,H(t _1) (/ [doU(z,0)]Y (7 + 9)) dr
a —h

+ L (M@) / To_1(t — 1) (F(t, X¢) — (F(z, X (1)) d.

Lete > 0, 6* € (0,¢) and ® € C with ||® — ®|| < §* be arbitrary. Since the function
Y(t) is continuous at t = a, Y,(0) = ®(0) — ®(0) then there exists t* > a such that
sup |Y(t) —Y(a)| < 6 and hence sup |Y(t+6)—Y(a+0)| < *. The condition S
tefa,t*] t+0e(a,t*]
implies that sup Varge_j oV (t,0) < V* < coand sup Varge_;qU(t,0) < U* < oo
tela,t*] tefa, ]
Denote sup |/(t)| = L* and then for the first three addends, on the right side of (9), we
te(a,b]
obtain the estimation
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0 0
[(@(0) — @(0)) + / [doV (t,0)(Y(t+6) —Y(a+6))+ / [do(V(t,0) — V(a,0))]Y(a+0)|
—h —h
- u 0) —Y(a+6)| sup Var .0
<o - +t+9;£h’t*]lY(t+ )—Y(a+ )Ites[af*]V oe—no V(£ 0) (10)
19 s Vot (V(40) ~ V(0.0)
< 6% 4 5V 426"V = 6*(1 4 3VF)
For the fourth and the fifth addends, on the right side of (9), we have that
t 0
|I—1(r(“))/1a71(f—T) (/[dGU(TIGHY(TﬂL@)) dr
a —h
+13(0@)) [ Lot =) (F(x, Xo) — B(x, o)l
2 1 t /0
< farm a/(_/h[dguu,e)]y(we)) d(t— 1)
+L*/|X(T+9) ~X(t+0)[d(t — 1))
2 t /0
S Emk / ( /h [dolU(z,0)] (Y(7 +6) —Y<a+e>)d<t—r>“‘ an

t
L / Y(T+60) - Y(a+0)d(t — )%

t 0
/ (/ [doU (7, 0)]Y (a + 9)) d(t — 1)

2 \‘n

n2 A\
+L*/|Y(a—|—9)|d(t—T)"‘) < r((iJri)(rS*U*+5*L*)
n?(t —a)®

I'(l1+a)

2(b — a)* (U + L*)

2n
* * * 71 % < *
(*U*46"L*) <6 T+ )

_|_

Denote C, = (1+3V* + %) choose 6* < ¢C-! and from (10) and (11)

we obtain that for any ¢ > 0 we have that | X(t) — X(t)| < e for t € [a, t*].
Let assume that t* < b,e > 0 and b* € (+*, b] are arbitrary. Then, there exist sequences
{0k }ren C (0,¢) with klim 8 = 0, {®Px}ren C C with ||®p — @|| < & such that for any
— 00

solution X*(t) of the IP (1), (3) (with initial function ®y) there exist t; € (t*,b*] for which
the following relationships hold

H X (1) — Y(tk)( =e¢keN. (12)

XE (1) —Y(t)‘ <et€lat);

The sequence {t;}reny C (t*,0*] and hence is bounded. From (12) it follows that the
sequence of the functions {Yk(t)} keN is uniformly bonded and equicontinuous. Then

there exist a convergent subsequence {t}jcn C {t}ren With ]15{)10 ti = b e (t,b%]
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and {Yj(t)}jeN C {Yk(t)}keN with lim Yj(t) = X*(t) uniformly on any subinterval
J—

[a,f] C [a,b). Since the function X*(t) is uniformly continuous on [a,b) then it can be
continuously prolonged on [, b] as ‘X* (b) — Y(E)’ = ‘Y] (t) — Y(tj)‘ = ¢. Please note that

the function X' (t) forany j € Nand t € [a,t;] is a solution of the IP (5), (3) and hence
we obtain

0
X (1) = Cay0) + /[dgV(t,G)]?j(t—i—G)
“n

t 0 |
414 (T(w)) / Lot (t —7) (/ [deU(t,8)]X (7 + e)) dr
a —h
f ) (13)
+11(0@)) [ Lot =) (F(x,X) — F(r, X2) ) dr
t a
+ / loa(t—7) (F(r, X5)dT,t € [a 1)),

(X (t) — X*(1)) + X*(t) = ®;(t —a), t € [a—h,a].
We will prove that the fourth addend, on the right side of (13), tends to zero as j — co.
Let [a,1] C [a,b) be an arbitrary subinterval, f > a. Then for any [a, f] we have the
following estimation

t
L1 (@) [ o (= ) (F(r, Xp) — F(r, Xp))de

t

nZL* . n2L* (t o a)a .
< ]y T\ < ]y (14)
= T(i+a) / 2= Xeldl - < T gy s [ X X3
nZL* (b _ a)lX .
< —— sup | X, - X!
I'(1+a) Te[ft] ‘ !

and hence the right side of (14) tends to zero as j — oo, since lim b:d (t) = X*(t) uniformly
J—

on any subinterval [a,f] C [a,]). Then passing both equations in (13) to limit as j — co we
obtain that X*(¢) is a solution of the IP (5), (3), respectively, of the IP (5), (3) in [a, {] with the
same initial function ® € C as X(t). Then X*(t) = X(t) on [a, ], since t € [a, ) is arbitrary
then X*(t) = X(t) on [a,b) and hence we obtain X*(b) = X(b) which is a contradiction.
Thus, the case t* < b is impossible, which completes the proof. O

Remark 3. Please note that if we study the Lyapunov stability of the zero solution (or some other
constant equilibrium) we must introduce the condition F(t,0) = 0 for t € | (which guarantees that
the constant zero is an equilibrium). Thus, the linear inhomogeneous case (F(t, X;) = F(t), when
F(t) #0,t € ]) is excluded.

