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ïðåäñòàâåíè çà ó÷àñòèå â êîíêóðñ çà äîöåíò

îò ä-ð Èâàí Äèìèòðîâ Ãåîðãèåâ

1. Georgiev, I., Kristiansen, L., Stephan, F., Computable irrational numbers with repre-
sentations of surprising complexity, Annals of Pure and Applied Logic, 2021, Volume: 172 (2),
102893.

Ðåçþìå. Ðåäèöèòå íà Êîøè, ñå÷åíèÿòà íà Äåäåêèíä, äåñåòè÷íèòå ðàçâèòèÿ è âåðèæ-
íèòå äðîáè ñà ïðèìåðè çà äîáðå èçâåñòíè ïðåäñòàâÿíèÿ íà èðàöèîíàëíèòå ÷èñëà. Íî ñú-
ùåñòâóâàò è äðóãè, íå òîëêîâà ïîïóëÿðíè, êîèòî ìîãàò äà ñå äåôèíèðàò ñ èçïîëçâàíå
íà ðàçëè÷íè âèäîâå àïðîêñèìàöèè ÷ðåç ñóìè èëè ÷ðåç íàé-äîáðè àïðîêñèìàöèè. Â òàçè
ñòàòèÿ íèå èçñëåäâàìå ñëîæíîñòòà íà ðåäèöà òàêèâà ïðåäñòàâÿíèÿ.

Çà âñÿêà áúðçî ðàñòÿùà èç÷èñëèìà ôóíêöèÿ f , íèå äåôèíèðàìå èðàöèîíàëíîòî ÷èñ-
ëî αf ñ èçïîëçâàíå íà ðåä îò ðåöèïðî÷íè ñòåïåíè íà âñè÷êè ïðîñòè ÷èñëà. Äîêàçâàìå,
÷å îïðåäåëåíè ïðåäñòàâÿíèÿ íà αf èìàò íèñêà èç÷èñëèòåëíà ñëîæíîñò (êîÿòî íå çàâè-
ñè îò f), äîêàòî äðóãè, íàãëåä ïîäîáíè ïðåäñòàâÿíèÿ, ìîãàò äà èìàò ïðîèçâîëíî âèñîêà
èç÷èñëèòåëíà ñëîæíîñò (êîÿòî çàâèñè îò f). Ñúùåñòâóâàíåòî íà èç÷èñëèìè ÷èñëà êàòî
αf íè ïîçâîëÿâà äà äîêàæåì íîâè è íåòðèâèàëíè òåîðåìè âúðõó èç÷èñëèòåëíàòà ñëîæ-
íîñò íà ïðåäñòàâÿíèÿòà áåç äà ïðèáÿãâàìå äî ñòàíäàðòíèÿ àïàðàò íà èçáðîÿâàíèÿòà è
äèàãîíàëèçàöèÿòà îò òåîðèÿ íà èç÷èñëèìîñòòà.

Â ñòàòèÿòà íèå ñúùî ïîêàçâàìå êàê ñå êîíñòðóèðàò èðàöèîíàëíè ÷èñëà γ, ÷èèòî ïðåä-
ñòàâÿíèÿ ñ ðåäèöa íà Êîøè èìàò íèñêà èç÷èñëèòåëíà ñëîæíîñò, íî ÷èèòî ðàçâèòèÿ â
îñíîâà b ìîãàò äà áúäàò ñ ïðîèçâîëíî âèñîêà èç÷èñëèòåëíà ñëîæíîñò çà âñè÷êè îñíîâè
b. Îñâåí òîâà, çà âñÿêî E2-èðàöèîíàëíî ÷èñëî α ùå ñúùåñòâóâà E2-èðàöèîíàëíî ÷èñëî β,
òàêîâà ÷å α + β èìà ñëîæíîñòòà íà γ. Êàòî ñëåäñòâèå, äâå ÷èñëà, êîèòî èìàò, äà êàæåì,
äåñåòè÷íè ðàçâèòèÿ ñ íèñêà èç÷èñëèòåëíà ñëîæíîñò, ìîãàò äà èìàò ñóìà, ÷èåòî äåñåòè÷íî
ðàçâèòèå å îò ïðîèçâîëíî âèñîêà èç÷èñëèòåëíà ñëîæíîñò. Ñúùîòî âàæè çà ïðåäñòàâÿíèÿ-
òà â îñíîâà 2, â îñíîâà 17, ÷ðåç äåäåêèíäîâè ñå÷åíèÿ, ÷ðåç âåðèæíè äðîáè è òàêà íàòàòúê.