Consider the system (1) for t € | when the second addend in the right side has the
form F(t, X;(0)) = F(¢) i.e.,

0 0
D5, (X(t)+/[d9V(t,9)]X(t+9)) = /[dgu(t,e)}x(t+9)+F(t) (15)

—h —h
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and in the equivalent integral form

0
X() = Copo) + /[dgV(t,())]X(t +0)
h t . (16)
14 (T(w) / L1 (t —7) (/ [deU (7, 8))X (7 +6) + F(T)) dr.

—h

Remark 4. It must be noted that the IP (15), (3) possess a unique solution in | for any & € PC*
under the following weakened assumptions: in Theorem 1 the conditions (H) can be replaced with
the assumption that F(t) € BLY(J,R") only, and condition 3 is unnecessary (see Corollary1 in
[71). Moreover, for any initial function ® € C the unique solution X (t) of the IP (15), (3) possess
the following integral representation (see Theorem 4 in [9]).:

t
X(t) = C(t,a)®(0) +/C(t,s)dsfx(s),

a—t
fx(t) = Cafo + [ [daV(t,0)](t+0—a)
' a—T (17)

t
+I_1(1"(tx))/la_1(t—”f) /[ng(T,G)]CD(T—i-G—a)dT
a —h

t
+L(T(a)) /I,H(t — 7)F(7))dr,

where Iy (I(w)) = T~ (a)] and I, ((t — a)) = (t —a)*~L

First, we will prove that the unique solution X(t) of IP (1), (3) depends continuously
on small changes of the initial function and the inhomogeneous term in the sense of the
next definition. The following theorem covers the case when F(t) # 0, t € | according to
the next definition of continuous dependence, which is an adapted version of Definition 7
for the linear inhomogeneous case.

Definition 8. We say that the unique solution X(t) of the IP (1), (3) with initial function ® € C
and inhomogeneous term F(t,X;) = F(t),t € J,F(t) € BLI°(]J,R") depends continuously on the
initial function and the inhomogeneous term F(t) if for any ¢ > 0and b € R, b > a there exists
6 = (e, b) € (0,¢) such that for any ® € C with ||® — ®|| < & and for any F(t) € BLY*(],R")
with sup |F(t) — F(t)| < & we have that sup |X(t) — X(t)] < e.

tela,b] te(a,b]

Please note that if the inhomogeneous term has the form F(t, X;) = F(t),t € |, F(t) €
BL!¢(],R") then every solution of the IP (15), (3) is a solution of the IP (16), (3) and vice
versa (see [8], Lemma 1).

Theorem 3. Let the following conditions hold:
1. Conditions (S).
2. F(t) € BLY¢(],R").
3. There exists v > 0 such that for any fixed 6 € R the kernels V! € C([a,a + ], R"™") for
le(r).
Then, for every initial function ® € C, the IP (15), (3) has a unique solution X (t) in J, which
depends continuously on the initial function and the inhomogeneous term.
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Proof. The proof is very similar to the proof of Theorem 2, and because of this, we will only
sketch the differences. As already mentioned in Remark (4) the IP (15), (3) has a unique
solution X(t) in ] for any initial function ® € C by virtue of Theorem 4 in [9]. Then the
same way as in the proof of Theorem 2 we obtain instead (13) the following equalities

0
X () = Cay0) + [ [daV (10X (£ +0)
h

t. 0 .
+ 1 1(T(a)) / L1 (t—1) (/[d@U(T,G)]XJ(T + 9)) dt as)
a —h

¢ t
+1_4(T(a)) /Ia—1(t —7)(F/(7) —f(T))dTJr/Ia—l(f - OF(7))dr,
(R0 - X'(0) + X () = &y(t —a), t € [a—h,a),

where the same notation as above is used: lim X’ (t) = X*(t) uniformly on any subinterval
]

[a,f] C [a,b) and the function bd (t) forany j € Nand t € [a, ;] is the unique solution of the
IP (5), (3) for initial function ® € C and inhomogeneous term Fi(t), with || ®/ — ®|| < J;,
sup [F(t) — F(t) ’ < 6jand F/(t) € BL(J,R"). Then, using (18), the proof can be finished
te(a,b]

the same way as in Theorem (2). O

The next simple but useful corollary allows, via the Weierstrass theorem, the use of
polynomials as initial functions and so the extension of the applicability of the representa-
tion (18) and will be used essentially in the next sections.

Corollary 1. Let the conditions of Theorem 3 hold and b > a be an arbitrary fixed number.

Then for any ® € Cand € > 0, there exist 6 = 6(e,b, ) € (0,¢) and Pp € PC*, such that
if |® — Po|| < & then | X(t) — XP(t)| < e, where X(t) and XF® (t) are solutions of the IP (2),(3)
with initial functions ® and Py, respectively.

Proof. Let ® € C, b > a, ¢ > 0 be arbitrary and X(t) be the solution of the IP (2),(3) with
initial function .

From Theorem 3 it follows that the solution X¢ (¢) of the IP (2),(3) with initial function
® depends continuously on ® and hence there exists § = (¢, b, P) € (0,¢), such that for
any ¥ € C with ||® — ¥|| < J we have that | Xy (t) — Xo(t)| < efort € [a,] ( X¥(t) denote
the solution of the IP (2),(3) with initial functions ¥. Then, according to the Weierstrass
theorem, there exists a vector function Po(t — a) = col (p(t), ..., pih(t)) : [a —h,a] — R",
where pj (t), k € (n) are polynomials, such that ||® — Py|| < 6, Pp € PC*. Then we have
that | XP® (t) — Xo(t)| < € for t € [a,b] where X (t) is the solution of the IP (2),(3) with
initial function Pp. [

4. Local Hyers-Ulam and Hyers-Ulam—-Rassias Stability

In this section, we introduce a new notion of Hyers—-Ulam and Hyers—-Ulam-Rassias
local stability and apply a new approach based on the continuous dependence on the initial
function of the solutions of the studied systems considered in the previous section. The
continuous dependence will be the main tool in our investigation, and we will clarify the
relationship between the continuous dependence on the initial functions and the local
Hyers-Ulam stability of the linear systems.

Lete >0, b > a, ¢(t) € C(J™" R, ) be arbitrary and consider for t € [a,b](t € ])
the inequalities
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0 0
Dt (Y(t)—/[dev(t,e)]Y(t+9)) —/[dgu(t,e)}Y(t—l—Q)—F(t,Yt) <e (19
Zn Zh
0 0
D, (Y(t)— / [dev<t,e>mt+e>) ~ [ [dUt,0)]¥(t+6) ~F(t, )| < (). (20)
—h —h

Definition 9. ([18]) The function Y (t) € C([a— h,b],R")(C(J~" R™)) isa solution of (19) or (20)
in ], if it satisfies the inequality (19), respectively (20) for t € [a,b](t € ]) with initial function
OV (t—a) = Y (t)|a—p,q) € Cfort € [a—h,al.

Definition 10. ([18]) The system (1) is said to be Hyers—Ulam (HU) stable on t € [a,b](t € ]),
if there exists a constant C > 0, such that for any ¢ > 0 and any solution Y(t) € C([a —
h,b], R")(C(J~", R™)) with initial function ®Y (t —a) = Y (t)lja—na € Cof (19), there exists
an initial function ®¢(t) € C with |®Y (t —a) — ®¢(t —a)| < efor t € [a — h,a] and a unique
solution Xge (t) of the IP (1), (3) with initial function ®(t), for which solution the inequality

Y (1)l = Xae(t)] < Ce, 1)
holds for any t € [a, b](t € ]).

Definition 11. ([18]) The system (1) is said to be Hyers—Ulam—Rassias (HUR) stable on t €
[a,b](t € ]) with respect to ¢(t) if there exists a constant C, > 0, such that for any solution
Y(t) € C([a—h,b],R")(C(J~",R")) with DY (t —a) = Y(t)|j_pq € C of (20) for which
there exists a function ®?(t) € C with | DY (t —a) — Y(t —a)| < Cpp(t —a), t € [a—h,a
and a unique solution XL, (t) of the IP (1), (3) with initial function ®9(t), for which solution
the inequality

()] = X5 (1)] < Cpo(t), 22)

holds for any t € [a, b](t € ]).

Definition 12. The system (1) (or (15)) is said to be Hyers—Ulam (HU) locally stable or Hy-
ers—Ulam—Rassias (HUR) locally stable if the system (1) (or (15)) is HU or HUR stable in any finite
interval [a,b] where b > a is arbitrary.

It is clear that Definitions 9-12 are applicable even in the linear case, i.e., when
F(t,X¢(0)) = F(t).

First, we will study the Hyers—Ulam and Hyers-Ulam-Rassias local stability in the
sense of Definition 12. The main tool in our investigation will be the continuous dependence
on the initial functions considered in the previous section.

Theorem 4. Let the conditions of Theorem 3 hold.
Then, the system (15) is HU locally stable.

Proof. Lete > 0, b > a be arbitrary and Y (t) € C([a — h,b],R") be a solution of (19) for
t € [a,b]. Denote

0 0
Z(t) = D&, (Y(t) - /[dgV(t,O)]Y(t—i—G)) - /[dgu(t,f))]Y(t+9) _F(t), t € [a,b]. (23)

—h —h



Fractal Fract. 2023, 7, 742

12 0f 23

Considering IP (15), (3) with initial function ®Y (t —a) = Y(t)| le—ha] € C and inhomoge-
neous term &Y (t) = F(t) 4+ Z(t) and taking into account that from (19) and (23) it follows
that|Z(t)| < eforany t € [a,b], we obtain that FY (t) € BL!*°([a, b], R""). Since all conditions
of Theorem 3 hold we conclude that the unique solution Y(t)|(, ;] depends continuously
on the initial function and the inhomogeneous term and let § = (e, b, ®Y) € (0,¢) be
the number existing according to this theorem. For t € [a — I, a] define ®(t —a) =

DY (- a) +coz(2i,...,2ﬁ) and hence & ( — a) € Cand [®Y(t —a) — &(t —a)| < .
n n

n
Consider the IP (15), (3) with initial function ®° and FY (t) as an inhomogeneous term (the
same inhomogeneous term as in the previous IP (15), (3)). Then, according to Theorem 3
in [9], there exists a unique solution Xy (t) € C([a, b], R"). Then, by virtue of Theorem 2,

we obtain that |Y()[(,_p. — Xgs (t)‘ < efor any t € [a,b], which completes the proof. [I

Theorem 5. Let the following conditions be fulfilled:

1. The conditions of Theorem 4 hold.
2. The function ¢(t) € C([a — h,b], R ) and the relation
0<g¢,= inf ¢(t) < ¢, = iflfh] @(t) holds.
tela,

tela—h,a]
Then, the system (15) is HUR locally stable with respect to this type ¢(t).

Proof. The idea of the proof is the same as in the previous theorem, and that is why we
will only sketch the proof.