Abstract. Cauchy sequences, Dedekind cuts, base-10 expansions and continued fractions
are examples of well-known representations of irrational numbers. But there exist others, not
so popular, which can be defined using various kinds of sum approximations and best approx-
imations. In this paper we investigate the complexity of a number of such representations.

For any fast-growing computable function f , we define an irrational number αf by using a
series of reciprocals of powers of all primes. We prove that certain representations of αf are
of low computational complexity (which does not depend on f), whereas others, apparently
similar representations, can be of arbitrarily high computational complexity (which depends
on f). The existence of computable numbers like αf allows us to prove new and non-trivial
theorems on the computational complexity of representations without resorting to the standard
computability-theoretic machinery involving enumerations and diagonalizations.

In the paper we also show how to construct irrational numbers γ whose representations by
a Cauchy sequence are of low computational complexity, but whose base-b expansion may be
of arbitrarily high computational complexity for all bases b. Moreover, for any E2-irrational
number α, there will be an E2-irrational number β, such that α + β has the complexity of
γ. As a consequence, two numbers which have, let us say, base-10 expansions of low compu-
tational complexity, may add up to a number whose base-10 expansion is of arbitrarily high
computational complexity. The same goes for representations by base-2 expansions, base-17
expansions, Dedekind cuts, continued fractions, and so on.
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2. Georgiev, I., Uniform and Conditional M2-computability of Some Nonelementary Real
Functions, Comptes rendus de l’Académie bulgare des Sciences, 2020, Volume: 73 (3), Pages:
306-314.

Ðåçþìå. Òåìàòà íà òàçè ñòàòèÿ å ñëîæíîñò íà ðåàëíè ÷èñëà è ðåàëíè ôóíêöèè ïî
îòíîøåíèå íà ñóáðåêóðñèâíèÿ êëàñ M2, êîéòî ñå ñúñòîè îò ïîëèíîìèàëíî îãðàíè÷åíè-
òå è ∆0-îïðåäåëèìè òîòàëíè ôóíêöèè â åñòåñòâåíèòå ÷èñëà. Ðàçãëåæäàìå äâå ïîíÿòèÿ
çà îòíîñèòåëíà èç÷èñëèìîñò íà ðåàëíè ôóíêöèè: ðàâíîìåðíà M2-èç÷èñëèìîñò è óñëîâíà
M2-èç÷èñëèìîñò. Íàøàòà öåë å äà äîñòèãíåì îòâúä åëåìåíòàðíèòå ôóíêöèè íà àíàëèçà,
çà êîèòî å èçâåñòíî, ÷å ñà ðàâíîìåðíî M2-èç÷èñëèìè, êîãàòî ñà îãðàíè÷åíè äî êîìïàêòíè
ìíîæåñòâà è óñëîâíî M2-èç÷èñëèìè âúðõó öåëèòå ñè äåôèíèöèîííè îáëàñòè. Ïðèëàãàìå
íÿêîè ðåçóëòàòè îòíîñíî ñóáðåêóðñèâíàòà ñëîæíîñò íà èíòåãðèðàíåòî çà äà ïîëó÷èì, ÷å
ãàìà ôóíêöèÿòà, îãðàíè÷åíà äî ïîëîæèòåëíèòå ðåàëíè ÷èñëà è äçåòà ôóíêöèÿòà íà Ðè-
ìàí, îãðàíè÷åíà äî ðåàëíèòå ÷èñëà ïî-ãîëåìè îò 1, ñà óñëîâíî M2-èç÷èñëèìè. Ìåòîäèòå,
êîèòî èçïîëçâàìå ñà äîñòà îáùè è ìîãàò äà ñå àäàïòèðàò êúì ìíîãî äðóãè ðåàëíè ôóíê-
öèè, èìàùè èíòåãðàëíè ïðåäñòàâÿíèÿ.