Lete € (0,¢p), b > abe arbitrary and Y (t) € C([a — h,b], R") be an arbitrary solution
of (20) for t € [a,b]. We define Z(t) via (23) and then, from (20) and (23), it follows that
|Z(t)| < ¢(t) for any t € [a,b]. Therefore, FY(t) € BL!°([a,b], R") and consider as above
the IP (15), (3) with initial function ®Y (t —a) = Y (#)|(g—p,q) € C and inhomogeneous
term FY(t) = F(t) + Z(t). From Theorem 3, it follows that that the unique solution
Y(t)|(s,p) depends continuously on the initial function and the inhomogeneous term and

let 5 = 5(e,b, ¢, ®Y) € (0,¢,) be the existing number according to this theorem. For

t € [a — h,a] we define ®°(t —a) = ®Y (t —a) +col(2£,...,2£) and hence ®°(t —a) € C
N

n
and then |®Y (t —a) — fID‘s(t —a)| <6 < ¢, < @(t) forany t € [a — h,a]. The IP (15), (3)
with initial function ®° and FY(t) as inhomogeneous term by virtue of Theorem 3 in [9]
possess a unique solution X4 € C([a,b],R"). Then, Theorem 3 implies that for any

t € [a,b] we have |Y(t)]z_p,q — X@s(t)‘ < e < ¢p < ¢(t), which completes the proof. [

Remark 5. The results of Theorems 4 and 5 are new, even in the delayed (not neutral) case. Please
note that the standard assumption for HUR stability, even in the case of the compact interval, is that
the function ¢(t) € C([a — h,b],Ry.) must be non-decreasing. It is clear that all non-decreasing
functions ¢(t) € C([a — h,b],IRy.) satisfy the relations in condition 2 of Theorem 5 and since the
functions ¢(t) = e satisfy the same for any € > 0 then from HUR local stability it follows HU local
stability for (15).

Theorem 6. Let the conditions of Theorem 3 hold.

Then, for the system (15), the following statements are equivalent:

(a) The system (15) is HU locally stable.

(b) For any initial function ® € C and arbitrary a > b the corresponding unique solution
X(t) € C([a,b], R") of the IP (15), (3) depends continuously on the initial function.

Proof. The results follow from Theorems 3 and 4. [
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Definition 13. ([22,23]) The zero solution of the IP (1), (3) (if it exists) is said to be finite-time
stable with respect to {a, h, [a,b],6,€}, for 0 < 6 < ¢, t € [a,b] if and only if the inequality
|P|| < 6, P € Cimplies that | X (t)| < €for any t € [a,b], where X (t) is the corresponding
unique solution of IP (1), (3).

The next theorem clarifies for the system (2) the relationship between its HU local
stability and the finite-time stability of the zero solution in any interval [a,b], b > a.

Theorem 7. Let the following conditions be fulfilled:

1. Conditions 1 and 3 of Theorem 3 hold.
2. ThelP (2) and (3) is HU locally stable.

Then, the zero solution of IP (2), (3) is finite-time stable in any interval [a,b], b > a.

Proof. Lete > 0, b > a, ® € C be arbitrary and denote with X¢(t) € C([a,b],R") the
corresponding unique solution of the IP (2), (3). Then, from Condition 2 and Theorem 6, it
follows that the zero solution Z(t) = 0, t € [a — h, b] depends continuously on the initial
function. Then, there exists 6 € (0, ¢) such that for any ® € C with ||®|| < J,t € [a—h, D] for
the corresponding solution X (t) we have that | X (t) — Z(t)| < € and hence | Xo(t)| < ¢,
which completes the proof. [

Remark 6. The introduced approach (based on the continuous dependence on the initial function)
allows the clarification of the relationship between the continuous dependence on the initial function
and the HU local stability for the system (15). It is established that for the studied linear systems,
the HU local stability and the continuous dependence on the initial function are equivalent when
the conditions of Theorem 4 hold. We emphasize that Condition 1 of Theorem 7 guarantees only the
existence and the uniqueness of the solution of the IP (15), (3).

5. Hyers-Ulam and Hyers—-Ulam-Rassias Stability on Infinite Intervals

The classical Hyers-Ulam and Hyers-Ulam—Rassias stability of linear systems is
studied via an approach introduced in [18]. Our point of view concerning this approach,
based on the integral representations of the solutions of the studied systems, is that it
is applicable in more cases in comparison with the standard fixed-point approach. Our
approach allows the establishment of the existence of the solutions of the IP (1), (3) with
arbitrary proof techniques (not only with fixed-point theorems) and then use of the several
results devoted to the integral representation of the solutions too.

We will study first the HUR stability of linear systems, and the HU stability will follow
as a corollary.

Theorem 8. Let the following conditions be fulfilled:

1. Conditions (S) and condition 2 of Theorem (1) hold.
2. The relation Cy® = sup t*C(t) < oo holds, where C(t) = sup |C(t,s)].
te] s€(a,t]
3. The function ¢(t) € C(J~"",R..) is non-decreasing and F(t) € BLY*(J,R..) with F(t) # 0.

Then, the system (15) is HUR stable on | with respect to ¢(t).

Proof. Let ¢(t) € C(J7", R} ) be an arbitrary non-decreasing function and C(t,s) be the
fundamental matrix of (2). Please note that the columns of the matrix C(#,s) are solutions
of the system (2) and hence, they do not depend on the choice of the inhomogeneous term
F(t) in system (1).

For any solution Y(t) € C(J7",R") with ®Y (t —a) = Y (t)|[a—p,q € Cof (20)in ],
define for any t € [a — h,a] the initial function via ®X(t —a) = ®Y(t — a). Then, for
t € [a — h,a] we have that |®Y (t —a) — ®?(t —a)| =0 < ¢(t — a). We introduce for t € |
the vector function R(t) via
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0 0
R(t) = D&, (ya)—/[dgv@,e)]wwe)) - /[dgu(t,e)}Y(t—I—G)—P(t) (24)
“h

—h

and hence from (20) it follows that |R(t)| < ¢(f) for t € J. For the IP (15), (3) with in-
homogeneous term Fg(t) = R(t) + F(t), Fr(t) € BLY*(J,R") on the right side of (15)
and initial function Y(t)|(;_p,q = ®Y(t — a) denote the corresponding unique solution
by Xg(t) € C(J,R"), existing according to Theorem 1. Then, from (20), (23) and Theo-
rem 1, it follows that Xz (t) = Y(t)|; for t € ] and hence possess the following integral
representation (see Theorem 4 in [9])

Y()]) = CLa)®"(0) + [ C(t,5)dsfr(s),

a—t
Fe(t) = Cor (o) + / [dV (1, 0)]DY (t + 0 — a)
- (25)

t a—T

FLA@) [Tt =) [ [doU(T, )]0 (v +6 — a)d
a —h

t
+14(T@) [ Lea(t = D F()dT

for t € J. Analogically, according to Theorems 3 and 4 in [9], we obtain that IP (15), (3)
with the inhomogeneous term F(t) and initial function ®*(t — a) has a unique solution
X(t) € C(J,R") which possess the integral representation

t
X(t) = C(t,a)®X(0) + /C(t,s)dsfx(s),

fx(t) = Coxo) + /[dgV(t,Q)]QDX(tJrG—u)

t (26)

h
+I_1(F(oc))/la_1(t—”r) /[ng(T,Q)]@X(T+9—a)dT
a —h

a—T

t
F1(T(w) [ 1ot = DF(D)dr.

From (25) and (26) for t € ], it follows that
t t
£ = FX() = L1(T () ( [ eat =DEr(m)dr = [ Lt~ r)F(r)dr)

= 14(T@) [ Toa(t = T)R(D)de

and hence, using Condition 2 of the theorem, we obtain
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t
YOl = X(0] = |Clt,a) (#7(0) = X(0)) + [ Clt,9)du(fr(s) —fx(S))‘

a

t
= /C(t,s)ds(fy(S) —fX(S))‘

t s
- I_l(F(oc))/C(t,s)ds (/ To1(s — T)R(T))d’f) |

a

2 U
2T(a) a/|C(t,s)|dsVar,7€[urs] (/R(T)d(n — T):x)

a

n? s
< %C(t)Varse[u,t] (/ R(7)d(s — T)a)

(27)

IN

n?(t) n?Ce
< —— —a)t < — <
where Cy = % Therefore, from (27), it follows that the system (15) is HUR stable. [J

Remark 7. It is clear that the condition F(t) % 0 allows the avoidance of the obstacles generated
from the neutral term, which essentially simplifies the proof of Theorem 8, but excludes the important
case of the homogeneous systems.

The next theorem overcomes this obstacle.

Theorem 9. Let the following conditions be fulfilled:
1. Conditions 1 and 2 of Theorem 8 hold.
2. F(t)=0forte].
3. The function ¢(t) € C(J7",R}.) is non-decreasing.
Then, the system (15) is HUR stable on | with respect to ¢(t).

Proof. Let, as in Theorem 8, ¢(t) € C(J~",R;) be an arbitrary non-decreasing function,
and C(t, s) be the fundamental matrix of (2) and &€ > 0 be an arbitrary number. Then, for
any solution Y (t) € C(J7",R") with ®Y(t —a) = Y (t)|[a—n,q € C of (20) in ], we define
OX(t —a) = ®Y(t —a) — Lo(t — a) and hence, |®X(t —a) — O (t - a)| = To(t—a) <
¢(t —a) for any t € [a — h,a]. Then, by virtue of Theorems 3 and 4 in [9], we obtain that IP
(2), (3) has unique solutions Y(t)|;, X(t) € C(J,R") for the initial functions ®¥ (t — a) and
®X(t — a), respectively, which have the integral representations (25) and (26), and hence

a—t
fy(t) — fx(f) = C¢Y(O) — C<I>X(O) + / [dgV(t,0)] (q)y(f +6—a)— CDX(t +6— (1))
“h
(28)

a—T

—i—Ll(l’(tx))/Ia,l(t—T) /[ng(T,G)](dDY(T—i-G—a)—QDX(T—i-G—a))dT
a —h

Please note that the initial function ®(t — a) is defined only in the interval [, 0] and
since —h < t+ 6 —a <0for6 € [—h,0] then, we have that t € [a,a + h]. For convenience,
we can prolong ®(t —a) for t € Ras @(t —a) = 1y 51 (£)P(t — a), where 1(, ., (t) is the
indicator function of [a, a 4 h]. These restrictions follow from the conditions for splitting off
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in the system (16) that part that explicitly depends on the initial data which splitting is used

in the proof of the integral representation (17) (see Lemma 1 in [8] for details) Denoting

V= sup Varge_pqV(t,0)and U, = sup Varge|_oU(t 0), from (25), (26) and (28)
tela,a+h] tela,a+h]

it follows

Yl = X(0)] < [Ct,) (@7(0) = @¥(0)) | +| [ Lt 5)ds(fr(5) —fx(S))‘

t a—s

/C(t,s)ds /[dgV(s,())](p(s—i-()—a)

a “n

"2 t s [a—-T
+ Mm‘ﬂ/(:(t,s)dsu/(/h [ng(T,Q)](p(T—l—Q —11)) d(s—1)*

The third addend, on the right side of (29), can be estimated as follows:

/tC(t,s)ds /s (LI/T[CIQU(T,G)]@(T +60— a)) d(s —1)*

a a —h

t. s a—t
/C(t,s)ds/(/ [dgu(r,e)}go(’r+9—a)) d(s — 1)

a

2 s [a-1
< H(;:—fl)vurse[a't] (/ ( / [deU(T,G)}(p(T—i— 60— a)) d(s — T)uc)

1 1
= EC(t,a)<p(0) + 5 (29)

n2

2al ()