Abstract. The topic of this paper is complexity of real numbers and real functions with
respect to the subrecursive class M2, which consists of the polynomially bounded and ∆0-
definable total functions in the natural numbers. We consider two notions for relative com-
putability of real functions: uniform M2-computability and conditional M2-computability.
Our aim is to go beyond the elementary functions of calculus, which are known to be uni-
formly M2-computable, when restricted to compact sets and conditionally M2-computable
on their whole domains. We apply some results on subrecursive complexity of integration to
obtain that the gamma function, restricted to the positive real numbers and the Riemann zeta
function, restricted to the real numbers greater than 1, are conditionally M2-computable. The
methods we use are quite general and can be adapted to many other real functions, which have
integral representations.

3. Georgiev, I., On subrecursive complexity of integration, Annals of Pure and Applied
Logic, 2020, Volume: 171 (4), 102777.

Ðåçþìå. Ðàçãëåæäàìå ñëîæíîñòòà íà îïåðàòîðà èíòåãðèðàíå âúðõó ðåàëíè ôóíê-
öèè ïî îòíîøåíèå íà ñóáðåêóðñèâíèÿ êëàñ M2. Äîêàçâàìå, ÷å îïðåäåëåíèÿò èíòåãðàë
íà ðàâíîìåðíî M2-èç÷èñëèìà àíàëèòè÷íà ðåàëíà ôóíêöèÿ ñ M2-èç÷èñëèìè ãðàíèöè å
ñàìî ïî ñåáå ñè M2-èç÷èñëèìî ðåàëíî ÷èñëî. Îáîáùàâàìå òîçè ðåçóëòàò äî èíòåãðàëè
ñ ïàðàìåòðè è ñ ïðîìåíëèâè ãðàíèöè. Êàòî ïðèëîæåíèå ïîêàçâàìå, ÷å êîíñòàíòàòà íà
Îéëåð-Ìàñêåðîíè å M2-èç÷èñëèìà.

Abstract. We consider the complexity of the integration operator on real functions with
respect to the subrecursive class M2. We prove that the definite integral of a uniformly M2-
computable analytic real function with M2-computable limits is itself M2-computable real
number. We generalise this result to integrals with parameters and with varying limits. As an
application, we show that the Euler-Mascheroni constant is M2-computable.

4. Georgiev, I., Kristiansen, L., Stephan, F., On General Sum Approximations of Irrational
Numbers, In: Manea F., Miller R., Nowotka D. (eds) Sailing Routes in the World of Computa-
tion. Computability in Europe, 2018. LNCS, Springer, Cham, Volume: 10936, Pages: 194-203.

Ðåçþìå. Ñúùåñòâóâàò ìíîãîáðîéíè íà÷èíè äà ñå ïðåäñòàâÿò ðåàëíèòå ÷èñëà. Ìîæåì
äà èçïîëçâàìå, íàïðèìåð, ðåäèöè íà Êîøè, ñå÷åíèÿ íà Äåäåêèíä, ÷èñëîâè ðàçâèòèÿ â
îñíîâà 2 èëè îñíîâà 10 è âåðèæíè äðîáè. Àêî ðàáîòèì ñ ïúëíàòà òþðèíãîâà èç÷èñëèìîñò,
âñè÷êè òåçè ïðåäñòàâÿíèÿ äàâàò åäèí è ñúù êëàñ îò ðåàëíè ÷èñëà. Àêî ðàáîòèì ñ íÿêîå
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îãðàíè÷åíî ïîíÿòèå çà èç÷èñëèìîñò, íàïðèìåð èç÷èñëèìîñò ñ ïîëèíîìàëíî âðåìå èëè
ïðèìèòèâíà ðåêóðñèâíîñò, òî òîâà âå÷å íå å òàêà.