S T +a) o)

a —h
n?U,C(t)(t — a)® n?U,Ce
<o) ira <O re

For the second addend, on the right side of (29) substituting 8 = 7 4+ a4 — s we obtain

[et

—S

/ [daV (s,0)]p(s+6 —a)

NI~

0
/Cts / [deV (s, 11 +a—s)]e(n)
a s—(h+a) (31)

0
< Wvarcioy 106V (1 +a—s)lotn)
—h

< W0 oy < VIS

Then, from (29), (30) and (31), it follows that

ViC®  nPl,Ce
il L ) (t) (32)

— <
for t € ] which completes the proof. [

Corollary 2. Let Conditions 1 and 2 of Theorem 8 hold.
Then, the system (15) is HU stable on J.
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Proof. Since from (27) and (32) it follows that the constant
n2C,§§° th(o)o I’ZZUhC;O
C_max(r(1+a)’( 2 +2F(1—|—0c)>>

does not depend on the choice of the function ¢(t) € C(J~",R..). Then, for arbitrary e > 0
choosing the non-decreasing function ¢(t) = € from Theorems 8 and 9, it follows that the
system (15) is HU stableon . O

The next simple but useful theorem clarifies for the system (2) the relationship between
the Lyapunov stability of the zero solution and the boundedness of the fundamental matrix
of (2).

Theorem 10. Let the following conditions be fulfilled:

1. Condition 1 of Theorem 8 holds.
2. The zero solution of (2) is stable in Lyapunov sense for any solutions of IP (2), (3) with initial
function ® € PC*.
Then, the relations C° = sup C(t) < coand QF = sup Q(t) < 00, Q(t) = sup |Q(t,s)]
te] te] s€la—h,a]

hold.

Proof. According to Condition 2 for any ¢ > 0, there exists § = §(¢) € (0, ¢) such that each
solution of IP (2), (3) X¢(t) with arbitrary initial function ® € PC* with ||®|| < ¢ satisfies
the estimation X¢(t) < e fort € J. For any j € (n) for the j-th column Q/(t,s) of Q(t,s), we
have that the function 6Q/(t,s) is the unique solution of IP (2), (3) with the initial function
the j-th column of the function 5<I>2(t, s) (seeIP (6),(8)). Then, forany t € Jand s € [a —h, a],
we obtain that |5Qj(t,s)| < e and hence the function Q/(t) = sup |Q/(t,s)| < 5. Thus,
s€la—h,a]
we obtain that each column of Q(t,s) is a bounded function and hence Qf° = sup Q(t) =
te]

Y. |Q/(t)| < % < oo. The proof of the other relation is the same. [
j€(n)

Theorem 11. Let the following conditions be fulfilled:

1. Condition 1 of Theorem 8 and the relation QF = sup Q(t) < co hold.
te]

2. The system (2) is HU stable.

Then, the zero solution of (2) is stable in Lyapunov sense for all solutions of IP (2), (3) with
initial function ® € C N BV([—h,0],R").

Proof. Lete > Obe arbitrary and C > 0be the constant in (21) existing since the system (2) is
HU stable on J. Denote for any ® € CN BV ([—h,0],R"), ®(s —a) = ®(s —a),s € (a —h,a]
and ®(—h) = 0. Consider the zero solution Z(t) = 0 for t € | of the IP (2), (3) with initial
function ®z(t —a) = 0 for t € [a,a + h| and then since Z(t) = 0 satisfies (19), then there
exists & € (0,¢) and initial function ® € CN BV([—h,0],R") with sup |®°(t —a) —
tela,a+h]

@z (t —a)| = ||®°|| < 4, such that for the corresponding solution of IP (2), (3) according to
Corollary 1in [7] from (17) for t € ], we have the following estimation

< Ce.

[Xau(8)| = L J Q)8 -a)
Zh

Without loss of generality, we can assume that Qf°, C > 1 and hence for the corresponding
solution X¢(t) = (4CC3)~'Xgs(t) of the initial function ®@c(s) = (4CCT)~1d°(s) we
obtain that
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Xe(t)] = |(4CCP) Xs ()] = | [ Qlt,5)d4CCE) B (s - a)

(33)

=

< ce(acce) < £ <
4 0

| o

Taking into account that |[®[| < [®(—h)| + Varse[;_j, P (s —a) < 2[|P|| and choose
5* = ﬁ. Then for any ® € CNBV([—h,0],R") with ||®|| < 6* we have ||®Pc — D|| < §*
and then from (33), it follows that

[ Xo(t) = Xc(b) + Xc(H)] < [Xo(t) = Xc(8)] + [Xc(t)]

< 2 + /h Q(t,s)d(Pc(s —a) — D(s — ’”)‘

< & [ 100 9)/d(Vareiy g (@cly —a) - By — )
a—h

< Z + Q?)ovarse[afh,a] (EC(S - a) - 6(5 - 61))

< L2UQF < g2 <e

which completes the proof. [

Remark 8. We emphasize that the HU and HUR stability in the case of an infinite interval
essentially depends on the type of the Functional Solutions Space (FSS), where all solutions of the
inequalities (19) and (20) that we seek belong. The FSS, as a rule, is determined from the type of
the derivatives in the studied systems. For example, for equations with first-order derivatives and
without delays as FSS is used the linear space of the differentiable functions (more often AC(J, R™)
or C1(J,R™) ). In the case of equations with first-order derivatives with delays as FSS the same
spaces are used, but in addition, the space of the initial functions must also be specified (mainly
C,C!(],R") or PC*).