Èðàöèîíàëíèòå ÷èñëà ìîãàò äà áúäàò ïðåäñòàâåíè ÷ðåç áåçêðàéíè ñóìè îò îïðåäåëåí
âèä. Äîêàçâàìå íÿêîè ðåçóëòàòè, ñâúðçàíè ñ ïðåäñòàâÿíèÿòà íà èðàöèîíàëíèòå ÷èñëà ÷ðåç
áåçêðàéíè ñóìè, ïîðîäåíè îò òåõíèòå ðàçâèòèÿ â ïðîèçâîëíà îñíîâà b.

Abstract. There are numerous ways to represent real numbers. We may use, e.g., Cauchy
sequences, Dedekind cuts, numerical base-10 expansions, numerical base-2 expansions and
continued fractions. If we work with full Turing computability, all these representations yield
the same class of real numbers. If we work with some restricted notion of computability, e.g.,
polynomial time computability or primitive recursiveness, they do not.

Irrational numbers can be represented by infinite sums of certain forms. We prove some
results related to the representations of irrational numbers by infinite sums, derived from their
expansion in arbitrary base b.

5. Georgiev, I., Characterization theorem for the conditionally computable real functions,
Logical Methods in Computer Science, 2017, Volume: 13 (3), Pages: 1-17.

Ðåçþìå. Êëàñúò íà ðàâíîìåðíî èç÷èñëèìèòå ðåàëíè ôóíêöèè îòíîñíî åäèí ìàëúê
ñóáðåêóðñèâåí êëàñ îò îïåðàòîðè èç÷èñëÿâà åëåìåíòàðíèòå ôóíêöèè íà àíàëèçà, îãðàíè-
÷åíè äî êîìïàêòíè ïîäìíîæåñòâà íà òåõíèòå äåôèíèöèîííè îáëàñòè. Êëàñúò íà óñëîâíî
èç÷èñëèìèòå ðåàëíè ôóíêöèè îòíîñíî ñúùèÿ êëàñ îò îïåðàòîðè å ñúùèíñêî ðàçøèðåíèå
íà êëàñà íà ðàâíîìåðíî èç÷èñëèìèòå ðåàëíè ôóíêöèè è òîé èç÷èñëÿâà åëåìåíòàðíèòå
ôóíêöèè íà àíàëèçà âúðõó öåëèòå èì äåôèíèöèîííè îáëàñòè. Äåôèíèöèÿòà è íà äâàòà
êëàñà ðàç÷èòà íà îïðåäåëåíè òðàíñôîðìàöèè íà áåçêðàéíè èìåíà íà ðåàëíè ÷èñëà. Â
íàñòîÿùàòà ñòàòèÿ óñëîâíàòà èç÷èñëèìîñò íà ðåàëíè ôóíêöèè å õàðàêòåðèçèðàíà â äóõà
íà Òåíò è Öèãëåð, êàòî ñå èçáÿãâà íóæäàòà îò áåçêðàéíè èìåíà.

Abstract. The class of uniformly computable real functions with respect to a small subre-
cursive class of operators computes the elementary functions of calculus, restricted to compact
subsets of their domains. The class of conditionally computable real functions with respect
to the same class of operators is a proper extension of the class of uniformly computable real
functions and it computes the elementary functions of calculus on their whole domains. The
definition of both classes relies on certain transformations of infinitistic names of real numbers.
In the present paper, the conditional computability of real functions is characterized in the
spirit of Tent and Ziegler, avoiding the use of infinitistic names.

6. Atanassov, K., Georgiev, I., Szmidt, E., Kacprzyk, J., Multidimensional Intuitionistic
Fuzzy Quantifiers and Level Operators, In: Sgurev V., Piuri V., Jotsov V. (eds) Learning Sys-
tems: From Theory to Practice. Studies in Computational Intelligence, 2018, Springer, Cham,
Volume: 756, Pages: 267-280.

Ðåçþìå. Â ñåðèÿ îò ïðåäõîäíè ñòàòèè àâòîðèòå ñà âúâåëè ïîíÿòèÿòà ìíîãîìåðíè
èíòóèöèîíèñòêè ðàçìèòè ìíîæåñòâà è ëîãèêè. Òóê ñå âúâåæäàò ïîíÿòèÿòà ìíîãîìåðåí
èíòóèöèîíèñòêè ðàçìèò êâàíòîð è èíòóèöèîíèñòêè ðàçìèò îïåðàòîð ïî íèâà. Òðè ãðóïè
îò òàêèâà êâàíòîðè ñà îïèñàíè è ñà èçñëåäâàíè íÿêîè îò òåõíèòå îñíîâíè ñâîéñòâà.

Abstract. In a series of papers, the authors introduced the concepts of multidimensional
intuitionistic fuzzy sets and logic. Here, the concepts of a multidimensional intuitionistic fuzzy
quantifier and an intuitionistic fuzzy level operator are introduced. Three groups of these
quantifiers are described and some of their basic properties are studied.

7. Atanassov, K., Georgiev, I., Szmidt, E., Kacprzyk, J., Multidimensional Intuitionistic
Fuzzy Quantifiers, 2016 IEEE 8th International Conference on Intelligent Systems (IS), 2016,
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Pages: 530-534.

Ðåçþìå. Â ñåðèÿ îò ïðåäõîäíè ñòàòèè àâòîðèòå ñà âúâåëè ïîíÿòèÿòà ìíîãîìåðíè
èíòóèöèîíèñòêè ðàçìèòè ìíîæåñòâà è ëîãèêè. Òóê ñå âúâåæäà ïîíÿòèåòî ìíîãîìåðåí
èíòóèöèîíèñòêè ðàçìèò êâàíòîð. Òðè ãðóïè îò òàêèâà êâàíòîðè ñà îïèñàíè è ñà èçñëåä-
âàíè íÿêîè îò îñíîâíèòå èì ñâîéñòâà.

Abstract. In a series of papers, the authors introduced the concepts of multidimensional
intuitionistic fuzzy sets and logic. Here, the concept of a multidimensional intuitionistic fuzzy
quantifier is introduced. Three groups of these quantifiers are described and some of their basic
properties are studied.

8. Georgiev, I., Fast Converging Sequence to Euler-Mascheroni Constant, Annuaire de
l’Universite de Sofia “St. Kliment Ohridski” Faculte de Mathematiques et Informatique, 2017,
Volume: 104, Pages: 185-191.

Ðåçþìå. Öåëòà íà ñòàòèÿòà å äà ñå ïðèëîæè åêñïîíåíöèàëíî êâàäðàòóðíî ïðàâèëî çà
òðàïåöè êúì èíòåãðàëíî ïðåäñòàâÿíå íà êîíñòàíòàòà íà Îéëåð-Ìàñêåðîíè. Ïîëó÷åíàòà
ðåäèöà èìà ñóáåêñïîíåíöèàëíà ñêîðîñò íà ñõîäèìîñò è å îñîáåíî ïîëåçíà ïðè îöåíÿâàíå
íà ñóáðåêóðñèâíàòà ñëîæíîñò íà êîíñòàíòàòà.

Abstract. The aim of the paper is to apply an exponential trapezoidal quadrature rule to
an integral representation of the Euler-Mascheroni constant. The resulting sequence has subex-
ponential convergence rate and is particularly useful for estimating the subrecursive complexity
of the constant.
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