6. Hayers—Ulam and Hayers—-Ulam-Rassias Stability of a Nonlinear Perturbed Linear
Fractional System

In this section, we provide stability analysis of the nonlinear problem IP (1), (3). Mainly,
we study the stability in the HUR sense and its relationship with the finite-time stability in
the Lyapunov sense for nonlinear systems in the form of (1), which can be considered to be
a nonlinear perturbed homogeneous system (2) with nonlinear perturbing term F(t, X;(6)).
Formally, almost all nonlinear systems can be written in this form, which is convenient
for clarifying the relationship between the linear case and the impact of the nonlinear
perturbation.

As in Section 4, we start our investigations with the case of compact interval [a, b] with
arbitrary b > a.

Theorem 12. Let the following conditions be fulfilled:
1. The conditions (S) and (H) hold.
2. There exists v > 0 such that for fixed 8 € R the kernels V! € C([a,a + 7], R"™*") for all
le(r).
3. The function ¢(t) € C([a — h,b],Ry) and the relation 0 < ¢, = [infh ](p(t) < gp =
tcla—h,a
inf ¢(t) holds.
tela,b]
Then, the system (1) is HUR locally stable with respect to this type ¢(t).
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Proof. Letb > a and ¢ € (0, ¢;) be arbitrary. For any solution Y(t) € C([a — h,b],R")
of (20) and for t € [a, b] define the function Z(t) via the equality

0 0
Z(t) = D, (Y(t) -/ [dev<t,e>mt+e>) — [1doUa(e,0))¥(t+6) —F(t,¥i(6)) (34
“n “n

and then from (20) and (34) it follows that for any ¢t € [a,b] the inequality |Z(t)| < ¢(f)
holds. Thus, the function Y (#)(,, € C([a,b],R") is the unique solution of the IP (1), (3)
with initial function ®Y(t —a) = Y(t)|(a—np € C and inhomogeneous term FY(t) =
F(t,Y:(0)) + Z(t). Then, according to Theorem 2, it follows that Y ()|, ;) depends contin-
uously on the initial function and the inhomogeneous term and let § = (g, b, ¢, @Y) €
(0, ¢,) be the number existing according to this theorem. Let ®°(t —a) = ®Y(t —a) +

6
col (%, e, 2—) and hence for any t € [a — h,a] we have that ®°(t — a) € C which implies
N

that Con?iition 3 of Theorem 1 holds. Thus, by virtue of Theorem 1, we obtain that the
IP (1), (3), with initial function ®° and FY(t) = F(t,Y;(0)) + Z(t) as an inhomogeneous
term has a unique solution X4 (t) € C([a,b],R"). Since for any t € [a,b], we have that
|DY(t—a) —D°(t—a)| < & < @ < @(t) then according to Theorem 2, we have that

’Y(t)hu_h’a] - Xq)(s(t)‘ < e < ¢p < ¢(t) for any t € [a,b], which completes the proof. [

Corollary 3. Let Conditions 1 and 2 of Theorem 12 hold.
Then, the system (1) is HU locally stable on J.

Proof. Choosing for any ¢ > 0 the function ¢(t) = ¢ for t € [a — h,b] which satisfies the
condition 3 of Theorem 12 we conclude that the statement of Corollary 3 follows from
Theorem 12. [

Theorem 13. Let the following conditions be fulfilled:

1. Conditions 1 and 2 of Theorem 12 hold.
2. F(t,0)=0.

Then the system (1) is HU locally stable if and only if for any initial function ® € C and
arbitrary b > a the corresponding unique solution X (t) € C([a,b], R") of the IP (1), (3) depends
continuously on the initial function.

Proof. The necessity follows from Theorems 2, and the proof is almost the same as of
Theorem 14. The proof of the sufficiency is similar to the proof of Theorem 6 and, because
of this, will be omitted. O

Theorem 14. Let the following conditions be fulfilled:

1. The conditions of Theorem 13 hold.
2. The system (1) is HU locally stable on ].
3. F(t,0)=0.
Then, the zero solution of IP (1), (3) is finite-time stable in any interval [a,b], b > a.

The proof is almost the same as that of Theorem 7 and will be omitted.
The next theorem establishes sufficient conditions that guarantee the HUR stability
of (1) on J.

Theorem 15. Let the following conditions be fulfilled:

1. The conditions (S), (H) and condition2 of Theorem 1 hold.

2. The relations C3® = sup t*C(t) < coand L® = sup £(t) < oo hold.
te] te]
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3. The function ¢(t) € C(J7",R.) is non-decreasing.
Then, the system (1) is HUR stable on ] with respect to ¢(t).

Proof. Let ¢(t) € C(J7", R, ) be an arbitrary non-decreasing function and C(t,s) be the
fundamental matrix of (2).

As in Theorem 8, for any solution Y(t) € C(J™",R") in J of (20) with ®Y(t —a) =
Y(t)|(g—nq) € Cwe define for any t € [a — h,a] the initial function ®* (¢ — a) = OY(t —a)
and then |[®Y(t —a) — ®X(t —a)| = 0 < ¢(t —a) and for t € | define the function Z(t)
via (34). Then, from (20) and (34) we obtain that the inequality |Z(t)| < ¢(t) holds
for any t € J. The function Y*(t) = Y(t)|; € C(j,R") is the unique solution of the
IP (1), (3) with initial function Y (£)[(,_j, . = ®Y (t — a) and inhomogeneous term FY (t) =
F(t,Y*(0)) + Z(t), where FY(t) € BLL*(],R"). According to Theorem 1, the IP (1),
(3) possess a unique solution with initial function ®X (¢ — a) and inhomogeneous term
FX(t) = F(t,X*(0)). By virtue of Theorem 4 in [9], both solutions have the integral
representation (17) with functions

a—t

fx () = Co) +/ [doV (£, 0)] DX ( + 6 — a)

a—T

/za (=) /[ng(T,Q)]CDX(T-l-G—a)dT
—h

+ L (T(a)) / L1 (t — T)FX(7)dx,
—t

Fo(t) = C¢Y(0)+/d9Vt9)]d>Y(t+9—a)

a—T

/I,X 1(t—1) /[ng(T,G)]CDY(T+9—a)dT
—h

1 (T(a)) / Le_1(t — T)FY (7)dx,

respectively, and hence, we obtain
Fr() = fxe(t) = Ly (T (@) ( [t =oF (mdr - [ 1o r)F’%r)dr)
t
%)) / Io_1(t — T)Z(7)dT (35)

+ 11 (F(a)) / L1 (t = T)(E(, Y{'(9)) — F(£, X4(0)))dt.

Then, since @Y (1 + 60 —a) = ®X(t+ 0 —a) for t € [a — h,a], by (17) and (35) it follows
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t
Y0 = X0 = | [ €t s)du(fi(s) —fx(S))|
t s
- I_l(F(a))/C(t,s)ds (/ To1(s — T)Z(T)dT) ‘
t s
{1 (T () /C(t,s)ds (/Ia_l(s ~O)(F(1, YY) — K(t, XT))dT) |
) t a a 17
)|dsvar17€[a,s] (/ Z<T)d(77 - T)“)
’ (36)

U]
+ 2T (@) / sup |F(7,Y7) — F(t, X¢)|ds (V‘”qe[u,s] /d(,7 — 1) )

n TE[as]

From (36), for t € ] it follows the estimation
t
sup |Y*(1) — X(7)| < co(t) + gC(t / (t—s)*1 sup |Y*(1) — X(7)|ds (37)
T€(at] T€(a,s)
ZLoo

r(1+ T(1+a)"
Then, applying Corollary 2 in [24] to (37), we obtain the estimation

Y*(1) = X ()] < cp(En(gT (1) C()1Y)) < cpEa(n’L7CY) < 9(1)Co,

where ¢ =

)andg

where Cy = aE(n?L*CY) and E4(z) = ¥ (leZiil) is the one parameter Mittag—Leffler
keR

function. O

Corollary 4. Let the following conditions be fulfilled:

1. Conditions 1 and 2 of Theorem (15) hold.

2. Therelations C* = sup t*C(t) < oo and L* = sup £(t) < oo hold.
te] te]

Then the system (1) is HU stable on ].

The proof is almost the same as of Corollary 3 and will be omitted.

7. Conclusions and Comments

This article is devoted to the study of Hyers-Ulam and Hyers-Ulam-Rassias stability
for neutral inhomogeneous linear fractional systems with Caputo-type derivatives and
distributed delays in both cases—on compact interval and on the half-axis of the type [a, )
for arbitrary a € R.
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First, we established for the linear case, that the conditions which guarantee the
existence and the uniqueness of the solution of the studied IP (1), (3) also lead to the
continuous dependence of the solution on the initial function and the inhomogeneous term.
The proved Corollary 1 allowed in the case of compact interval for all considerations to use,
without loss of generality, an initial function that is continuously differentiable instead of a
continuous initial function.

Then, we introduced the notion of Hyers—Ulam local stability of the half-axis [a, c0), a € R
and established that on any compact subinterval [a, b], b > a of it, the Hyers-Ulam stability
is equivalent to the continuous dependence on the initial functions. Furthermore, we
obtained that Hyers—Ulam local stability implies finite-time stability on these subintervals
of the half-axis.

For the infinite case, a new approach was used as proposed by the co-authors in
their former work [18], which is based on the integral representation of the solutions to
the initial problem for the linear fractional systems. From our point of view, the applied
approach, in comparison with the standard fixed-point approach, allows the obtaining of
better sufficient conditions for stability in Hyers—Ulam and Hyers-Ulam-Rassias sense
for the studied inhomogeneous delayed systems. The main advantage of the proposed
approach is that establishing an integral representation of the studied system (mainly linear)
is one very popular task, and we have a good chance to find the needed representation in
some work from other authors or make an appropriate modification of one existing integral
representation. Moreover, this task is significantly based on the existence of a fundamental
matrix (mainly in the linear case), which is a more standard problem and can be more easily
solved. Of course, finding a suitable integral representation can be also seen as a limitation
of this approach.

Furthermore, we established that the boundedness of the fundamental matrix of the
investigated homogeneous systems is a necessary condition for the Lyapunov stability of
the zero solution, as well as that, together with HU stability, it leads to Lyapunov stability
for this system.

Using the same approach as in the linear case, we presented some stability results for
a corresponding nonlinear perturbed neutral homogeneous system. Under some natural
conditions concerning the nonlinear perturbation term, we proved the Hyers—Ulam and
Hyers-Ulam—Rassias stability of these systems. In the case where F(t,0) = 0forf € ], ie,,
the nonlinear system possesses a zero solution, it was proved that, as in the linear case, the
Hyers—-Ulam local stability (on any compact subinterval [a,b],b > a) implies finite-time
stability on these subintervals of the half-axis [a, ).

We emphasize that the conclusions concerning the necessity of part of the used suffi-
cient conditions are still true in the nonlinear perturbed case, too.

Regarding some possibilities for practical applications, we can mention that the sys-
tems studied in our article are a generalization of the ones used in the control-theory models
of closed-feedback systems with proportional plus derivative regulator (PD regulator),
which are described either by first-order retarded or neutral differential systems. These
systems are also a generalization of the systems used in the model of coexistence of compet-
itive micro-organisms, which describes competing micro-organisms surviving on a single
nutrient with delays in birth and death processes. For more details, see the book [5].

Some ideas for future works are to study the same neutral systems for different types
of fractional derivatives, e.g., Riemann-Liouville, Caputo-Fabrizio, Atangana-Baleanu, or
others, and to compare the obtained results.
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